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and Chita R. Das  

Abstract—MapReduce framework is widely used to parallelize batch jobs since it exploits a high degree of multi-tasking to 

process them. However, it has been observed that when the number of servers increases, the map phase can take much longer 

than expected. This paper analytically shows that the stochastic behavior of the servers has a negative effect on the completion 

time of a MapReduce job, and continuously increasing the number of servers without accurate scheduling can degrade the 

overall performance. We analytically capture the effects of stragglers (delayed mappers or reducers) on the performance. 

Based on a completion time distribution of the tasks, we then model the map phase in terms of hardware, system, and 

application parameters. Mean sojourn time (MST), the time needed to sync the completed tasks at one reducer, is 

mathematically formulated. Following that, we optimize MST by finding the task inter-arrival time to each server. We investigate 

the optimal mapping (as a stochastic scheduling) leading to an equilibrium property for different types of inter-arrival and service 

time distributions in a datacenter with different types of nodes. To our knowledge, there is no stochastic scheduler for stragglers, 

and all prior studies are deterministic approaches patchable to ours. Our experimental results show the performance of the 

different types of schedulers targeting MapReduce applications. We also show that, in the case of mixed deterministic and 

stochastic schedulers, there is an optimal scheduler that can always achieve the lowest MST. 

Index Terms— MapReduce, Modeling and Optimization, Performance Evaluation, Queuing Theory. 

——————————      —————————— 
1 INTRODUCTION

APREDUCE has become a popular paradigm for 
structuring large scale parallel computations in dat-

acenters. By decomposing a given computation into (one 
or more) Map and Reduce phases, the work within each 
phase can be accomplished in parallel without worrying 
about data dependencies, and it is only at the boundaries 
between these phases where one needs to worry about 
issues such as data availability and dependency enforce-
ment. At the same time, with the possibility of elastically 
creating tasks of different sizes within each phase, these 
computations can adjust themselves to the dynamic ca-
pacities available in the datacenter. There has been a lot of 
prior work in the past decade to leverage this paradigm 
for different applications [1,2,3], as well as in the systems 
substrate needed to efficiently support their execution at 
runtime [4,5,6].  

While each phase is highly parallel, the inefficiencies in 
MapReduce execution manifest at the boundaries be-
tween the phases as data exchanges and synchronization 
stalls, which ensure completion of the prior phases. One 
of these inefficiencies is commonly referred to as the 
straggler problem of mappers, where a reduce phase has 
to wait until all mappers have completed their work [4]. 
Even if there is one such straggler, the entire computation 
is consequently slowed down. Prior work [7,8,9,10] has 

identified several reasons for such stragglers including 
load imbalance, scheduling inefficiencies, data locality, 
communication overheads, etc. There have also been ef-
forts looking to address one or more of these concerns to 
mitigate the straggler problem [7,8,11,12,13]. While all 
these prior efforts are important, and useful to address 
this problem, we believe that a rigorous set of analytical 
tools is needed in order to: (i) understand the conse-
quences of stragglers on the performance slowdown in 
MapReduce execution; (ii) be able to quantify this slow-
down as a function of different hardware (processing 
speed, communication bandwidth, etc.), system (schedul-
ing policy, task to node assignment, data distribution, 
etc.), and application (data size, computation needs, etc.) 
parameters; (iii) study the impact of different scaling 
strategies (number of processing nodes, the computation 
to communication and data bandwidths, tasks per node, 
etc.) on this slowdown; (iv) undertake “what-if” studies 
for different alternatives (alternate scheduling policies, 
task assignments to nodes, etc.) beyond what is available 
to experiment with on the actual platform/system; and 
(v) use such capabilities for a wide range of optimiza-
tions: they could include determining resources (nodes, 
their memory capacities, etc.) to provision for the 
MapReduce jobs, the number of tasks to create and even 
adjust dynamically, the assignment of these tasks to dif-
ferent kinds of nodes (since datacenters could have heter-
ogeneous servers available at a given time), adjusting the 
scheduling policies, running redundant versions of the 
tasks based on the trade-offs between estimated wait 
times and additional resources mandated, executing a 
MapReduce computation under a budgetary (perfor-
mance, power, cost) constraint, etc. 
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To our knowledge, there are no rigorous stochastic 
analysis tools available today with these capabilities for 
modeling and understanding the straggler problem in 
MapReduce for the purposes listed above. This paper 
intends to fill this critical gap by presenting an analytical 
model and optimization framework for capturing the 
waiting time at the end of the Map phase due to any 
straggling mappers. We also demonstrate the benefits of 
having such a tool with a few case studies. Specifically, 
this paper makes the following contributions towards 
presenting and exploiting an analytical model for the 
stragglers in MapReduce computations: 

 We demonstrate that our delayed tailed distribution 
can be used to capture the service time of the tasks at 
a given node. We then show that, with such service 
times, the aggregate completion time of the tasks 
across all the nodes of the cluster also follows our de-
layed tailed distribution. This is shown against a 
spectrum of stragglers’ completion times of 10 pro-
duction workloads studied in prior research. 

 With this result, we develop a closed-form queuing 
model of the time expended before a reducer node 
can begin its part of the computation, i.e., the time for 
all mappers to finish, referred to as Mean Sojourn 
Time (MST). Parameterized by the task inter-arrival 
times to the mappers, the delayed tailed service 
times, and the number of mappers, this model helps 
us conveniently study the impact of different param-
eters--whether job characteristics, hardware capabili-
ties or system configuration--on the delays before a 
reducer can start. 

 This model can be used for a variety of purposes as 
explained above. In this paper, we specifically illus-
trate two use cases. First, we show how the model 
can be used to schedule tasks on different (possibly 
heterogeneous) nodes of a datacenter to reduce the 
MST. This is demonstrated on the average to be 129% 
more effective than the JobTracker scheduling of the 
current Hadoop distribution [5], and 51% better than 
ideal deterministic approaches.  

 We show that increasing the number of nodes as-
signed to the tasks is not always helpful, since the 
variance of completion times can increase the total 
completion time. There are a critical number of nodes 
that should be assigned to a job, and we illustrate 
how our model can be used to determine it with re-
spect to the service times of the nodes and the com-
putational complexity of the job. 

2 PRELIMINARIES 

2.1 MapReduce Framework  

The MapReduce framework [4] is a programming para-
digm that can be used to execute data-intensive jobs. This 
framework can be applied to a large class of algorithms, 
known as MapReduce Class (MRC) [14], with high levels 
of parallelism. One of MapReduce implementation is the 
open-source Hadoop/MapReduce framework [47] as a 
scalable implementation built upon fault-tolerant Hadoop 
file system (HDFS) [5].  

Fig. 1 shows a high-level view of the MapReduce 
framework. A job arrives with mean rate λ, and is parti-
tioned into ‘map’ tasks. More specifically, the JobTracker 
module in Hadoop assigns map/reduce tasks to Task-
Tracker nodes. Each map task tracker node (mapper) has 
threads to perform the map tasks. Once the map tasks are 
completed, a set of intermediate key/value pairs is gener-
ated and passed to the associated reducer node in the 
shuffling stage shown in the middle of Fig. 1. In fact, each 
reducer node may receive values with the same interme-
diate key assigned to that node. Each mapper node em-
ploys reducers to compute and merge the received inter-
mediate values. After the reduce phase, the final values 
are merged into the HDFS-based storage. 

For example, in a word-count application (where the 
goal is finding the frequency of the words in a huge doc-
ument), a mapper node may count the frequency of each 
word in its received text in the map phase, and then send 
(word, frequency) tuples for assigned reducers in the 
shuffling phase. It may send words that begin with letter 
‘A’ to the first reducer node, words that begin with letters 
‘B, C or D’ (having balanced number of words for each) to 
the second reducer node, etc. It is important to note that 
the map and shuffle phases may overlap. Each reducer 
node calculates the total frequency of its words by sum-
ming the corresponding frequencies of each word in re-
duce phase. 

For a reducer to start its execution, all mappers that 
have data to send to that reducer should finish sending. 
During execution, one may observe various imbalances 
across mappers, due to resource contention in a mapper, 
unbalanced jobs scheduled on mapper nodes or hetero-
geneity across computational resources [8]. Clearly, the 
start time of a reduce job is dictated by the slowest map-
per node, that is, the slowest mapper node determines 
how soon a reduce task can start its execution. One of the 
major reasons for excessively long execution latencies of 
MapReduce jobs is stragglers, i.e., some servers that com-
plete their assigned tasks in a longer time than usual. 
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Fig. 1. MapReduce framework. 
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2.2 Delayed Tailed Distribution 

We start by giving the definition of our Delayed Tailed 
Distribution (DTD) since it is highly used in our model. 
Definition 1: Given random variable 𝑋 with rate 𝜆 and offset 
time 𝑇, 𝐹𝑋(𝑥) and 𝑓𝑋(𝑥) which are respectively the cumulative 
distribution function (CDF) and the probability density func-
tion (PDF) with delayed tailed distribution can be defined as 
follows: 

𝐹𝑋(𝑥) = {
0                      ; 𝑥 < 𝑇

1 − 𝑒−𝛬(𝑥−𝑇); 𝑥 ≥ 𝑇
= (1 − 𝑒−𝛬(𝑥−𝑇))𝑈(𝑥 − 𝑇) (1) 

𝑓𝑋(𝑥) = {
0                                ; 𝑥 < 𝑇

𝛬′(𝑥 − 𝑇)𝑒−𝛬(𝑥−𝑇); 𝑥 ≥ 𝑇
, (2) 

where 𝑈(𝑥) is unit step function, 𝛬(𝑥) = 𝑎𝑥 + 𝑏 𝑙𝑛(𝑥 + 1) 
is a monotonically increasing rate function from zero for 
𝑎, 𝑏 ≥ 0 (i.e., Λ(𝑥) = 0; 𝑥 ≤ 0 and Λ′(𝑥) ≥ 0; 𝑥 ≥ 0), and 
rate 𝜆 is the reciprocal of the mean of the distribution 
(i.e. 𝜆−1 = ∫ 𝑒−Λ(𝑥)𝑑𝑥

∞

0
). 

Fig. 2a and Fig. 2b plot CDF and PDF of a DTD 
respectively, where an exponential distribution is 
obtained by the rate function Λ(𝑥) = 0.01x. Similarly for 
the rate function Λ(𝑥) = 0.01 log(𝑥 + 1), a Pareto, heavy-
tailed or power-law distribution can be obtained. 
Generally 𝑓𝑋(𝑥) can capture any generalized Pareto 
distribution. An important observation is that the comple-
tion times of the tasks exhibit a heavy-tailed distribution 
[8,9,10]. We show in this paper that DTD completion time 
is nearly coincident with empirical data derived from 
prior work. 

As illustrated in Fig. 2b, most servers finish their tasks 
right after a threshold, but a fraction of servers finish their 
tasks only after a longer time. Since reducers can start 
only after completion of all their related map tasks, they 
will be delayed because of these delayed servers. Note 
that the intrinsic properties of architecture-level hetero-
geneity (e.g., big core versus small core) can further mag-
nify the impact of stragglers. In this paper, we analytical-
ly model stragglers and show their effect on completion 
time. We also optimize the delay using some schedulers 
depending on task mapping and the number of servers. 

 
(a) 

 
(b) 

 

Fig. 2. (a) CDF and (b) PDF of a DTD. 

2.3 Problem Definition 

The response time in the critical path of a MapReduce job 
includes the delays in storage, network communications, 
map-task computation, synchronization of the map tasks, 
reduce-task computation, and aggregation of the reduce 
tasks. While most of these delays are known determinis-
tic, the delay from map task scheduling to synchroniza-
tion at a reducer is known as a stochastic phenomenon. 
Heterogeneity in cluster resources makes the synchroni-

zation delay of the tasks higher. In fact, the problem of 
uneven task completion times has been shown to be a 
serious impediment to the scalability of MapReduce 
computations [8,11,19]. While this has been studied ex-
perimentally, it has not been investigated from a stochas-
tic perspective. So we want to minimize this synchroniza-
tion delay by scheduling the coming job among heteroge-
neous mappers with stochastic completion times. 

A MapReduce job (e.g., word count) can be seen as a 
set of tasks that must be completed to obtain the desire 
result (e.g., the frequency of each word). In our problem, 
the different jobs are submitted to the system by some 
mean arrival rate (𝜆). The mean arrival rate of the jobs can 
be interpreted as the average number of CPU instructions 
coming to the system per second, and is denoted by pa-
rameter 𝜆, as shown in Fig. 1. A job comes to the MapRe-
duce framework, and can be divided into a set of map 
tasks. In fact, the mapper nodes receive their map tasks 
with some ratios or probabilities 𝑝1, 𝑝2, ... 𝑝𝑁𝑚

calculated 
by the scheduler. If 𝑁𝑚 mapper nodes are involved and 
the job is split into 𝐾 map tasks, then 𝑝𝑖𝐾 map tasks are 
sent to the 𝑖𝑡ℎ mapper node. In other words, the mean 
arrival rate of the tasks to the 𝑖𝑡ℎ mapper node is 𝜆𝑖 = 𝑝𝑖𝜆 
where 𝜆 = ∑ 𝜆𝑖

𝑁𝑚
𝑖=1 . In addition to the skewness of map 

tasks (𝜆𝑖), the mean service rates of the mappers (𝜇𝑖  in-
structions per second) are also heterogeneous.  
Straggling mappers problem captures the skewness of the 
completion times of the mappers for a single job. In other words, 
the completion times of all map tasks for a single job have a 
long-tailed or more generally delayed tailed distribution denot-
ed in Eq. (1,2). 

We are interested to model and formulate this problem 
as a stochastic scheme, and then we want to find the op-
timal scheduling or task arrival rates (𝜆𝑖 ∀𝑖 in Fig. 1) to 
mappers as well as the optimal number of mappers (𝑁𝑚) 
to minimize the completion time of all map tasks, where 
𝜆 = ∑ 𝜆𝑖

𝑁𝑚
𝑖=1  and the service rates (𝜇𝑖  ∀𝑖) and completion 

time of the mappers are heterogeneous following our ver-
ified delayed tailed distribution. The notations used in 
this paper are listed in Table 1. 

Throughout the paper, the stochastic behavior of the 
𝑖𝑡ℎ mapper node with its communication links is modeled 
as a single queue with a mean service rate (𝜇𝑖). The com-
pletion time of each mapper node is independent of the 
other mapper nodes, but the completion time of a map 
task may be dependent on the completion time of the oth-
er map tasks that reside in the same mapper. Further-
more, the deterministic delay of mapper node computa-
tion and its communication links are captured by an off-
set time. Small stochastic variances across communication 
link delays add a nearly-deterministic delay overhead on 
all end-to-end paths, because orchestrated traffic from 
mappers to reducers is nearly-deterministic, and the shuf-
fling phase overlaps with the map phase of MapReduce. 
Also prior studies [16,23] show task mapping from map-
pers to reducers via pipelining or multi-level hash-based 
mechanism can be balanced. Thus, the difference across 
the deterministic delays of the paths from mappers to a 
reducer is negligible without loss of generality.  
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3 STRAGGLERS MODELING  

We showed that the mean arrival rate of the job (𝜆) could 
capture the computational overhead of the MapReduce 
job, and the task arrival rates (𝜆𝑖) could capture the task 
scheduling or the amount of data chunks mapped to the 
servers. Also these task arrival rates (𝜆𝑖) can capture the 
skewness of the data computation across the servers. 
Now, we describe the model of servers as a single queue 
with mean service rate 𝜇𝑖  (instructions per second), and 
then we justify this model can be captured by our delayed 
tailed distribution, and then we validate the model by 
using the maximum likelihood method [49] for some 
MapReduce workloads. 

3.1 Server as a Single Queue 

The completion time of all map tasks is a function of the 
inter-arrival times of tasks as well as the service times of 
the servers. In our model, we investigate the delayed 
tailed distribution of the service time. Later, we validate 
the model using DTD for real workloads. Also we study 
different distributions for task inter-arrival times and ser-
vice times. Note that we are not restricted to a simple 
queue; we investigate the other inter-arrival times and 
service times that correspond to other potential scenarios 
in modern datacenters [27] as a general form of job inter-
arrival time. 

A server can be modeled as a FIFO infinite-buffer sin-
gle queue with a DTD service time. Because CPU clock 
rate of a server has a periodic characteristic and is propor-
tional to the mean service rate 𝜇𝑖  as a linear coefficient 
(say 𝐶), i.e., sequential instructions can be executed suc-
cessively with a time difference not less than 𝑡𝑖 ∝ 1/(𝜇𝑖𝐶), 
and other instructions that involve memory or I/O re-
quests can have an even longer time difference from the 
previous instruction. Consequently, the distribution of 
CPU clock rate is 𝛿(𝑡 − 𝑡𝑖) (the Dirac Delta function 
as 𝛿(𝑡) = 𝑑𝑈(𝑡)/𝑑𝑡). The distribution of the service time 
of the instructions is known as an exponential distribu-

tion by many prior studies [28,29,30]. The distribution of 
the combination of these two random variables is equiva-
lent to the convolution (∗) of these two distributions. The 
resulting service time distribution of a server is thus a 
DTD where its PDF can be expressed as: 

𝜇𝑖𝑒−𝜇𝑖(𝑡)𝑈(𝑡) ∗𝑐𝑜𝑛𝑣 𝛿(𝑡 − 𝑡𝑖) = 𝜇𝑖𝑒−𝜇𝑖(𝑡−𝑡𝑖)𝑈(𝑡 − 𝑡𝑖) (3) 

where 𝑡𝑖 is the minimum time required to process a CPU 
instruction. Each task contains a number of sequential 
instructions (say 𝐼), each having a minimum time to exe-
cute and route to a reducer. Therefore, the total service 
time of a server is not less than 𝑇𝑖 = ∑ 𝑡𝑗

𝐼
𝑗=1  giving the off-

set of a DTD in the service times, and capturing the de-
terministic part of computation delay. Note that the dif-
ferent servers can have different mean service rates (𝜇𝑖) 
and offset times 𝑇𝑖  which can make a datacenter hetero-
geneous, and in designing a scheduler for a heterogene-
ous datacenter, we only need these parameters (𝜇𝑖  and 𝑇𝑖). 
As a result, the DTD service time is a generalization of the 
exponential and Pareto service time and we will show 
that it matches with real data.  

3.2 Delayed Tailed Completion Time of Tasks 

The completion time of the tasks is the waiting time in the 
buffer (queue) plus the time required to service them. Our 
defined DTD completion time denoted in Eq. (1,2) for all 
map tasks coming to a reducer matches with the empiri-
cal completion times of map tasks that have been pub-
lished in prior studies [8,9,10]. We use the completion 
times of different MapReduce applications (in Table 2) as 
a reference, and then we try to fit the data on a CDF of a 
DTD represented by Eq. (1,2) as follows: 

(1 − 𝑒−Δ𝑖(𝑡−𝑇𝑖))𝑈(𝑡 − 𝑇𝑖).

The maximum likelihood estimate of rate function has 
been described in appendix of [49]. Note that the offset 
time 𝑇𝑖  (constant for an application) can be directly taken 
from the empirical data, and it is only the rate function 
(Δ𝑖) believed [20,39,40,41] to be a logarithmic function 
resembling a heavy-tailed distribution. The mean squared 
error is not greater than 5% across all those workloads as 
shown in Table 2, strengthening our rationale for model-
ing completion times as a DTD. Accordingly, Table 3 lists 
important parameters and their values used in our subse-
quent analysis and simulations. These values are extract-
ed from the prior studies data listed in Table 2 by means 
of quantitative methods discussed in chapter 3 of [45]. 

TABLE 2. RATES USED IN THE PUBLISHED DATA. 

BENCHMARK REF. RATE MEAN SQUARED ERROR 

BING SEARCH ENGINE [8] 1.5196 0.0465 

FACEBOOK [10] 1.6715 0.0345 

CLOUDERA CUSTOMER (A) [10] 1.7122 0.0328 

CLOUDERA CUSTOMER (B) [10] 1.7868 0.0273 

CLOUDERA CUSTOMER (C) [10] 1.6491 0.0334 

CLOUDERA CUSTOMER (D) [10] 1.7123 0.0345 

CLOUDERA CUSTOMER (E) [10] 1.7671 0.0266 

OPENCLOUD [9] 1.6862 0.0352 

M45 [9] 1.7162 0.0361 

WEBMINING [9] 1.7805 0.0360 

TABLE 1. NOTATION USED IN OUR FORMULATION. 

PARAMETER SIGN EXPLANATION 

NUMBER OF MAPPER 

NODES 

𝑁𝑚 THE NUMBER OF NODES IN THE DATA-

CENTER ASSIGNED FOR MAP TASKS 

MEAN INTER-ARRIVAL 

TIME OF ith MAPPER 

1/𝜆𝑖 THE AVERAGE TIME BETWEEN THE ARRI-

VALS OF TASKS COMING TO ith MAPPER 

MEAN SERVICE TIME OF 

ith MAPPER 

1/𝜇𝑖 THE AVERAGE SERVICING AND ROUTING 

TIME OF THE TASKS BY ith MAPPER 

MEAN JOB INTER-

ARRIVAL TIME 

1/𝜆 𝜆 = ∑ 𝜆𝑖
𝑁𝑚
𝑖=1 = ∑ 𝑝𝑖𝜆

𝑁𝑚
𝑖=1 = 𝑝𝑖  𝜆𝑖

−1
  

UNIT STEP FUNCTION 𝑈(𝑡) 𝑈(𝑡) = {
1
0

; 𝑡 ≥ 0
; 𝑡 < 0

 

DIRAC DELTA FUNCTION 𝛿(𝑡) 𝛿(𝑡) = 𝑑𝑈(𝑡)/𝑑𝑡 

OFFSET OF DTD FOR ith 

MAPPER 

𝑇𝑖 THE MINIMUM AMOUNT OF TIME RE-

QUIRED TO COMPLETE A TASK 

COMPLETION TIME OF 

ALL MAP TASKS  

𝑅𝑀 THE REQUIRED TIME TO FINISH ALL MAP 

TASKS BY ALL MAPPERS 

COMPLETION TIME OF ith 

MAPPER  

𝑅𝑀𝑖
 THE REQUIRED TIME TO FINISH A TASK 

BY ith MAPPER  

MEAN COMPLETION 

RATE OF ith MAPPER  

𝛾𝑖 THE AVERAGE REQUIRED TIME TO FINISH 

A TASK BY ith MAPPER  
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4 FORMULATION OF STRAGGLERS 

We define a new performance metric known as Mean 
Sojourn Time (MST), and express it as a closed-form for-
mula in terms of the completion time distributions of the 
map tasks which are dependent on task inter-arrival rates 
and service rates. Then by lemmas 1 and 2, we analytical-
ly proved that the distribution of sojourn time at a reduc-
er asymptotically follows DTD. Also the closed-form MST 
for a special case has been derived in Lemma 3. 

4.1 Mean Sojourn Time at a Reducer 

Mean sojourn time at a reducer represents the average 
time required to synchronize all completed map tasks 
before a reducer can start its execution. MST can be a rea-
sonable metric to represent the mean delay from job split 
to merge in a reducer as a fork-join queue for the first part 
of the end-to-end delay of a MapReduce job. 
Definition 2 (Mean Sojourn Time): Given general CDFs of 
independent and identically distributed (i.i.d) completion times 
of map tasks as 𝐹𝑅 𝑀𝑖

(𝑡) = 𝑃(𝑅𝑀𝑖
≤ 𝑡); 𝑖 = 1 … 𝑁𝑚, by using 

maximum order statistics (MOS), the required time for syn-
chronization of all completed map tasks at 𝑖𝑡ℎ reducer (𝑆𝑅𝑖

) is 
the maximum of the completion times of all map tasks, i.e., we 
can express 𝑆𝑅𝑖

= 𝑚𝑎𝑥(𝑅𝑀1
, 𝑅𝑀2

, … , 𝑅𝑀𝑁𝑚
) as: 

𝐹𝑆𝑅𝑖
(𝑡) = 𝑃(𝑆𝑅𝑖

≤ 𝑡) = ∏ 𝑃(𝑅𝑀𝑖
≤ 𝑡)

𝑁𝑚

𝑖=1
= ∏ 𝐹𝑅𝑀𝑖

(𝑡)
𝑁𝑚

𝑖=1
. (4) 

The corresponding PDF can be expressed as follows: 

𝑓𝑆𝑅𝑖
(𝑡) =

𝜕

𝜕𝑡
𝐹𝑆𝑅𝑖

(𝑡) = 𝐹𝑆𝑅𝑖
(𝑡) ∑

𝑓𝑅𝑀𝑗
(𝑡)

𝐹𝑅𝑀𝑗
(𝑡)

𝑁𝑚

𝑗=1
. (5) 

Eq. (6)-(8) given below are used in our formulation to 
be presented shortly. The mean sojourn time by using the 
inclusion–exclusion principle [31] can be expressed with 
respect to the expected-value of the minimum of comple-
tion times of every subset of map tasks as: 

𝑀𝑆𝑇 = 𝐸{𝑆𝑅𝑖
} = 𝐸 {𝑚𝑎𝑥 (𝑅𝑀1

, 𝑅𝑀2
, … , 𝑅𝑀𝑁𝑚

)}

= ∑ {(−1)𝑖+1 ∑ 𝐸 {𝑚𝑖𝑛 (𝑅𝑀𝑗1
, 𝑅𝑀𝑗 2

, … , 𝑅𝑀𝑗 𝑖
)}

∀{𝑗1,𝑗2,…,𝑗𝑖}⊂{1,2,…,𝑁𝑚}

}
𝑁𝑚

𝑖=1
.(6) 

Furthermore, MST can be expressed in another way, with 
respect to the distribution of completion time of each 
server using Eq. (5) as: 

𝑀𝑆𝑇 = ∫ 𝑡𝑓𝑆𝑅𝑖
(𝑡)𝑑𝑡 =

∞

𝑡=0

∫ 𝑡
𝜕

𝜕𝑡
(∏ 𝑃(𝑅𝑀𝑖

≤ 𝑡)
𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0

. (7) 

And, using Eq. (6), we have: 

𝑀𝑆𝑇 == ∑ ∫ 𝑡
∞

0

𝐹𝑆𝑅𝑖
(𝑡)

𝑁𝑚

𝑗=1

𝑓𝑅𝑀𝑗
(𝑡)

𝐹𝑅𝑀𝑗
(𝑡)

𝑑𝑡. (8) 

Note that the mean sojourn time (MST) is dependent on 
completion time CDF of each map task (𝑃(𝑅𝑀𝑖

≤ 𝑡)) ex-
pressed by the inter-arrival time and the service time. For 
heterogeneous queues (servers with different service 
times or computational performances) with a general 
form joint distribution of task inter-arrival time, we are 
not aware of any published closed-form formulations, 
bound or approximation, for the MST. However, in the 
case of two homogeneous queues, there is an approxima-
tion and lower/upper bounds [32]. Also for the exponen-
tially distributed completion time of homogeneous 
queues, there are some approximations and boundaries in 
the statistics literature [33].  

4.2 Asymptotic Delayed Tailed Completion Time 

Before going for optimization case studies, we experimen-
tally validated our model in section 3.2, now we are inter-
ested to analytically justify the usage of our DTD-based 
model. Using Lemma 1 and Lemma 2, we show that a 
sufficient condition for having an asymptotic DTD com-
pletion time of all map tasks to a reducer is to have a DTD 
service time for each mapper node. 
Lemma 1: If the service time distribution of the mapper is a 
DTD, then the completion time distribution of the map task is 
asymptotically a DTD (see Appendix A for the proof). 
Lemma 2: If the completion time distributions of each map  
task is a DTD, then the completion time distribution of all map 
tasks or sojourn time at a reducer (𝑃(𝑅𝑀 ≤ 𝑡)) is also asymp-
totically DTD. 
Proof. Assume that 𝑅𝑀 is the completion time of all map 
tasks, and 𝑅𝑀𝑖

 is the completion time of the 𝑖𝑡ℎ mapper 
node (where 1 ≤ i ≤ 𝑁𝑀) which has a DTD of the 
form (1 − 𝑒−Δ𝑖(𝑡−𝑇𝑖))U(t − 𝑇𝑖), then we have: 

𝐹𝑅𝑀
(𝑡) =  𝑃(𝑅𝑀 ≤ 𝑡) = 𝑃 (𝑅𝑀1

≤ 𝑡, … , 𝑅𝑀𝑁𝑚
≤ 𝑡) 

= ∏ 𝑃(𝑅𝑀𝑖
≤ 𝑡)

𝑁𝑚

𝑖=1
= ∏ (1 − 𝑒−𝛥𝑖(𝑡−𝑇𝑖))𝑈(𝑡 − 𝑇𝑖)

𝑁𝑚

𝑖=1
 

= 1 − ∑ 𝑒−𝛥𝑖(𝑡−𝑇𝑖)𝑈(𝑡 − 𝑇𝑖)
𝑁𝑚

𝑖=1


+ ∑ 𝑒
−(𝛥𝑖(𝑡−𝑇𝑖)+𝛥𝑗(𝑡−𝑇𝑗))

𝑈(𝑡 − 𝑚𝑖𝑛(𝑇𝑖 , 𝑇𝑗))
(𝑁𝑚,𝑁𝑚)

𝑖,𝑗=(1,1)
− ⋯



The PDF can be derived by computing the derivative 
of the CDF, and finally the asymptotic term of the PDF 
can be written as follows: 

𝑓𝑅𝑀
(𝑡) = 𝑃(𝑅𝑀 = 𝑡) ~ 𝑒

− min
𝑖

𝛥𝑖(𝑡−𝑇𝑖)
𝑈 (𝑡 − 𝑇argmin

𝑖
𝛥𝑖(𝑡−𝑇𝑖)) 

(9) 

Because the higher-order terms have a higher decay-
rate than the first-order terms, and having equal decay-
rate terms does not change the exponent while just result-
ing higher base coefficient. If the completion time has 
exponential distribution, the resulting completion time is 
also exponential, i.e., if one of completion time distribu-
tion has a Pareto distribution (logarithmic part of DTD), 
sadly the total completion time at a reducer would be 
asymptotically a Pareto or long-tailed distribution.         □ 

Consequently, in the case of exponential service time, 
the sojourn time distribution is also asymptotically expo-
nential, and we derive the MST closed formula for the 
servers with different M/M/1 queues in Lemma 3. 

TABLE 3. PARAMETER VALUES USED IN EXPERIMENTS. 

PARAMETER RANGE 

MEAN INTER-ARRIVAL TIME 0.1S-2S 

MEAN SERVICE TIME 0.5S-2S 

OFFSET TIME 0.1S-100S 

MEAN COMPLETION TIME 0.5S-1000S 

UTILIZATION 0.1-0.95 
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Lemma 3: Given M/M/1 mapper nodes with arrival rate 𝜆𝑖 
and service rate 𝜇𝑖  where 𝑖 = 1 … 𝑁𝑚, using maximum order 
statistics, the MST of map tasks at a reducer is: 

𝑀𝑆𝑇𝑀/𝑀/1 = ∑ {(−1)𝑖+1 ∑
1

∑ (𝜇𝑗𝑘
− 𝜆𝑗 𝑘

)𝑖
𝑘=1∀{𝑗1,𝑗2,…,𝑗𝑖}⊂{1,2,…,𝑁𝑚}

}
𝑁𝑚

𝑖=1
. (10) 

Proof. The completion time of 𝑗𝑘
𝑡ℎ M/M/1 mapper node 

can be written as 𝑃 (𝑅𝑀𝑗𝑘
≤ 𝑡) = (1 − 𝑒

−(𝜇𝑗𝑘
−𝜆𝑗𝑘

)𝑡
) 𝑈(𝑡), 

and we have: 

𝐸 {𝑚𝑖𝑛 (𝑅𝑀𝑗1
, … , 𝑅𝑀𝑗𝑖

)} = ∫ 𝑡𝑃 (𝑚𝑖𝑛 (𝑅𝑀𝑗1
, … , 𝑅𝑀𝑗 𝑖

) ≤ 𝑡) 𝑑𝑡
∞

0

= ∫ 𝑡 (1 −  ∏ 𝑃 (𝑅𝑀𝑗𝑘
> 𝑡)

𝑖

𝑘=1
) 𝑑𝑡

∞

0

=
1

∑ (𝜇𝑗 𝑘
− 𝜆𝑗 𝑘

)𝑖
𝑘=1

. 

(11) 

Substituting Eq. (11) in Eq. (7), Eq. (10) can be obtained.  □ 

4.2 MST Variation in DTD Model 

This section wants to give some visual intuitions about 
MST metric variation in terms of total arrival rate and 
number of mapper nodes in the system. The rationale 
behind these behaviors motivates us to explore optimiza-
tion case studies in next sections. 

Using validated DTD completion time in section 3.2, 
the variation of the MST with respect to the mean arrival 
rate of the job can be derived and is shown in Fig. 3a, 
when the mean service rate of each mapper is 𝜇𝑖 = 1, and 
the number of mappers is 𝑁𝑚 = 60.  

When the arrival rate of the job increases, the task arri-
val rates of the mappers grow, and the MST at a reducer 
homographically tends to infinity. This homographical 
growth similarly happens in congested network by in-
creasing the number of sources [43] and also the King-
man’s formula [46] shows this phenomenon analytically.  

Fig. 3b gives an intuition about the variation of the 
MST in terms of the number of mappers (𝑁𝑚), when the 
service rate of each mapper node is 𝜇𝑖 = 1, and the mean 
arrival rate of the job is 𝜆 = 2.  

When the number of mapper nodes increases more 
than 10, the amount of task assigned to each mapper re-
duces, but the time required to sync the mappers grows. 
Finally the MST asymptotically tends to infinity with the 
order of 𝑂(𝑙𝑜𝑔𝑒(𝑁)) where 𝑁 is the number of mappers. 

The reason is that the derivative of the MST (8) is pro-
portional to the reciprocal of the number of mappers. In-
tuitively, there is a logarithmic algorithm to sync and 
merge completed tasks at a reducer, when a sync/merge 
operation can only happen between two completed tasks, 
as it has been also verified in [44].  

Based on the discussion above, we can conclude that 
the MST (the average time necessary to synchronize map 
tasks before the reduce phase) can be stochastically ex-
pressed using the completion time of the map tasks. As 
such, MST can show the overall behavior of the system 
well in terms of job inter-arrival rate and number of map-
pers. And it is reasonable that our goal is to minimize the 
MST with respect to task scheduling. 

 
(a) 

 
(b) 

Fig. 3. MST with respect to (a) the total mean arrival rate and (b) the 
number of mapper nodes. 

5 POTENTIAL USES OF THE MODEL 

Using our model, performance metrics of a parallel-
running job such as response time or throughput can be 
optimized under power or budget constraints, and a cor-
responding scheduler can be obtained. A homogeneous 
or heterogeneous datacenter can be expressed using uni-
form (𝜇1 = 𝜇2 = ⋯ = 𝜇𝑁𝑚

) or non-uniform (𝜇1 ≠ 𝜇2 ≠ ⋯ ≠
𝜇𝑁𝑚

) service rates (Fig. 1). We envision three potential 
uses of our model with respect to architecture, system, 
and application parameters of a datacenter: 
 One can model the performance parameters of nodes in 

a datacenter using inter-arrival times and service times 
of task trackers’ queues more accurately, because it cap-
tures the deterministic behavior of task completion and 
the stochastic notion of the straggler problem. 

 One can model the performance parameters of a 

MapReduce job as a fork-join network in a fashion that is 
more detailed than an M/M/1 queuing model but easier 
than a general distribution-based model. It can be used 
globally to improve the performance of a MapReduce 
job in a datacenter. 

 Our model can also be used to optimize other target 

metrics such as throughput or utilization with power or 
budget constraints in a heterogeneous datacenter. 

The delayed tailed model of completion time of mappers 
is an extended version of exponential or Pareto distribut-
ed model. It has the flexibility of being able to represent 
the arrival and service rates of different classes of work-
loads and cluster nodes. For example, the offset time pa-
rameter in Eq. (3) of a CPU-bound job is higher than that 
of a memory-bound job. Since the memory access times 
are random and take much longer than CPU access times, 
they can also be modeled by DTD.  

In addition, there is high degree of freedom to adjust 
the departure rates of mappers to reducers (𝜆𝑖,𝑗; 𝑖 = 1. . 𝑁𝑚 
and 𝑗 = 1. . 𝑁𝑟) as shown in Fig. 1, and we can solve linear 
independent equations to find reducers’ arrival rates. By 
applying a DTD completion time model to reducers, we 
can have similar MST formulations for reducers to opti-
mize MST for the end to end job as well.  

The non-delayed (pure Pareto or exponential) distribu-
tion model, having its highest value at zero (time=0), can-
not capture the probability of two consecutive completed 
jobs with minimum inter-arrival time, because minimum 
inter-arrival time must be a positive value not zero. The 
DTD completion time model is also a good approxima-
tion of the completion time of a typical datacenter server 
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as a single queue, and can be employed in the analysis of 
different types of distributed computing networks. Based 
on Lemma 1, the DTD completion time can be obtained 
using the DTD service time, and this makes most of the 
analytical formulas much simpler.  

Since the focus of our paper is on performance, we use 
MST as an end-to-end delay-aware metric; other analyses 
may use different metrics depending on their specific fo-
cus. The potential metrics of interest could be money 
budget, power budget, power/performance, or other 
combinations. First, the specification of the clusters and 
workloads should be evaluated. Considering Fig. 2 and 
Eq. (3), the service rate of the server and offset time relat-
ed to the application can be obtained from the specifica-
tions. One can therefore derive a DTD model for the ser-
vice time. Then, the completion time model can be ob-
tained using the distribution of job inter-arrival time that 
is discussed in the proof of Lemma 1 in Appendix A.  

We are interested in investigating the behavior of dif-
ferent schedulers via the single queue model of mappers 
with the DTD completion time when jobs come to the 
datacenter. This can be extended to a generalized multi-
ple-queue model when we have multiple classes of jobs 
submitted to a datacenter. Table 4 gives a quick summary 
of the lemmas used in this work. 

6 OPTIMAL JOB SCHEDULING FOR STRAGGLERS 

We investigate the optimal job scheduling with respect to 
mean sojourn time. Our analysis is carried out for differ-
ent mapper queues to address the straggler problem. We 
introduce two schedulers “pure-deterministic” and “pure-
stochastic” schedulers after Hadoop fair job scheduler [5] 
which gradually improve the performance of the MapRe-
duce job in case of having DTD completion time. The 
mathematical formulation of each scheduler is subse-
quently followed by its analytical results and its simula-
tion results instead of having them at the end.  

We have employed COTSON full-system simulator 
[34] which can simulate a multi-node system. Our 
COTSON implementation, using parallel discrete-event 
model, provides networking by a mediator for the system 

of up to two hundred nodes, half of which are low-
performance (2.4GHz clock frequency) and the rest are 
high-performance (3.0GHz), in our experiments. We have 
installed Hadoop 2.6.0 [47] on all nodes, and configured 
to support a heterogeneous cluster. The offline Wikipedia 
[48] is used to do Grep, WordCount, and TeraSort opera-
tions. To derive the DTD-like characteristic curve of each 
node type for completion time, the mentioned operations 
are performed on some random Wikipedia documents. 
The resulting DTD of completion time is used to obtain 
the scheduling results on real workloads. Note that, the 
stochastic behavior in our environment stem from data 
skew and network congestion. 

6.1 Hadoop fair job scheduler 

Hadoop fair job scheduler as the simplest way of load 
balancing divides and sends the same amount of task to 
each mapper node with task arrival rate 𝜆𝑖 and service 
rate 𝜇𝑖  for 𝑁𝑚 mapper nodes, i.e., if there is no data com-
putation skew, we have: 

𝜆1 = 𝜆2 = 𝜆3 = ⋯ = 𝜆𝑁𝑚
= 𝜆/𝑁𝑚. (12) 

The fair job scheduler is optimal when we have a com-
pletely homogeneous cluster and no data skew. The “no 
bottleneck system necessary condition” means that the 
mean job arrival rate should be less than the total service 
rate of the mapper nodes (𝜆 < ∑ 𝜇𝑖

𝑁𝑚
𝑖=1 ), which is: 

𝜆 < 𝑁𝑚𝜇𝑚𝑖𝑛. (13) 

A fair job scheduler (like Hadoop scheduler) makes the 
mean task arrival rates equal for all mappers as captured 
in Eq. (12), i.e., it gives each mapper the same amount of 
work. Fig. 4 plots the analytical results of fair job sched-
uler for a cluster with the same number (from 40 to 200) 
of low-performance (mean service time 𝜆𝑖 = 0.8) and 
high-performance (𝜆𝑖 = 1) nodes. The MST of the fair job 
scheduler in Eq. (12), with respect to the total arrival rate 
and the number of heterogeneous mappers, always in-
creases when the total arrival rate increases. However, the 
MST with respect to the number of nodes has a minimum, 
i.e., there is an optimal number of nodes, given a job arri-
val rate. However, increasing the number of nodes de-
creases the amount of tasks for each node, and the syn-
chronization time to commit the whole job increases. Al-
so, if the job arrival rate increases, this minimum number 
of mappers also increases.  

 

Fig. 4. MST with respect to the total arrival rate and the number of 
mapper nodes for the fair job scheduler. 
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TABLE 4. SUMMARY OF THE LEMMAS. 

LEMMA EXPLANATION 

1 DTD SERVICE TIME → DTD COMPLETION TIME FOR A MAPPER. 

2 DTD SERVICE TIME → DTD COMPLETION TIME FOR ALL MAP TASKS. 

3 MST FORMULA FOR M/M/1 MAPPER NODE. 

4 EQUILIBRIUM PROPERTY FOR D/D/1. 

5 EQUILIBRIUM PROPERTY FOR M/M/1. 

6 EQUILIBRIUM PROPERTY FOR G/M/1. 

7 SUFFICIENT CONDITIONS FOR OPTIMAL SCHEDULING. 

8 OPTIMAL MAPPING FROM MOMENTS OF THE DISTRIBUTION. 

9 LOWER BOUND AND UPPER BOUND OF MST. 

10 OPTIMAL NUMBER OF M/M/1 MAPPER NODES. 

11 OPTIMAL NUMBER OF HOMOGENEOUS MAPPER NODES. 

12 OPTIMAL NUMBER OF MAPPER NODES FOR A FIXED BUDGET. 
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The results of the real workloads shown in Fig. 5 are 
the MST of heterogeneous nodes (half low-performance 
half high-performance) with the fair job scheduler in 
terms of seconds. While they match with the analytical 
results in Fig. 4, they indicate that the response time or 
job completion time goes up rapidly with elevating the 
data size, and the system response time needs more time 
to merge the outputs, but the high-performance nodes 
finish their job much earlier than the others. 

 

Fig. 5. The MST (seconds) of heterogeneous nodes with the fair job 
scheduler. 

6.2 Pure-Deterministic Scheduler 

We start by giving the definition of the optimal mapping 
with respect to MST, and then we deduct an equilibrium 
property that can be used to mathematically express the 
behavior of the different types of schedulers. In the case 
of having deterministic completion times (no distribution 
no ambiguity), we reach to pure-deterministic scheduler, 
and then in the case of having random completion times, 
we come up with pure-stochastic scheduler.   
Definition 3 (Optimal mapping based on MST): Optimal 
mapping for a known number of mappers (𝑁𝑚) identifies 
the optimal task arrival rates (𝜆1,𝜆2, … , 𝜆𝑁𝑚

) making MST 
minimum. The constraint here is the mean job arrival rate 
to the system (λ). The service rate of each mapper is as-
sumed to have a known distribution with a mean of 𝜇𝑖. In 
mathematical terms, we have: 

𝑚𝑖𝑛
𝜆

(𝑀𝑆𝑇) = 𝑚𝑖𝑛
𝜆

∫ 𝑡
𝜕

𝜕𝑡
(∏ 𝐹𝑅𝑀𝑖

(𝑡)
𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0



𝑆. 𝑡. 𝜆 = ∑ 𝜆𝑖
𝑁𝑚
𝑖=1 ;  𝜆 = [𝜆1𝜆2𝜆3 … 𝜆𝑁𝑚

]
𝑇


(14) 

where FRMi
(t) is the CDF of the completion time of the ith 

mapper as a function of μi and λi. The optimal solution of 
the mapping problem is derived by using the Lagrange 
Multipliers method and solving the following set of non-
linear equations: 

𝛻𝜆,𝛼 (𝑀𝑆𝑇 − 𝛼(𝜆 − ∑ 𝜆𝑖
𝑁𝑚
𝑖=1 )) = 0 (15) 

where 𝛻𝜆,𝛼(. ) is the multi-dimensional gradient operator 
with respect to 𝜆 and α. We now give the following defi-
nition as a property for having optimal MST. 
Definition 4 (Equilibrium Property): To optimize the 
mapping of the tasks, the set of non-linear equations de-
rived from Eq. (15) have the Equilibrium Property (EP) 
with the linear constraint λ = ∑ 𝜆𝑖

𝑁𝑚
𝑖=1 . Solving the set of 

non-linear equations gives the optimal solution for 𝜆. The 
equilibrium property can be expressed as: 

𝜕𝑀𝑆𝑇

𝜕𝜆1
=

𝜕𝑀𝑆𝑇

𝜕𝜆2
= ⋯ =

𝜕𝑀𝑆𝑇

𝜕𝜆𝑁𝑚

. (16) 

The above property cannot be easily solved or practi-
cally used to optimize MapReduce job scheduling. It is an 
𝑁𝑚-dimensional non-linear optimization problem with a 
linear constraint. We will shortly present several suffi-
cient conditions to satisfy the equilibrium property cap-
tured in Lemma 7. The following lemmas handle certain 
special cases where Equation (8) can be easily solved. 
Lemma 4: Given Def.2-4 for D/D/1 mapper nodes (𝑖 =
1 … 𝑁𝑚), equilibrium property can be expressed as follows: 

𝜇1

𝜆1
=

𝜇2

𝜆2
= ⋯ =

𝜇𝑁𝑚

𝜆𝑁𝑚

. (17) 

We call the above property the deterministic equilibrium 
property (D-EP), and the optimal scheduler for this prop-
erty is pure-deterministic scheduler where 𝜆𝑖 is: 

𝜆𝑖 = 𝜆
𝜇𝑖

∑ 𝜇𝑗
𝑁𝑚

𝑗=1

 ; 𝑖 = 1 … 𝑁𝑚. (18) 

Proof. Eq. (17) can be derived by making the determinis-
tic completion times of all tasks equal using: 

𝜇1

𝜆1
=

𝜇2

𝜆2
= ⋯ =

𝜇𝑁𝑚

𝜆𝑁𝑚

=
∑ 𝜇𝑗

𝑁𝑚
𝑗=1

∑ 𝜆𝑗
𝑁𝑚

𝑗=1

, (19) 

as 𝜆 = ∑ 𝜆𝑗
𝑁𝑚
𝑗=1 , Eq. (18) is deduced.                                       □ 

Fair queue, shortest queue-length first or μ-
proportional (service-time proportional) scheduling make 
the queue-lengths equal and are the same as the pure-
deterministic scheduling in Eq. (17) as we have: 

Q1 = Q2 = ⋯ = QNm ⟺ ρ1 = ρ2 = ⋯ = ρNm
 (20) 

Considering 𝑇𝑖 ∝ 𝜆𝑖/𝜇𝑖, i.e., the offset of the DTD comple-
tion time has a linear relationship with 𝜆𝑖/𝜇𝑖; we can say 
that pure-deterministic scheduling and shortest queue 
first scheduling are equivalent. This is because we have: 

𝜆1

𝜇1
=

𝜆2

𝜇2
= ⋯ =

𝜆𝑁𝑚

𝜇𝑁𝑚

⟺ 𝑇1 = 𝑇2 = ⋯ = 𝑇𝑁𝑚. (21) 

Fig. 6 plots the MST of the pure-deterministic scheduler 
with respect to the total arrival rate and the number of 
heterogeneous mapper nodes. The MST growth given by 
the total arrival rate is homographic versus the MST 
growth given by the number of mapper nodes is 𝑂(𝑙𝑛(𝑛)) 
as the overhead rate of the whole job synchronization. 
Comparing Fig. 4 with Fig. 6, one can see that the pure-
deterministic scheduler has a lower MST when the incom-
ing job rate increases compared to the fair job scheduler. 
However, cloning the number of nodes, the trend of MST 
elevation in pure-deterministic scheduler is nearly the 
same as the fair job scheduler.  

 

Fig. 6. MST with respect to the arrival rate and the number of map-
per nodes for a pure-deterministic scheduler. 
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Fig. 7 shows the real workload results for heterogene-
ous nodes (half low-performance half high-performance) 
with the pure-deterministic scheduler. One can observe 
from these results that pure-deterministic scheduler re-
duces the MST difference between low-performance and 
high-performance nodes rather than the fair job sched-
uler, but there is still a non-negligible MST skew among 
them. 

 
Fig. 7. The MST of heterogeneous nodes with the pure-deterministic 
scheduler. 

6.1.3 Pure-Stochastic Scheduler 

When the completion times of the servers are stochastic or 
have some distributions, we investigate pure-stochastic 
scheduler to get the optimal MST. The following lemma 
shows the closed-form formula to adjust pure-stochastic 
scheduler in the case of having Markovian mappers. 
Lemma 5: Given Def.2-4 for M/M/1 mapper nodes (𝑖 =
1 … 𝑁𝑚), the EP would be (see the proof in Appendix B): 

𝜇1 − 𝜆1 = 𝜇2 − 𝜆2 = ⋯ = 𝜇𝑁𝑚
− 𝜆𝑁𝑚

. (22) 
We call above property stochastic equilibrium proper-

ty (S-EP), and the optimal scheduler knobs for S-EP are 
the following optimal 𝜆𝑖s: 

𝜆𝑖 = 𝜇𝑖 +
𝜆 − ∑ 𝜇𝑗

𝑁𝑚
𝑗=1

𝑁𝑚
 ; 𝑖 = 1 … 𝑁𝑚. (23) 

Without having a bottlenecked system as the inequali-
ty λ < ∑ μi

Nm
i=1 , there is no bottlenecked node necessary 

condition for any mapper node, but we may have nega-
tive values for some λi, i.e., some jobs should be migrated 
from slow nodes (i) to other nodes. Thus, the no negative 
λi necessary condition is: 

∑ (𝜇𝑖 − 𝜇𝑚𝑖𝑛)
𝑁𝑚

𝑖=1
< 𝜆. (24) 

Q-proportional (queue-length proportional) schedul-
ing and pure-stochastic scheduling are equivalent, be-
cause 𝑄𝑖 = 𝜆𝑖/(𝜇i − 𝜆i), so we have: 

𝜆1

𝑄1

=
𝜆2

𝑄2

= ⋯ =
𝜆𝑁𝑚

𝑄𝑁𝑚

⟺ 1/(𝜇1 − 𝜆1) = ⋯ = 1/(𝜇𝑁𝑚
− 𝜆𝑁𝑚

). (25) 

Fig. 8 plots the MST of the pure-stochastic scheduler 
with respect to the total arrival rate and the number of 
heterogeneous mapper nodes. The MST growth trend is 
similar to that of the other scheduler. Comparing Fig. 8 
against Fig. 4 and Fig. 6, one can observe that the pure-
stochastic scheduler has a lower MST under total arrival 
rate and the number of nodes. 

Fig. 9 shows the simulation results for heterogeneous 
nodes (half low-performance; half high-performance) 
under the pure-stochastic scheduler. In this case, the MST 
of the nodes is nearly equal and consequently the MST of 
the system improves. Actually we have done for other 
percentages, and we have derived the similar results.  

 

Fig. 8. MST with respect to the arrival rate and the number of map-
per nodes for a pure-stochastic scheduler. 

 
Fig. 9. The MST of heterogeneous nodes with the pure-stochastic 
scheduler. 

From the data size or job rate angle, pure-stochastic 
mapping has a lower MST compared to the fair job and 
pure-deterministic mappings shown in Fig. 10. The MST 
of the pure-stochastic strategy is lower than the others 
even under very low arrival rates. 

 
Fig. 10. MST comparison between fair job scheduler, pure-
deterministic scheduler, and pure-stochastic scheduler. 

6.2 Advanced Schedulers 

We investigate more sophisticated schedulers based on 
some general job arrival rates and service rates. We give 
four algorithms that converge to the optimal task arrival 
rate for each mapper node. 
Lemma 6: Given Def.2-4 for G/M/1 mappers (𝑖 = 1 … 𝑁𝑚), the 
equilibrium property for optimal MST would be as follows 
(proof in Appendix C): 

𝜇1(1 − 𝑟01
) = 𝜇2(1 − 𝑟02

) = ⋯ = 𝜇𝑁𝑚
(1 − 𝑟0𝑁𝑚

) (26) 

where 𝑟0𝑖
 is the unique real root of z = 𝐴𝑖

∗[𝜇𝑖(1 − 𝑧)] in 
(0,1) and 𝐴𝑖

∗ is the LST (Laplace–Stieltjes transform) of 
𝐴𝑖(t) (CDF of inter-arrival time). The solution of MST for 
the G/M/1 mapper nodes is not trivial and the following 
algorithm shows how we can find the optimal inter-
arrival times. 
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Algorithm 1: Given G/M/1 mapper nodes, Alg. 1 finds 
CDFs of optimal inter-arrival time (Ai) for the equilibrium 
property in Eq. (26).  

Given Def.2, the LST of Ai is the function of the mean 
task inter-arrival time (𝜆𝑖). Let Ai

∗ = gi(λi). Also, gi
−1(Ai

∗) 
exists in (0, λ) where λ is total mean arrival rate of the 
system, e.g. in M/M/1 case we have Ai

∗(s) = λi/(λi + s) 
and λi = Ai

∗s/(1 − Ai
∗). The cost function that we are inter-

ested to find the root by Secant Method [35] with small 
error ϵ is as follows: 
𝑓(𝛼) = 𝜆 − ∑ 𝑔𝑖

−1(𝐴𝑖
∗(𝛼))

𝑁𝑚
𝑖=1   (27) 

1. Let α0 = 0.5μmin, α1 = μ1(1 − g1(λ/Nm)), n = 1 

2. n = n + 1 

3. αn = αn−1 −
f(αn−1)(αn−1−αn−2)

f(αn−1)−f(αn−2)
 

4. if (|f(αn)| > ϵ) then go to 2, else α = αn. 

Before deriving the corresponding expressions for oth-
er distributions, let us first give the sufficient conditions 
to achieve the optimal mapping. 
Lemma 7: Given Def.2-4, if one of the following sufficient con-
ditions is satisfied, the solution of the equations set of the suffi-
cient condition and linear constraint (𝜆 = ∑ 𝜆𝑖

𝑁𝑚
𝑖=1 ) is guaran-

teed to be optimal. 
∀𝑡 ∈ ℛ+, ∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚} 

1

𝐹𝑅𝑀𝑖

𝜕

𝜕𝜆𝑖
𝐹𝑅𝑀𝑖

(𝑡) =
1

𝐹𝑅𝑀𝑗

𝜕

𝜕𝜆𝑗
𝐹𝑅𝑀𝑗

(𝑡) (28) 

𝐹𝑅𝑀𝑖
(𝑡) = 𝐹𝑅𝑀𝑗

(𝑡) (29) 

𝑀𝑅𝑀𝑖
(𝑡) = 𝑀𝑅𝑀𝑗

(𝑡); 𝑀𝑋(𝑡) = 𝐸{𝑒𝑡𝑋} (30) 

∀𝑠 ∈ ℛ, ∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚}: 𝑊𝑖
∗(𝑠) = 𝑊𝑗

∗(𝑠) (31) 

where FRMi
(t) is CDF, MRMi

(t) is moment-generating 
function, and Wi

∗(s) is the LST of the completion time of 
the ith mapper node (see the proof in Appendix D). Also, 
for M/G/1 mappers with arrival rate 𝜆𝑖 and service time 
distribution 𝑔𝑖(𝑡) (𝐸{𝑔𝑖(𝑡)} = 𝜇𝑖), the sufficient condition 
to have optimal mapping by inspiring from Eq. (31) is: 

(1 −
𝜆𝑖
𝜇𝑖

) 𝑠𝑔𝑖(𝑠)

𝑠 − 𝜆(1 − 𝑔𝑖(𝑠))
=

(1 −
𝜆𝑗

𝜇𝑗
) 𝑠𝑔𝑗(𝑠)

𝑠 − 𝜆 (1 − 𝑔𝑗(𝑠))
, (32) 

where 𝑔𝑖(𝑠) and 𝑊𝑖
∗(𝑠) are respectively the LST of 𝑔𝑖(𝑡) 

and the completion time of 𝑖𝑡ℎ mapper node. This conclu-
sion can be easily derived from the Pollaczek-Khintchine 
transform. Also for G/G/1 mapper nodes with LST of 
inter-arrival time distribution 𝐴𝑖

∗(𝑠) and LST of service 
time distribution 𝐵𝑖

∗(𝑠), the sufficient condition to have 
optimal mapping, by inspiring from Eq. (31), is: 

𝑊𝑞𝑖
(0)𝐵𝑖

∗(𝑠) + (1 − 𝑊𝑞𝑖
(0)) 𝐵𝑖

∗(𝑠)𝑊𝑞𝑖

∗(𝑠) =

𝑊𝑞𝑗
(0)𝐵𝑗

∗(𝑠) + (1 − 𝑊𝑞𝑗
(0)) 𝐵𝑗

∗(𝑠)𝑊𝑞𝑗

∗ (𝑠)
(33) 

whose 𝑊𝑞𝑖

∗(𝑠) is the LST of waiting time distribution and 

satisfies Lindley’s equation 𝑊𝑞𝑖
(𝑡) = − ∫ 𝑊𝑞𝑖

(𝑥)𝑑𝑈𝑖(𝑡 −
∞

0

𝑥) such that 𝑈𝑖(𝑥) = ∫ 𝐵𝑖(𝑡)𝑑𝐴𝑖(𝑡 − 𝑥)
∞

𝑚𝑎𝑥 (0,𝑥)
. 

Corollary 9: Given Def.2-4 of MST problem, if we have the 
moments of the distribution of task inter-arrival time (𝐴(𝑡)), 
the optimal mapping exists. 
Proof. Similar to Eq. (26) and Eq. (27) you can assume the 
following relation between the LST of task inter-arrival 
times (𝐴𝑖

∗(𝑠)) and the LST of completion times (𝑊𝑖
∗(𝑠)): 

𝑊𝑖
∗(𝑠) = 𝑓(𝐴𝑖

∗(𝑠)); ∀𝑠 ∈ ℛ, ∀𝑖 ∈ {1,2, … , 𝑁𝑚}, ∃𝑓 (34) 

At this point, we just need to adjust the moments of in-
ter-arrival times to satisfy Eq. (31) and the constraint 
while we have: 

1 +
𝑠

1!
𝑊𝑖

∗′(0)
+

𝑠2

2!
𝑊𝑖

∗′′(0)
+ ⋯ = 𝑓(1 +

𝑠

1!
𝐴𝑖

∗′(0) +
𝑠2

2!
𝐴𝑖

∗′′(0) + ⋯ ), (35) 

As the number of unknown variables (𝐴𝑖
∗(𝑠)) and the 

related Eq. (35) and the linear constraint are equal, the 
optimal mapping exists.                                                        □ 

In the next lemma, we obtain results which are more 
suitable to be employed in practice. It is difficult and 
time-consuming to find the best mapping of inter-arrival 
time distributions to have such equilibrium properties. 
Instead, one can try making the first moment (mean) of 
the completion time distribution equal. It is equivalent to 
make the first terms of Taylor’s series of the LST of Com-
pletion time distribution (𝑊𝑖

′(𝑠 = 0)) equal. The lemma 
below gives the boundaries of the MST problem, as well 
as an approximate solution, which can be very useful in 
most of the practical cases. 
Lemma 9: Given Def.2-4 the lower bound and upper bound of 
MST can be found as follows (proof in Appendix E): 

𝑚𝑎𝑥 (𝐸{𝑅𝑀1
}, 𝐸{𝑅𝑀2

}, … , 𝐸 {𝑅𝑀𝑁𝑚
}) ≤ 𝑀𝑆𝑇 ≤ ∑ 𝐸{𝑅𝑀𝑖

}
𝑁𝑚

𝑖=1
 (36) 

The equilibrium property of lower bound can be expressed as: 

𝐸{𝑅𝑀1
} = 𝐸{𝑅𝑀2

} = ⋯ = 𝐸 {𝑅𝑀𝑁𝑚
}. (37) 

We call this the means equilibrium property (M-EP) 
and approximate optimal scheduler can have the M-EP. 
But derivative of means equilibrium property (DM-EP) 
optimizes MST upper bound: 

𝑑

𝑑𝜆1
𝐸{𝑅𝑀1} =

𝑑

𝑑𝜆2
𝐸{𝑅𝑀2} = ⋯ =

𝑑

𝑑𝜆𝑁𝑚

𝐸 {𝑅𝑀𝑁𝑚
}. (38) 

M-EP approximately optimizes MST and gives sub-
optimal mean arrival rates (𝜆) by making the first mo-
ments of completion times equal. The only degrees of 
freedom are the mean arrival rates (𝜆), so in an approxi-
mate approach, we can only have the M-EP and not the 
other higher moments equal. This approximation is cor-
rect when the other moments of the completion time of 
the tasks are negligible or the deviation in Eq. (30) is in-
significant, i.e., when there is no bottleneck node in the 
system. In fact, the gap between the optimal solution and 
this approximate solution is insignificant. We now pre-
sent the algorithms to have M-EP for DTD/DTD/1, 
M/G/1 and G/G/1 mapper nodes. MST of a DTD map-
per can be expressed as 𝑇𝑖 + 1/(𝜇𝑖 − 𝜆𝑖), where 𝑇𝑖 =
𝐷𝜆𝑖/𝜇𝑖  for some constant 𝐷. Consequently the M-EP for 
DTD mapper nodes would be: 
∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚}: 𝑇𝑖 + 1/(𝜇𝑖 − 𝜆𝑖) = 𝑇𝑗 + 1/(𝜇𝑗 − 𝜆𝑗) (39) 

Algorithm 2: Given DTD mapper nodes Alg. 2 will find 
sub-optimal arrival rates (𝜆𝑖) for the equilibrium property 
in Eq. (39), where it is just needed to iterate Alg.1 with the 
cost function as: 

𝑓(𝛼) = 𝜆 − ∑
(𝛼 + 𝐷)𝜇𝑖 − √(𝜇𝑖(𝛼 − 𝐷))

2
+ 4𝐷𝜇𝑖

2𝐷
 

𝑁𝑚

𝑖=1


(40) 

M-EP for M/G/1 mapper nodes (∀𝑖, 𝑗 ∈ {1, … , 𝑁𝑚}) is: 
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𝜆𝑖 (𝜎𝐵𝑖

2 +
1

𝜇𝑖
2)

2 (1 −
𝜆𝑖

𝜇𝑖
)

+
1

𝜇𝑖
=

𝜆𝑗 (𝜎𝐵𝑗

2 +
1

𝜇𝑗
2)

2 (1 −
𝜆𝑗

𝜇𝑗
)

+
1

𝜇𝑗
. (41) 

where 𝜆𝑖, 𝜇𝑖 , and 𝜎𝐵𝑖

2  are respectively the 𝑖𝑡ℎ mapper’s ar-
rival rate, mean service rate, and variance of service rate. 
Algorithm 3: Given M/G/1 mappers, Alg. 3 finds sub-
optimal arrival rates (𝜆𝑖) for the equilibrium property in 
Eq. (41), where it is just needed to iterate over Alg.1 with 
the following cost function: 

𝑓(𝛼) = 𝜆 − ∑ 1/(

𝜎𝐵𝑖

2 +
1

𝜇𝑖
2

2 (𝛼 −
1
𝜇𝑖

)
+

1

𝜇𝑖
)

𝑁𝑚

𝑖=1
. (42) 

Using Kingman’s approximation, M-EP for G/G/1 is: 
∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚} 

𝜆𝑖

𝜇𝑖
(

𝜎𝐴𝑖

2

𝜆𝑖
2 +

𝜎𝐵𝑖

2

𝜇𝑖
2 )

2(𝜇𝑖 − 𝜆𝑖)
+

1

𝜇𝑖
=

𝜆𝑗

𝜇𝑗
(

𝜎𝐴𝑗

2

𝜆𝑗
2 +

𝜎𝐵𝑗

2

𝜇𝑗
2 )

2(𝜇𝑗 − 𝜆𝑗)
+

1

𝜇𝑗


(43) 

Algorithm 4: Given G/G/1 mappers for the defined 
problem in Def. 2-4, Alg. 4 finds the sub-optimal mean 
arrival rates (𝜆𝑖) for the equilibrium property in Eq. (43), 
where it is just needed to iterate Alg.1 with knowing 
∀𝑖: 𝜎𝐴𝑖

2 /𝜆𝑖
2 = 𝜎𝐴

2/𝜆2 by the cost function as follows: 

𝑓(𝛼) = 𝜆 − ∑ 𝜇𝑖/(1 +

1
𝜇𝑖

(
𝜎𝐴

2

𝜆2 +
𝜎𝐵𝑖

2

𝜇𝑖
2 )

2 (𝛼 −
1
𝜇𝑖

)
)

𝑁𝑚

𝑖=1
. (44) 

In the following graphs (Fig. 11a-11d) we use our DTD 
model of the map phase for a CPU-bound job (when 𝑇𝑖  as 

the deterministic coefficient is big, i.e. 𝐷 ≫ 1) and a 
memory-bound job (when 𝑇𝑖  is small, i.e. 𝐷 ≈ 0). The 
graphs show the comparison between different sched-
ulers as mentioned before with respect to total mean arri-
val rate and number of heterogeneous mapper nodes.  

When the target MapReduce job is memory-bound, it 
is more stochastic and the deterministic coefficient for this 
type of job is close to zero. For memory-bound jobs, the 
optimal scheduler that tries to find 𝜆𝑖s minimizing MST is 
nearly coincident with pure-stochastic, M-EP, and DM-EP 
schedulers. For CPU-bound jobs, the optimal scheduler is 
nearly coincident with pure-deterministic and M-EP 
schedulers. As a result, M-EP is a good approximation of 
optimal solution in this model. When the input job is 
CPU-bound, the pure-stochastic scheduler cannot track 
the optimal completion time well. Other schedulers, in 
some cases, outperform the non-negative optimal sched-
uler, because they output negative 𝜆𝑖, i.e. job migration. 
The non-negative optimal scheduler always gives positive 
non-migratory 𝜆𝑖 , but in a non-negative region the opti-
mal scheduler outperforms the others.  

The same scenario in simulation results (Fig. 12) indi-
cates that the pure-stochastic scheduler can make all 
mappers’ completion times nearly equal, and the other 
schedulers’ deviation is higher. Since MST is a function of 
the slowest node, here M-EP is near to the pure-stochastic 
scheduler, and it is on the average 129% more effective 
than the fair job scheduler and 51% better than ideal de-
terministic approaches.   

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 11. MST comparison of different schedulers with respect to total arrival rate and number of mappers for (a) memory-bound job (𝑫 ≈ 𝟎), 
(b) CPU-bound job (𝑫 = 𝟏𝟎𝟎), (c) memory-bound job (𝑫 ≈ 𝟎), and (d) CPU-bound job (𝑫 = 𝟏𝟎𝟎). 

 
Fig. 12. The MST of heterogeneous nodes with different schedulers 

7 OPTIMAL NUMBER OF MAPPER NODES 

It is interesting to note that there is an optimal number of 
mappers that makes the mean sojourn time minimum. 
Intuitively, when we increase the number of mappers in 
the system the amount of work shared by mappers de-
creases. As a result, the smaller jobs can be completed 
sooner. However, blindly increasing the number of map-
pers is not a good strategy, because more mappers need 

more time to be synced. Therefore, there is a tradeoff be-
tween smaller job completion time and higher sync time. 
A general closed form solution for the optimal number of 
mappers is very difficult. The following definition gives 
the description of the optimal number of mapper nodes, 
and the next lemma solves the problem. 
Definition 5 (Optimal Number of Mappers): Given Def.2-4 
the optimal number of mappers is an integer number that makes 

10 12 14 16 18 20 22 24 26 28 30
6

6.5

7

7.5

8

8.5

9

9.5
Mean Sojourn Time vs. Total Inter-Arrival Rate

Total Inter-Arrival Rate

M
ea

n 
S

oj
ou

rn
 T

im
e

 

 

Fair Job

Pure-Deterministic

Pure-Stochastic

M-EP

DM-EP

Optimal

10 12 14 16 18 20 22 24 26 28 30
15

20

25

30

35

40

45

50
Mean Sojourn Time vs. Total Inter-Arrival Rate

Total Inter-Arrival Rate

M
ea

n 
S

oj
ou

rn
 T

im
e

 

 

Fair Job

Pure-Deterministic

Pure-Stochastic

M-EP

Optimal

40 60 80 100 120 140 160 180 200

6.4

6.5

6.6

6.7

6.8

6.9

7

7.1

7.2

7.3
Mean Sojourn Time vs. Number of Mapper Nodes

Number of Mapper Nodes

M
e
a
n
 S

o
jo

u
rn

 T
im

e

 

 

Fair Job

Pure-Deterministic

Pure-Stochastic

M-EP

DM-EP

Optimal

40 60 80 100 120 140 160 180 200
10

20

30

40

50

60

70
Mean Sojourn Time vs. Number of Mapper Nodes

Number of Mapper Nodes

M
ea

n 
S

oj
ou

rn
 T

im
e

 

 

Fair Job

Pure-Deterministic

Pure-Stochastic

M-EP

DM-EP

Optimal

0

50

100

150

200

250

300

350

400

Fair Job Pure-deterministic Pure-stochastic Fair Job Pure-deterministic Pure-stochastic Fair Job Pure-deterministic Pure-stochastic

Grep WordCount TeraSort

Low-Performance servers High-Performance servers System Response Time



12 IEEE TRANSACTIONS ON JOURNAL NAME,  MANUSCRIPT ID 

 

the mean sojourn time minimum. If 𝐹(𝑡) is CDF of completion 
time of any map task, then we have: 

𝑚𝑖𝑛
𝑁𝑚

(𝑀𝑆𝑇) = 𝑚𝑖𝑛
𝑁𝑚

∫ 𝑡
𝜕

𝜕𝑡
(𝐹𝑁𝑚(𝑡))𝑑𝑡

∞

0

= 𝑚𝑖𝑛
𝑁𝑚

𝑁𝑚 ∫ 𝑡𝑓(𝑡)𝐹𝑁𝑚−1(𝑡)𝑑𝑡
∞

0


(45) 

Lemma 10: Given Def.5 for M/M/1 mapper nodes with 𝜇 as 
the service rate and 𝜆 as the total arrival rate to the system, the 
optimal number of mapper nodes to minimize MST is equal to 
the minimum value of the following function with respect to 𝑛: 

𝑓(𝑛) =
1

𝜇 −
𝜆
𝑛

∑ ((−1)𝑖+1
𝑛!

(𝑛 − 𝑖)! (𝑖 − 1)!
) 

𝑛

𝑖=1
 (46) 

Proof. In Eq. (10), we make all 𝜇𝑗𝑘
− 𝜆𝑗𝑘

= 𝜇 − 𝜆/𝑁𝑚: 

𝑀𝑆𝑇𝑀/𝑀/1

= ∑ {(−1)𝑖+1 ∑
1

∑ (𝜇𝑗𝑘
− 𝜆𝑗𝑘

)𝑖
𝑘=1∀{𝑗1,𝑗2,…,𝑗𝑖}⊂{1,2,…,𝑁𝑚}

}
𝑁𝑚

𝑖=1

= ∑ {(−1)𝑖+1 ∑
1

𝑖 (𝜇 −
𝜆
𝑛

)∀{𝑗1,𝑗2,…,𝑗𝑖}⊂{1,2,…,𝑁𝑚}

}
𝑁𝑚

𝑖=1

=
1

𝜇 −
𝜆

𝑁𝑚

∑ {(−1)𝑖+1
1

𝑖
(

𝑁𝑚

𝑖
)}

𝑁𝑚

𝑖=1
,

when 𝑁𝑚 is the parameter, it is equivalent with Eq. (46).  □ 
Fig. 13 shows the existence of a knee point for the op-

timal number of mapper nodes in a heterogeneous data-
center. In this result, we have different nodes with uni-
form service rates of 1, 0.9, 0.8, and 0.7. The number of 
nodes is varied between 40 and 200. Also, the arrival rate 
is 10 and offset time is set to 3.5. 
Lemma 11: Given Def.5 for homogeneous mapper nodes with 𝜇 
as the service rate and 𝜆 as the total arrival rate to the system, 
the optimal number of mapper nodes is equal to the minimum of 
the following function with respect to 𝑛: 

𝑓(𝑛) =
1

𝜇 −
𝜆
𝑛

[𝐻𝑛 + ((∑ (
𝑛
𝑖

) (−1)𝑖+1 ∑ (
𝑖
𝑗
)

(𝑗 − 1)!

𝑖𝑗+1

𝑖

𝑗=1

𝑛

𝑖=1
) − 𝐻𝑛)

𝜆

𝑛𝜇
] (47) 

where 𝐻𝑛 = ∑ 1/𝑖𝑛
𝑖=1 . 

Proof. This is a direct result of the approximation of MST 
[36] based on the interpolation of lower bound and upper 
bound for low/medium/high traffic and it can be used 
for a general form distribution. We can find the optimal 
number of mappers by refining it as Eq. (47).                    □ 
Lemma 12: Given Def.5 for mapper nodes with 𝐾 different 
service rates, prices, and numbers as (𝜇1, 𝑃1, 𝑁1), (𝜇2, 𝑃2, 𝑁2), 
… (𝜇𝐾 , 𝑃𝐾 , 𝑁𝐾), the total arrival rate to the system as 𝜆 and the 
budget constraint as 𝐵𝑢𝑑𝑔𝑒𝑡 = ∑ 𝑃𝑖𝑁𝑖

𝐾
𝑖=1  where 𝑁𝑚 = ∑ 𝑁𝑖

𝐾
𝑖=1 , 

the optimal number of mapper nodes of each type to minimize 
MST is equal to the minimum of the following function with 
respect to 𝑁1, 𝑁2, … , 𝑁𝐾: 

𝑓(𝑁1, … , 𝑁𝐾) =
∑ 𝑁𝑖

𝐾
𝑖=1

∑ (𝑁𝑖𝜇𝑖)𝐾
𝑖=1 − 𝜆

∑ ((−1)𝑖+1 (
𝑁𝑚

𝑖
) /𝑖) 

𝑁𝑚

𝑖=1
 (48) 

 
Fig. 13. Comparison of optimal number of heterogeneous mapper 
nodes based on MST with 𝑫 = 𝟑. 𝟓. 

The proof is straightforward like the proof of Lemma 10. 
One can derive a similar corollary for the general case 
with respect to Lemma 11. Fig. 14-16 give the optimal 
number of low-performance (LP) and high-performance 
(HP) servers in a heterogeneous datacenter with a fixed 
amount of budget for low/medium/high traffic. The ser-
vice rate ratio and price ratio of LP to HP are based on 
[37]. The budget is changed between 2000 and 40000 
where price/service rate for LP servers and HP servers 
are respectively 400/1 and 800/1.25, and job arrival rates 
for low/medium/high traffic are respectively 1/5/25. 

 
Fig. 14. Stack ratio of LP servers to HP servers with respect to 
Budget in high traffic. 

 
Fig. 15. Stack ratio of LP servers to HP servers with respect to 
Budget in medium traffic. 

 
Fig. 16. Stack ratio of LP servers to HP servers with respect to 
Budget in low traffic. 
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8 RELATED WORK 

The mathematical modeling of MapReduce framework 
has been investigated in several studies [15,16,17,18]. The 
main difference between these models and the current 
study is that the prior models are not sufficiently rigorous 
in handing the stragglers problem. Also, most of the pub-
lished studies assume deterministic execution times for 
mappers and reducers. Li et al. [15] introduce an analyti-
cal model for the I/O cost, the number of I/O requests, 
and the startup cost in Hadoop. They also propose a 
hash-based mechanism to allow incremental processing 
and in-memory processing of frequent keys investigating 
the best merge factor for the jobs larger than memory size.  

Ananthanarayanan et al. [11] show that the stragglers 
can slow down small jobs by as much as 47%. They pro-
pose a system called Dolly for cloning small jobs. They 
also claim that a delay assignment can improve resource 
contention initiated by cloning. However, their method 
does not work for stragglers of large tasks. Ahmad et al. 
[16] propose an analytical model of MapReduce to mini-
mize the execution time and find the optimal map granu-
larity. In comparison, Karloff et al. [17] present a perfor-
mance model to estimate the cost of map and reduce 
functions in MapReduce. However, the model assumes 
all mappers finish at the same time and they do not con-
sider the stochastic behavior of the execution times of the 
mappers and reducers. Krevat et al. [18] proposed a sim-
ple analytical model for MapReduce and compared the 
performance of MapReduce with other similar frame-
works in good conditions.  

LATE [7] tries to optimize MapReduce job perfor-
mance in a heterogeneous cluster by restarting slow tasks 
in fast mapper nodes. Tarazu [12] addresses the poor per-
formance of MapReduce in heterogeneous clusters and 
shows that the traffic contention between the remote tasks 
is the main problem in heterogeneous clusters. Motivated 
by this, they propose a communication-aware and dy-
namic load balancing technique to reduce the network 
traffic contention between the remote tasks and the shuf-
fling stage. SkewTune [19] interactively manages the 
skew in non-uniform input data at runtime. It finds an 
idle server in the cluster and assigns a slow task to that 
node. Ananthanarayanan et al. [8] discuss the main caus-
es of the outliers (stragglers) and propose Mantri to re-
start or duplicate the task at the beginning of its lifetime. 
Scarlett [13] replicates popular blocks across different 
memory components to reduce interference with the run-
ning jobs. 

Also, detailed analysis of various workloads [9] such 
as OpenCloud, M45 and WebMining, show highest task 
duration (stragglers runtime) to median task duration has 
a nearly long-tailed distribution. Similarly, Chen et al. 
[10] evaluate the task lengths for Cloudera and Facebook 
workloads and derive similar conclusions. Tan et al. [20] 
propose a coupling scheduler in MapReduce based on an 
analytical approach, and show its performance has a low-
er exponent as a power-law distribution than FIFO and 
fair schedulers. They extend their work [21] by upgrading 
reducers as a multi-server queue. Lin et al. [22] address 
the challenge of overlapping map and shuffle in MapRe-

duce. They demonstrate that the optimal solution is NP-
hard in the offline mode, and suggest MaxSRPT and 
SplitSRPT schedulers for the online mode, reaching opti-
mal scheduling. Condie et al. [23] modify the framework 
to support pipelining between map/shuffle and reduce 
phases. There are some compiler-based structures [24,25] 
for SQL-like queries in the MapReduce framework to 
speedup computations on large data sets. They study a 
computational DAG (directed acyclic graph) representa-
tion of large queries and require multiple rounds of 
MapReduce for their optimizations to be effective. A 
deadline-aware scheduler has been proposed by Li et al. 
[26] to practically address scheduling of deadline-
sensitive jobs in a satisfactory range. 

9 CONCLUDING REMARKS 

Targeting MapReduce applications, in this paper, we 
model the service time of mapper nodes as a single queue 
with the delayed tailed distribution (DTD), and also show 
that their completion time has a similar behavior. Next, 
using this analytical result, we model the map phase of a 
MapReduce job and formulate the mean sojourn time 
(MST) at a reducer node by means of task arrival rates 
and service rates of mapper nodes. MST is a potential 
metric for optimizing end-to-end delay in a MapReduce 
framework. Based on different types of inter-arrivals and 
service rates, we optimize the MST parameter and inves-
tigate the equilibrium property for different types of 
queues. To realize the minimum map phase delay in a 
heterogeneous datacenter, we have also investigated dif-
ferent types of schedulers. Our results show that the op-
timal scheduler is better than any determinis-
tic/stochastic scheduler, and it gives the optimal map-
ping of the job and the number of mappers. 
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APPENDIX 

A: Proof of Lemma 1 
The random variable of waiting time (𝑇𝑊) can be written 
as the summation of partial waiting times of the requests 
in the queue (𝑄1, 𝑄2, … , 𝑄𝑛). Then we have: 

𝑇𝑊𝑛
= 𝑄1 + 𝑄2 + ⋯ + 𝑄𝑛 (49) 
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where 𝑄𝑖‘s distribution is DTD for 𝑖 ∈ {1, … , 𝑛}, i.e.: 

𝑃𝑞 = 𝑃(𝑄𝑖 = 𝑡) = Λ′(𝑡 − 𝑇)𝑒−Λ(𝑡−𝑇)𝑈(𝑡 − 𝑇) (50) 

= (a +
b

t + 1 − T
) 𝑒−Λ(𝑡−𝑇)𝑈(𝑡 − 𝑇) (51) 

= (a + b/(t + 1))𝑒−Λ(𝑡)𝑈(𝑡) ∗ 𝛿(𝑡 − 𝑇) (52) 

where Λ(𝑡) = 𝑎𝑡 + 𝑏 ln(𝑡 + 1), 𝑈(𝑡) is unit step function, 
𝛿(𝑡) is Dirac delta function, and ∗ is the convolution sign, 
𝑇 = 1/𝐶𝜇 is very small as mentioned before. So LST (La-
place–Stieltjes transform) of 𝑃𝑛 is as follows: 

𝐿𝑆𝑇{𝑃𝑛 = 𝑃(𝑇𝑊𝑛
= 𝑡)} = (𝐿𝑆𝑇{𝑃(𝑄𝑖 = 𝑡)})𝑛 = (𝐿𝑆𝑇{𝑃𝑞})

𝑛
 (53) 

= (𝐿𝑆𝑇 {(a +
b

t + 1
) 𝑒−Λ(𝑡)𝑈(𝑡) ∗ 𝛿(𝑡 − 𝑇)})

𝑛

 (54) 

= 𝑒−𝑛𝑇𝑠 (𝐿𝑆𝑇 {(a +
b

t + 1
) 𝑒−Λ(𝑡)𝑈(𝑡)})

𝑛

 (55) 

= 𝑒−𝑛𝑇𝑠(aG(s + a, b) + bG(s + a, b + 1))𝑛 (56) 

where 𝐺(𝑠, 𝑏) = LST{(𝑡 + 1)−𝑏𝑈(𝑡)}. In other words, by 
induction on the result in Theorem1.1 [42], it can be 
shown that 𝑇𝑊𝑛

 has a delayed Erlang-like DTD for sum of 
two generalized Pareto distribution, as we have: 

𝑃𝑛 = 𝑃(𝑇𝑊𝑛
= 𝑡) = 𝑃(𝑄1 = 𝑡) ∗ 𝑃(𝑄2 = 𝑡) ∗ … ∗ 𝑃(𝑄𝑛 = 𝑡) (57) 

Also the steady-state arrival point distribution is a se-
quence {𝑞𝑛}𝑛=0

∞  which can be derived dynamically by 
𝑞𝑛 = ∑ 𝑞𝑛−1+𝑖

∞
𝑖=0 𝛽𝑖 where 𝛽𝑖 = ∫ 𝑃𝑖

∞

𝑡=0
𝑓𝐴(𝑡)𝑑𝑡 and 𝑓𝐴(𝑡) is 

inter-arrival time distribution. So 𝑞𝑛 is bounded by some 
geometric sequences as 𝑞0𝑞𝑙

𝑛−1 ≤ 𝑞𝑛 ≤ 𝑞0𝑞ℎ
𝑛−1; 𝑛 ∈ ℕ. 

Now we can find the LST of the distribution of the so-
journ time by getting the expected value of 𝑃𝑛 over all 
state probabilities (𝑞𝑛) of the queue as follows: 

𝐿𝑆𝑇{𝑀𝑆𝑇} = LST{E{𝑃𝑛}} = E{LST{Pn}} = ∑ 𝐿𝑆𝑇{𝑞𝑛𝑃𝑛}
∞

𝑛=1


which is bounded by: 

∑ 𝐿𝑆𝑇{𝑞0𝑞𝑙
𝑛𝑃𝑛}

𝑛
≤ ∑ 𝐿𝑆𝑇{𝑞𝑛𝑃𝑛}

𝑛
≤ ∑ 𝐿𝑆𝑇{𝑞0𝑞ℎ

𝑛𝑃𝑛}
𝑛

 

∑ 𝐿𝑆𝑇{𝑞0𝑞𝑙
𝑛𝑃𝑛}

𝑛
≤ ∑ 𝐿𝑆𝑇{𝑞𝑛𝑃𝑛}

𝑛
≤ ∑ 𝐿𝑆𝑇{𝑞0𝑞ℎ

𝑛𝑃𝑛}
𝑛

 

𝑞0𝐿𝑆𝑇{𝑃𝑞}

1 − 𝑞𝑙𝐿𝑆𝑇{𝑃𝑞}
≤ ∑ 𝐿𝑆𝑇{𝑞𝑛𝑃𝑛}

𝑛
≤

𝑞0𝐿𝑆𝑇{𝑃𝑞}

1 − 𝑞ℎ𝐿𝑆𝑇{𝑃𝑞}
 

Also we have: 

𝛿(𝑡 − 𝑇) = 𝐿𝑆𝑇−1 {(
𝛼

𝛼+𝑠
)

𝛼𝑇
}

𝛼→∞
 (58) 

Using Eq. (50-57), the distribution of waiting time asymp-
totically tends to the linear combination of some general-
ized Pareto distribution or some DTDs.                               □ 
B: Proof of Lemma 5 
The completion time of 𝑖𝑡ℎ mapper node as a function of 
its service rate 𝜇𝑖  and arrival rate 𝜆𝑖 is (1 − 𝑒−(𝜇𝑖−𝜆𝑖)𝑡). 
Then MST will be: 

𝑀𝑆𝑇 = ∫ 𝑡
𝜕

𝜕𝑡
(∏ (1 − 𝑒−(𝜇𝑖−𝜆𝑖)𝑡)

𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0

, (59) 

Based on the equilibrium property (Def.4) we have: 

∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚}: 
𝜕𝑀𝑆𝑇

𝜕𝜆𝑖
=

𝜕𝑀𝑆𝑇

𝜕𝜆𝑗
 

↔ ∫ 𝑡
𝜕

𝜕𝑡
(∏

𝜕

𝜕𝜆𝑖
(1 − 𝑒−(𝜇𝑖−𝜆𝑖)𝑡)

𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0

= ∫ 𝑡
𝜕

𝜕𝑡
(∏

𝜕

𝜕𝜆𝑗
(1 − 𝑒−(𝜇𝑗−𝜆𝑗)𝑡)

𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0

 

←
𝜕

𝜕𝜆𝑖
(1 − 𝑒−(𝜇𝑖−𝜆𝑖)𝑡) =

𝜕

𝜕𝜆𝑗
(1 − 𝑒−(𝜇𝑖−𝜆𝑖)𝑡) 

← 𝑡𝑒−(𝜇𝑖−𝜆𝑖)𝑡 = 𝑡𝑒−(𝜇𝑗−𝜆𝑗)𝑡 ← 𝜇𝑖 − 𝜆𝑖 = 𝜇𝑗 − 𝜆𝑗 

Now we have: 

𝜇1 − 𝜆1 = 𝜇2 − 𝜆2 = ⋯ = 𝜇𝑁𝑚
− 𝜆𝑁𝑚

= (∑ 𝜇𝑗

𝑁𝑚

𝑗=1
− 𝜆) /𝑁𝑚 

Then we have: 

𝜆𝑖 = 𝜇𝑖 −
∑ 𝜇𝑗

𝑁𝑚
𝑗=1 − 𝜆

𝑁𝑚
 

Having 𝜆𝑖 > 0 ; ∀𝑖 then we have: 

𝑚𝑖𝑛(𝜇1, 𝜇2, … , 𝜇𝑁𝑚
) = 𝜇𝑚𝑖𝑛 >

∑ 𝜇𝑗
𝑁𝑚
𝑗=1 −𝜆

𝑁𝑚
.                                         □ 

C: Proof of Lemma 6 
The CDF of completion time of the 𝑖𝑡ℎ mapper as a func-
tion of 𝐴𝑖(t) (inter-arrival time CDF) and service rate 𝜇𝑖  
is 1 − 𝑒−𝜇𝑖(1−𝑟0𝑖)𝑡 where 𝑟0𝑖

 is the unique real root of 
z = 𝐴𝑖

∗[𝜇𝑖(1 − 𝑧)] in (0,1) and 𝐴𝑖
∗ is the LST (Laplace–

Stieltjes transform) of 𝐴𝑖(t) [38]. Based on Lemma 7, Eq. 
(28) and similarity to M/M/1 form (Lemma 5), we have: 

∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚}: 𝐹𝑅𝑀𝑖
(𝑡) = 𝐹𝑅𝑀𝑗

(𝑡) 

← 1 − 𝑒−𝜇𝑖(1−𝑟0𝑖)𝑡 = 1 − 𝑒
−𝜇𝑗(1−𝑟0𝑗)𝑡

 

← 𝜇𝑖(1 − 𝑟0𝑖
) = 𝜇𝑗(1 − 𝑟0𝑗

). □ 

D: Proof of Lemma 7 
From Eq. (14), we have: 

𝑀𝑆𝑇 = ∫ 𝑡
𝜕

𝜕𝑡
(∏ 𝐹𝑅𝑀𝑖

(𝑡)
𝑁𝑚

𝑖=1
) 𝑑𝑡

∞

0



From Eq. (16) of Def.4, we have the following EP: 

∀𝑖, 𝑗 ∈ {1,2, … , 𝑁𝑚}: 
𝜕𝑀𝑆𝑇

𝜕𝜆𝑖
=

𝜕𝑀𝑆𝑇

𝜕𝜆𝑗


↔ ∫ 𝑡
𝜕

𝜕𝑡
(𝐹𝑅𝑀1

(𝑡)𝐹𝑅𝑀2
(𝑡) … 𝐹𝑅𝑀𝑖−1

(𝑡) [
𝜕

𝜕𝜆𝑖
𝐹𝑅𝑀𝑖

(𝑡)] 𝐹𝑅𝑀𝑖+1
(𝑡) … 𝐹𝑅𝑀𝑁𝑚

(𝑡)) 𝑑𝑡
∞

0

= ∫ 𝑡
𝜕

𝜕𝑡
(𝐹𝑅𝑀1

(𝑡)𝐹𝑅𝑀2
(𝑡) … 𝐹𝑅𝑀𝑗−1

(𝑡) [
𝜕

𝜕𝜆𝑗
𝐹𝑅𝑀𝑗

(𝑡)] 𝐹𝑅𝑀𝑗+1
(𝑡) … 𝐹𝑅𝑀𝑁𝑚

(𝑡)) 𝑑𝑡
∞

0



↔ ∫ 𝑡
𝜕

𝜕𝑡
(

1

𝐹𝑅𝑀𝑖

𝜕

𝜕𝜆𝑖
𝐹𝑅𝑀𝑖

(𝑡) ∏ 𝐹𝑅𝑀𝑘
(𝑡)

𝑁𝑚

𝑘=1
) 𝑑𝑡

∞

0

= ∫ 𝑡
𝜕

𝜕𝑡
(

1

𝐹𝑅𝑀𝑗

𝜕

𝜕𝜆𝑗
𝐹𝑅𝑀𝑗

(𝑡) ∏ 𝐹𝑅𝑀𝑘
(𝑡)

𝑁𝑚

𝑘=1
) 𝑑𝑡

∞

0



←
1

𝐹𝑅𝑀𝑖

𝜕

𝜕𝜆𝑖
𝐹𝑅𝑀𝑖

(𝑡) =
1

𝐹𝑅𝑀𝑗

𝜕

𝜕𝜆𝑗
𝐹𝑅𝑀𝑗

(𝑡)

So it can be inferred that Eq. (28) is a sufficient condition 
to have an optimal solution. For the second condition in 
Eq. (29) we will show that any deviation from the distri-
butions’ equality may increase MST. The proof is dedicat-
ed to two different distributions that can be easily gener-
alize to any number by induction, so we have: 

𝑀𝑆𝑇 = ∫ 𝑡
𝜕

𝜕𝑡
(∏ 𝐹𝑖(𝑡)

2

𝑖=1
) 𝑑𝑡

∞

0

= ∫ 𝑡
𝜕

𝜕𝑡
(𝐹1𝐹2)𝑑𝑡

∞

0

 (60) 

Any 𝜀-deviation from the distributions equilibrium can be 
written as follows: 

𝜆1 + 𝜆2 = (𝜆1 + 𝜀) + (𝜆2 − 𝜀) = 𝜆
𝐹(𝑡) = 𝐹1(𝑡, 𝜆1) = 𝐹2(𝑡, 𝜆2) 𝑜𝑟 𝐹 = 𝐹1(𝜆1) = 𝐹2(𝜆2)
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𝑑

𝑑𝑡
𝐹(𝑡) = 𝑓(𝑡) = 𝑓1(𝑡, 𝜆1) = 𝑓2(𝑡, 𝜆2) 𝑜𝑟 𝑓 = 𝑓1(𝜆1) = 𝑓2(𝜆2)

We have to show that: 

𝑀𝑆𝑇(𝜆1, 𝜆2) = ∫ 𝑡(𝑓1(𝜆1)𝐹2(𝜆2) + 𝑓2(𝜆2)𝐹1(𝜆1))𝑑𝑡
∞

0

 

≤ 𝑀𝑆𝑇(𝜆1 + 𝜀, 𝜆2 − 𝜀) = ∫ 𝑡(𝑓1(𝜆1 + 𝜀)𝐹2(𝜆2 − 𝜀) + 𝑓2(𝜆2 − 𝜀)𝐹1(𝜆1 + 𝜀))𝑑𝑡
∞

0



Equivalently: 
∆𝑀𝑆𝑇 = 𝑀𝑆𝑇(𝜆1 + 𝜀, 𝜆2 − 𝜀) − 𝑀𝑆𝑇(𝜆1, 𝜆2) 

= ∫ 𝑡(𝑓1(𝜆1 + 𝜀)𝐹2(𝜆2 − 𝜀) + 𝑓2(𝜆2 − 𝜀)𝐹1(𝜆1 + 𝜀))𝑑𝑡
∞

0

− 2 ∫ 𝑡𝑓𝐹𝑑𝑡
∞

0

≥ 0 

We can write Taylor’s series of the new deviated distribu-
tions as: 

𝐹1(𝑡, 𝜆1 + ε) = 𝐹 +
𝐹1

′(𝜆1)

1!
𝜀 +

𝐹1
′′(𝜆1)

2!
𝜀2 + ⋯ = 𝐹 + 𝜀𝐹1

′(𝜉1)

 𝐹2(𝑡, 𝜆2 − ε) = 𝐹 −
𝐹2

′(𝜆2)

1!
𝜀 +

𝐹2
′′(𝜆2)

2!
𝜀2 + ⋯ = 𝐹 − 𝜀𝐹2

′(𝜉2)

where ∃𝜉1, 𝜉2: 𝜆1 ≤ 𝜉1 ≤ 𝜆1 + 𝜀, 𝜆2 ≤ 𝜉2 ≤ 𝜆2 + 𝜀 and sec-
ond equalities come from the Mean Value Theorem. Now 
the difference of two above distribution is as follows: 

∆MST = ∫ 𝑡 ((𝑓 + 𝜀𝑓1
′(𝜉1))(𝐹 − 𝜀𝐹2

′(𝜉2))
∞

0

+ (𝑓 − 𝜀𝑓2
′(𝜉2))(𝐹 + 𝜀𝐹1

′(𝜉1))) 𝑑𝑡 − 2 ∫ 𝑡𝑓𝐹𝑑𝑡
∞

0



Then, approximating the difference by ignoring higher 
order 𝜀, we have: 

∆𝑀𝑆𝑇 ≅ ∫ 𝑡(−𝜀𝑓𝐹2
′ + 𝜀𝑓1

′𝐹 + 𝜀𝑓𝐹1
′ − 𝜀𝑓2′𝐹)𝑑𝑡

∞

0

= 𝜀
𝑑

𝑑𝜆
(∫ 𝑡𝑓𝐹𝑑𝑡

∞

0

)
𝜉2

𝜉1



We know that MST is a monotonically increasing function 
with respect to 𝜆, as MST is a notion of aggregated com-
pletion time. Thus, the difference value is non-negative. 
Also Eq. (30) and Eq. (31) are other representations of the 
CDF in Eq. (29), as the equality of moment-generating 
functions is equivalent with the equality of the LST of 
distributions.  □ 
E: Proof of Lemma 9 
Given random variable 𝑋, convex function Φ(𝑋), and ex-
pected value operation 𝐸{. } the Jensen inequality states: 

Φ(𝐸{𝑋}) ≤ 𝐸{Φ(𝑋)}

Since we know that max (𝑋) is a convex function, from the 
above inequality and (7) we have: 

𝑀𝑆𝑇 = 𝐸 {𝑚𝑎𝑥 (𝑅𝑀1
, 𝑅𝑀2

, … , 𝑅𝑀𝑁𝑚
)}

≥ 𝑚𝑎𝑥 (𝐸{𝑅𝑀1}, 𝐸{𝑅𝑀2}, … , 𝐸 {𝑅𝑀𝑁𝑚
})

which gives the lower bound of MST. The minimum val-
ue of the lower bound is achieved when the mean com-
pletion times are equal, because: 

min (𝑚𝑎𝑥 (𝐸{𝑅𝑀1}, 𝐸{𝑅𝑀2}, … , 𝐸 {𝑅𝑀𝑁𝑚
})) = 𝐸{𝑅𝑀𝑖}; ∀𝑖

Equivalently, it is similar to a mini-max strategy in game 
theory when the elements are continuously bounded, and 
the solution happens when all elements are equal. Or, it 
can be assumed that there are 𝑝1, 𝑝2, …, 𝑝𝑁𝑚

 probabilities 
where ∑ 𝑝𝑁𝑚

𝑁𝑚
𝑖=1 = 1 and: 

𝑚𝑎𝑥 (𝐸{𝑅𝑀1}, 𝐸{𝑅𝑀2}, … , 𝐸 {𝑅𝑀𝑁𝑚
})

= 𝑝1𝐸{𝑅𝑀1
} + 𝑝2𝐸{𝑅𝑀2

} + ⋯

+ 𝑝𝑁𝑚
𝐸 {𝑅𝑀𝑁𝑚

}

Using the Lagrange Multipliers method, the minimum of 
the above cost function as lower bound occurs when the 
mean completion times are the same as Eq. (37). For the 
upper bound from (9), we have: 

𝑀𝑆𝑇 = ∑ ∫ 𝑡
∞

0

∏ 𝐹𝑅𝑀𝑖
(𝑡)

𝑁𝑚

𝑖=1

𝑓𝑅𝑀𝑗
(𝑡)

𝐹𝑅𝑀𝑗
(𝑡)

𝑁𝑚

𝑗=1
𝑑𝑡

= ∑ ∫ 𝑡
∏ 𝐹𝑅𝑀𝑖

(𝑡)𝑁𝑚
𝑖=1

𝐹𝑅𝑀𝑗
(𝑡)

𝑓𝑅𝑀𝑗
(𝑡)𝑑𝑡

∞

0

𝑁𝑚

𝑗=1

= ∑ ∫ 𝑡𝑃𝑗(𝑡)𝑓𝑅𝑀𝑗
(𝑡)𝑑𝑡

∞

0

𝑁𝑚

𝑗=1
,

where the multiplicative function is less than one because: 

𝑃𝑗(𝑡) =
∏ 𝐹𝑅𝑀𝑖

(𝑡)𝑁𝑚
𝑖=1

𝐹𝑅𝑀𝑗
(𝑡)

= 𝐹𝑅𝑀1
(𝑡)𝐹𝑅𝑀2

(𝑡) … 𝐹𝑅𝑀𝑗−1
(𝑡)𝐹𝑅𝑀𝑗+1

(𝑡) … 𝐹𝑅𝑀𝑁𝑚
(𝑡) ≤ 1

So, we have: 

𝑀𝑆𝑇 = ∑ ∫ 𝑡𝑃𝑗(𝑡)𝑓𝑅𝑀𝑗
(𝑡)𝑑𝑡

∞

0

𝑁𝑚

𝑗=1
≤ ∑ ∫ 𝑡𝑓𝑅𝑀𝑗

(𝑡)𝑑𝑡
∞

0

𝑁𝑚

𝑗=1

= ∑ 𝐸{𝑅𝑀𝑖
}

𝑁𝑚

𝑖=1
,

which gives the upper bound of MST. Using the method 
of Lagrange multipliers, the minimum of the upper 
bound happens when: 

𝑑

𝑑𝜆𝑖
𝐸{𝑅𝑀𝑖} − 𝛼 = 0; ∀𝑖

This is equivalent to Eq. (38).                                                □ 


