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Abstract— The ability to predict human gait, particularly
impaired human gait, has the potential to improve reha-
bilitation/training outcomes and to reduce prosthesis/orthosis
development costs. This work presents a walking model of
moderate complexity that accurately captures both sagittal
plane joint kinematics and whole body energetics for healthy
human walking. The six-link, left-right symmetric model with
hips, knees, ankles, and rigid circular feet accurately predicts
normal human walking over a wide range of speeds using
a torque-squared objective function. For unilateral transtibial
amputee gait, one ankle joint is eliminated, yielding a five-
link, asymmetric model that is used to quantify the differences
between amputee gaits optimized for symmetry and efficiency.

I. INTRODUCTION

For healthy humans, the optimal gait is both energetically
efficient [1] and approximately left/right symmetric. Because
most current commercially available prostheses are unpow-
ered, though, it is unlikely that many unilateral amputees
can walk in a manner that simultaneously maximizes both
efficiency and symmetry [2]. Furthermore, the characteris-
tics of each strategy and how the two differ are not well
understood. Amputee gait research has typically focused on
improving one of the metrics without consideration of the
other. Quantifying the trade-offs between the two could lead
to more informed patient care decisions from clinicians and
more realistic modeling assumptions from biomechanists.

Most predictive models of human gait focus on healthy
gait. Very basic models [3] typically approximate one as-
pect of gait using a simple mechanical system to clearly
demonstrate the key underlying gait mechanics, and their
straightforward mathematics tend to lead to easily verifiable
predictions. At the other end of the spectrum are detailed,
musculoskeletal models [4] that provide insights into muscle
coordination. The complicated nature of these systems limits
the number of cases examined because both the optimization
and simulation are time consuming. In most cases, predictive
simulations of normal human walking have also been limited
to the self-selected walking speed (e.g. [5]). Because speed-
related gait changes are well documented [6], however,
the ability to predict gait at the self-selected speed does
not necessarily translate into accurate predictions across a
wide range of speeds. Such predictions are necessary for
the design and selection of mechanical interventions, such
as prostheses and orthoses, which motivates the predictive
model development herein.
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A model of moderate complexity can be detailed enough
to capture multiple gait features simultaneously, yet simple
enough to enable rapid motion optimization. Planar models
controlled based on hybrid zero dynamics (HZD) [7] are
one example. HZD-based control parameterizes the desired
joint trajectories as functions of a phase variable that mea-
sures step progression, and not of time explicitly, which is
consistent with human control [8]. Prior work has shown
that an HZD-inspired model can accurately match human
hip and knee kinematics at one walking speed [9] and can
translate human gait to robotic gait [10]. To account for the
human foot, a curved foot model is favored since the center
of pressure traces a circular arc in a shank-fixed coordinate
frame through most of stance [11]. In addition, ankle joints
can capture the contributions of the ankle-foot complex in
controlling whole body center-of-mass acceleration [12].

II. MODELS

The planar, left-right symmetric model [13] for healthy
human gait consists of six links plus a point mass at the hip
representing the mass of the head, arms and trunk (Fig. 1).
Revolute joints at the hips, knees, and ankles connect two
thighs, two shanks, and two feet. The thighs and shanks have
both mass and inertia. The constant radius circular feet have
mass but no inertia [11]. The five-link model for unilateral
transtibial amputee gait is similar, but the ankle joint on
the amputated leg is removed, so the model is not left-right
symmetric. Representing the degrees of freedom in a model,
N = 6 for the healthy model and 5 for the amputated
model. Ideal torque generators control the leg joint angles
(q2 − qN in Fig. 1), with a single hip actuator controlling
the angle between the thighs (q2 in Fig. 1). The point of
contact between the foot and ground is unactuated, and the
unactuated motion is captured in the stance hip absolute
angle (q1 in Fig. 1).

The HZD-based control approach for curved foot
bipeds [14] was applied to generate one- and two-step
periodic gaits for the six- and five-link models, respectively.
Each step consists of a finite-time single support phase and
an instantaneous double support phase. While both healthy
humans and amputees have a finite-time double support
phase, condensing it to an instant simplifies the control prob-
lem significantly without compromising the model’s ability
to capture the dominant gait characteristics. Double support
is modeled as an impulsive transition during which the pre-
impact swing/stance leg contacts/lifts off the ground. This
impact results in an instantaneous change in joint velocities
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Fig. 1. Schematic of the healthy model. For the amputated model, the
amputated foot is rigidly attached perpendicular to the amputated shank
rather than jointed to it, but the contralateral leg is unaltered. The joint
angles are indicated with the qi’s. The unactuated angle is q1; the actuated
angles are q2 through q6. The plots, however, transform the model angles
into a more typical biomechanics convention as indicated with the θi’s.

and a swap of leg roles,

q+ = Sq− (1)

q̇+ = A(q−)q̇−, (2)

where q is the N×1 joint angle vector, S is an N×N matrix
that switches the angle definitions and A is an N×N matrix
relating the pre- and post-impact velocities. The superscripts
‘-’ and ‘+’ refer to the instants immediately before and after
impact, respectively.

During single support, the dynamic equations can be
integrated forward in time.

D(q)q̈ + C(q, q̇)q̇ + G(q) = u, (3)

where D is the N×N inertia matrix, C is the N×N matrix
containing Coriolis and centripetal terms, G is the N × 1
vector containing gravity terms, and u is the N × 1 vector
of joint torques. Using a nonlinear, gait-specific coordinate
transformation and appropriate joint torques, Eq. 3 can be
changed such that it is composed of a linear system involving
the joint torques and a nonlinear, passive system [7]. The
joint torques u are chosen to achieve the desired motion y
of the actuated joints. It is critical that y be a function of only
the joint angles (not of time) and the unactuated angle. It is
convenient to define y using fifth order Bézier polynomials,

yj = qj −
5∑

k=0

αk,j
5!

(5 − k)!k!
sk(1 − s)5−k, (4)

where j = 1, 2, . . . N−1, αk,j denotes the control parameters
to be chosen and 0 ≤ s ≤ 1 is the phase variable, in this case
a linearized approximation of the horizontal hip position,
normalized so that s = 0 and s = 1 correspond to the start
(impact) and end (lift-off) of the step, respectively. Since s
is a function of the joint angles and the unactuated angle,
the evolution of the desired joint angles is driven by hip
progression, not by time explicitly. To ensure a periodic gait,

αj,0 and αj,1 are chosen as functions of αj,4 and αj,5 [7].
For the one-step periodic gaits of the healthy model, there is
one set of control parameters, whereas the two-step periodic
amputated model gaits have two sets of control parameters.

III. PREDICTING HEALTHY HUMAN WALKING

Optimization is used to predict normal human walking at a
specified speed without a priori knowledge of any other gait
characteristics using a torque squared objective function [13].
To validate the results, the predicted gaits were compared
to published experimental overground walking data from
multiple sources over a wide range of speeds. Because of
the range of subject sizes, all reported data were nondimen-
sionalized using the factors proposed in [15]. For reference,
the nondimensional self-selected and walk-to-run transition
speeds are about 0.42 and 0.71, respectively.

To predict gaits, the control parameters αj,k in Eq. 4 were
determined via optimization with the objective function

geff =
N∑

k=1

ck · τ2k + gp, (5)

where

τ2k =

∫ T

0
u2k(t)dt

T (Mg`0)2
, (6)

T is the step duration, u is the joint moment, M is the subject
mass, g is the gravitational acceleration, `0 is the subject leg
length, ck is a weighting factor and gp is a penalty function
used to avoid solutions requiring excessively long feet. It
seems likely that torque squared is correlated to the square
of muscle activations, which in turn, are generally believed to
be correlated with metabolic cost [16]. Also, humans tend to
minimize metabolic cost when walking [1]. Equal weighting
did not accurately predict step length or knee kinematics, so
the weights for the knee and ankle are 20% of that for the hip.
Stance hip work is motion dominated, while stance knee and
ankle work are torque dominated, so these weighting factors
result in gaits that perform approximately equal magnitudes
of work at each stance joint, consistent with normal human
gait [17]. Speed is enforced as a constraint.

Step length increases linearly with speed at approximately
the same rate for humans (0.58 ± 0.09, R2 = 0.87)
and the model (0.59 ± 0.12, R2 = 0.81), indicating that
the optimization successfully predicts the increase in step
length with speed (Fig. 2). Similarly, the hip kinematics
are well predicted, with the model capturing both the time-
based trajectories and the peak magnitudes. The stance knee
kinematics are acceptably captured, particularly at slower
speeds. The main source of error is insufficient model knee
flexion during the weight acceptance phase [18]. The peak
stance knee flexion increases more rapidly with increasing
speed in experiment than in simulation, leading to larger
errors at faster speeds. The model slightly underestimates
the energetic cost of walking as measured by the mean
absolute power. Overall, the model can well approximate
normal human walking as evidenced by the small errors in
both the kinematics and the energetic requirements [13].
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Fig. 2. Normalized step length vs. normalized average speed for the human
experimental data and the predicted model gaits. The linear least-squares
lines for the experimental (solid) and predicted (dashed) gaits are shown.

IV. INVESTIGATING AMPUTEE GAIT

To quantify the trade-offs between symmetric and efficient
unilateral transtibial amputee walking, gaits of the asymmet-
ric amputee model were optimized using different objective
functions. To quantify efficiency, the objective function for
normal human gait was used (Eq. 5). To quantify symmetry,
the objective function was

gsym = 103(∆2
v + ∆2

S) +

4∑
k=1

(1 − ρ(qk,amp, qk,con)), (7)

where ∆v is the difference in average speed and ∆S is
the difference in step length between the amputated and
contralateral sides. ρ(qk,amp, qk,con) is Pearson’s correlation
coefficient, used to evaluate similarity between the amputated
and contralateral joint angle traces. Specifically, ρ measures
how accurately a linear transformation would transform the
amputated joint angle qk,amp into the contralateral joint angle
qk,con. A value of 1 indicates a perfect match, while 0
indicates no correlation. To find an array of gaits with varying
weights on symmetry and efficiency, Eqs. 5 and 7 were also
combined into a single objective function, and the weighting
factors between the two were varied.

Indicative of successful optimization, maximally efficient
gaits are more efficient than maximally symmetric gaits at
a given speed, and maximally symmetric gaits are more
symmetric than maximally efficient gaits at a given speed
(Table I). For the maximally efficient gaits, the average step
speed is slower when the amputated side is in stance, which
is consistent with experimental data [19]. For maximally
symmetric gaits, the average speed and step length are the
same regardless of which leg is in stance. The energy require-
ments for maximally symmetric gaits are approximately 3-5
times higher than for maximally efficient gaits. None of the
objective functions produced a gait that mimicked healthy
human gait (Fig. 3). The most significant differences are
in the swing knee flexion and the smoothness of the gait.
All of the amputated gaits predicted much (≈ 20◦) smaller
peak swing knee flexion than observed in healthy human

gait, which results in much less foot clearance for amputees.
In addition, the joint angle trajectories for both strategies are
not as smooth as for healthy humans, particularly for the
more efficient gaits.

Overall, the gaits have significant differences in effi-
ciency, amputated/contralateral symmetry, and joint motions,
indicating the presence of trade-offs between maximizing
efficiency and symmetry for unilateral transtibial amputees.
These results inform current work to identify an objective
function for accurate prediction of normal amputee walking.
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TABLE I
AMPUTEE MODEL GAIT CHARACTERISTICS FOR GAITS OPTIMIZED WITH DIFFERENT OBJECTIVE FUNCTIONS AT TWO NORMALIZED SPEEDS.

Step Length Speed

Gait Speed Objective Function Amputated Contralateral Amputated Contralateral
∑4

1(1− ρ(·)) Eq. 5

Max Efficiency 0.49 0.82 0.26 0.40 0.74 0.004
0.33 Equal Weighting 0.56 0.57 0.33 0.33 0.93 0.005

Max Symmetry 0.53 0.53 0.33 0.33 0.04 0.011

0.27 Max Efficiency 0.54 0.74 0.23 0.30 0.55 0.001
Max Symmetry 0.57 0.57 0.27 0.27 0.02 0.006
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Fig. 3. Comparison of healthy human and unilateral transtibial amputee model joint angle trajectories for the (a) amputated hip, (b) contralateral hip (c)
amputated knee and (d) contralateral knee for walking gaits at a nondimensional speed of 0.33. Model gaits were optimized for either maximal efficiency
or maximal symmetry. The stance phase occurs from 0 to 1, and the swing phase occurs from 1 to 2.
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