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New Indices of Money Supply and the 

Flexible Laurent Demand System 

William A. Barnett 
University of Texas at Austin, Austin, TX 78712 

The article begins by surveying the existing results on the new Divisia monetary aggregates. 
Charts display the differences in behavior between the Divisia aggregates and the Federal 
Reserve's official simple-sum monetary aggregates. The article then compares system-wide fit 
for the simple-sum and Divisia monetary aggregates when used as data in the joint estimation 
of a system of demand equations. The demand system is derived from a new Laurent expansion 
approximation to the reciprocal indirect utility function. The Laurent expansion provides a 
better-behaved remainder term than that of the more commonly used Taylor series. The results 
favor the Divisia aggregates. 

KEY WORDS: Monetary aggregation; Taylor series approximation; Demand system; Local 
approximation; Order of approximation. 

1. INTRODUCTION 

1.1 Overview 

In this paper, the new Divisia monetary aggregates are 
discussed. Some of the existing graphical comparisons 
between the Divisia aggregates and the official simple- 
sum aggregates are surveyed. System-wide modeling 
methods are then applied to comparisons of the use of 
Divisia and simple-sum monetary aggregates as data in 
estimated demand systems. For this purpose, a new 
demand system is introduced. The demand system is 
derived from a Laurent series expansion, rather than 
from the usual Taylor series expansions. The Laurent 
series model is shown to possess a better behaved re- 
mainder term than the remainder terms in the Taylor 
series models. Since the Divisia monetary aggregates and 
the Laurent demand model are of independent interest, 
they each are now introduced separately. 

1.2 The Divisia Monetary Aggregates 

In recent years, the Federal Reserve System has ex- 
perienced considerable difficulty in controlling its mon- 
etary aggregates. During those years of unsteady mone- 
tary control, numerous innovations evolved in the money 
markets. The result was the introduction of many new 
liquid assets, which were not included in the then existing 
monetary aggregates. As a result, the Federal Reserve 
System embarked on a large-scale research effort aimed 
at redefinition of its monetary aggregates. The official 
result was publication of new monetary aggregates (see 
Barnett et al. 1979). However, Barnett (1979b, 
1980a,b, 1981a, 1982), during his research on that project 

at the Federal Reserve Board, found that both the old 
and the new aggregates, which are simple sums of com- 
ponent quantities, are constructed in a manner that is 
not consistent with aggregation or index number theory. 
As a result, another set of monetary aggregates was 
constructed, based on Barnett's (1980a,1981a) aggrega- 
tion theoretic proposal. The historical values of the re- 
sulting theoretically based aggregates recently were re- 
leased officially by the Board in Barnett and Spindt 
(1982). 

Simple-sum aggregation implies perfect substitutabil- 
ity between components, but monetary assets are not 
perfect substitutes. The fact that simple-sum monetary 
aggregation is unsatisfactory has long been recognized, 
and there has been a steady stream of attempts at weak- 
ening the perfect substitutability assumption by con- 
structing weighted average monetary aggregates (see, 
e.g., Hawtrey 1930; Gurley 1960, pp. 7-8; Friedman and 
Meiselman 1963, p. 185; Kane 1964; Ford and Stark 
1967; Chetty 1969,1972; Friedman and Schwartz 1970, 
pp. 151-152; Steinhauser and Chang 1972; Lee 1972; 
Bisignano 1974; Moroney and Willbratte 1976; Barth, 
Kraft, and Kraft 1977). But those attempts possessed no 
uniqueness properties, since the weighted averages were 
not directly based on aggregation and index number 
theory. Without theory, a continuum of possible weight- 
ing schemes exists. Nevertheless, as quoted from Bob 
Dylan by Bisignano (1974), "You don't need a weath- 
erman to know which way the wind blows." The direct 
applicability of economic aggregation and index number 
theory to monetary aggregation has only recently been 
recognized. These results were developed by Barnett 
(1981a). Also see Donovan (1978), Offenbacher (1979), 
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and Cockerline and Murray (1981) for related results. 
Determination of the properties of the theoretically based 

aggregates has been a subject of Board staff research for 
four years. Relative to all of the conventional criteria, 
the theoretically based aggregates were found to outper- 
form the simple-sum aggregates. The theoretical deriva- 
tion of those aggregates is contained in Barnett 
(1979b,1980a,b,1981a). Empirical comparisons against 
the currently targeted simple-sum aggregates are pro- 
vided in Barnett (1980a,1981a), who used aggregation 
theoretic tests. Empirical comparisons of the two sets of 

aggregates relative to policy criteria are provided in 
Barett and Spindt (1979) and Barnett, Spindt, and 
Offenbacher (1981a,b). Controllability of the two sets of 

aggregates is considered in Barnett and Spindt (1982) 
and Barnett, Spindt, and Offenbacher (1981b). Selection 
between aggregates at different levels of aggregation is 

investigated in Barnett (1982a). An overview of much of 
that research can be found in Barnett (1982a) and Bar- 
nett, Offenbacher, and Spindt (1981). 

One of the most important of the policy criteria for 
selection of monetary aggregates is the behavior of esti- 
mated demand-for-money (or velocity) functions. The 

demand-for-money functions estimated in Barnett, 
Spindt, and Offenbacher (1981a,b) are all based on 
conventional single-equation demand-for-money func- 
tion specifications. Those specifications have the merit 
of providing direct comparability with the literature on 
the behavior of demand-for-money functions with the 

simple-sum aggregates. However, estimation of a single 
equation does not permit imposition of the constraints 
that result from microeconomic demand theory. For this 
reason, demand modeling for other goods has moved 
towards the system-wide approach, by which system of 
demand functions are jointly estimated subject to the 
constraints of microeconomic theory. In this article we 
use the system-wide approach to compare the fit of a 

joint monetary sector demand model estimated sepa- 
rately with each of the two sets of aggregates. 

1.3 The Laurent Demand System 

In testing hypotheses in the system-wide approach, 
demand systems usually are derived (through duality 
theory) from a generating-function specification for 
tastes or technology, and the specification usually is a 

locally "flexible function form." (An exception is the 
Rotterdam model, which uses an approximation that is 

inherently linked with the convergence approach to ag- 
gregation over consumers. (See Barnett 1979a,b,1981a.) 
The class of locally flexible functional forms was defined 

by Diewert (1973,1974) to be the class of functions that 
can attain, at an arbitrary point, arbitrary values of the 
function and of its first and second derivatives. (We do 
not adopt the common practice of dropping the impor- 
tant qualifier "locally" from before the characterization 
"flexible functional form.") Equivalently those functions 
can attain arbitrary elasticities of substitution at a point. 

Although Diewert's important class of functions is 

large, almost all of the currently available elements of 
that class were derived as second-order Taylor series 

approximations. (An exception is Diewert's generalized 
Cobb-Douglas model. Also Gallant (1981) constructed 
a model from a Fourier series expansion; the model may 
be a locally flexible functional form, although that result 
has not been proved.) However, recent evidence suggests 
that that small Taylor series subclass may be poorly 
behaved over the finite region of the data. (See, e.g., 
Barnett 1977a,1979a,1981a); Gallant 1981; Wales 1977; 

Blackorby, Primont, and Russell 1977; Guilkey and Lov- 
ell 1980; Christensen and Caves 1980; and White 1980.) 
In other words, the remainder term of the approximation 
may be poorly behaved away from the point of the 

approximations. In addition, we shall see later that no 

justification exists in the theory of analytic functions for 

preferring second-order Taylor series approximations 
over all other elements of the class of locally flexible 
functional forms. 

The Laurent expansion is known to have a remainder 
term that varies less severely over the region of the 

approximation than does the remainder term of the 

Taylor series approximation. This global regularity prop- 
erty is acquired at the expense of a remainder term that 
need not attain zero within the region of approximation; 
nevertheless, the remainder term of a Laurent expansion 
typically will be small throughout that region. In addi- 

tion, while the region of convergence of a Taylor series 

approximation is a sphere, the region of approximation 
of a Laurent expansion is a torus or annulus. In this 
article we derive our system of demand functions from 
a locally flexible functional form based on a second- 
order Laurent expansion. 

2. THE NEW MONETARY QUANTITY INDEX 
NUMBERS 

2.1 Aggregation Theory 

In economic aggregation theory, an economic quantity 
aggregate, Q, is a function of component quantities, q. 
The function, f, is called the aggregator function. Then 
Q =f(q). Substitutability between the components, q, in 
the function, f, is equal to substitutability between those 

components in the preferences or technologies of the 
economic agents who use the components. In particular, 
to a consumer the function f is his (category) utility 
function over q; to a firm, f is the firm's (category) 
production function. Tastes and technology are assumed 
to be weakly separable in q, so that an aggregator 
function exists over q alone. In aggregation theory, the 
distinction between utility and production functions is of 
little importance, since both have the same properties. 
The term aggregator function is used without regard to 
whether its components are purchased by consumers or 

by firms. In either case, f is assumed to be linearly 
homogeneous; hence if all components grow at rate A, 
then the aggregate will also grow at rate A. 

Even if monetary assets are not in consumers' elemen- 
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tary utility functions or in firms' elementary production 
functions, it has been proved in general equilibrium 
theory that each consumer has a derived utility function 
containing monetary assets along with consumer goods, 
and analogously each firm possesses a derived produc- 
tion function containing monetary assets along with 
other factors of production. See Arrow and Hahn (1971, 
p. 350) and Quirk and Saposnik (1968, p. 97). Assuming 
that the derived utility and production functions are 
weakly separable in monetary assets, aggregator func- 
tions and therefore economic aggregates exist over mon- 
etary components alone. 

Under Gorman's (1953) and Muellbauer's (1975,1976) 
aggregation conditions, we can aggregate over the aggre- 
gator functions of the firms and consumers to acquire an 
aggregator function for the economy. A particularly 
interesting special case of the above result arises if the 
derived utility and production functions are the Lagran- 
geans from decision problems containing a transactions 
constraint. In that case, the economy's monetary aggre- 
gator function is its transactions technology (see Phlips 
and Spinnewyn 1979). 

The above results are derived formally in Barnett 
(1980a, 198 la), who tested and rejected the conditions for 
simple-sum monetary aggregation. This result is consist- 
ent with over a decade of empirical evidence on substi- 
tutability between monetary assets. If the aggregator 
function,f, is a simple sum, then the monetary compo- 
nents, q, are perfect substitutes. Yet the components of 
the existing simple-sum monetary aggregates are far 
from perfect substitutes. 

2.2 Index Number Theory 

Since the aggregator function,f, is not a simple sum, 
aggregation theory leaves us with the need to specify and 
estimate the nonlinear function, f, which then permits 
imperfect substitution between components. However, 
economic aggregates, F(q), depending on estimated un- 
known parameters, are not usually acceptable as data to 
be supplied by governmental agencies. The solution to 
this problem is the objective of index number theory, 
which provides parameter-free approximations to eco- 
nomic aggregates. While quantity index numbers contain 
no unknown parameters, quantity index numbers de- 
pend on prices as well as on quantities. For overviews of 
index number theory see Barnett (1981a, Ch. 7; 1981b). 

Diewert (1976) recently showed that a class of index 
numbers with particularly good properties exists. He 
named the class the superlative class. Superlative index 
numbers are defined to be exact for aggregator functions 
that are flexible functional forms, which can provide 
second-order local approximations to any arbitrary ag- 
gregator functions. Two particularly well-known index 
numbers in the superlative class are the Fisher ideal 
index and the Tornquist-Theil discrete time approxima- 
tion to the Divisia index. The latter index is usually 
called the Tornquist index or just the Divisia index (in 
discrete time). We shall follow Theil's (1967) convention 

by calling the index the Divisia index. (Strictly speaking, 
the Divisia index is a continuous-time line integral ap- 
proximated in discrete time by the Tornquist-Theil ap- 
proximation.) 

The selection between the index numbers in the su- 

perlative class is of little importance, since all of those 
index numbers move closely together. However, the Div- 
isia index has a form that is particularly easy to interpret 
in policy applications. Hence we follow Barnett's 
(1980a,b) proposal to use the Divisia quantity index 
(with user cost prices) in monetary aggregation. That 
proposal was also recently adopted by the Bank of 
Canada in its research on monetary aggregation. See 
Cockerline and Murray (1981). 

The Divisia index is defined as follows. Let qit be the 

quantity of good i during period t. Let Tit be the price of 
good i during period t. Let sit = 7rqit/t/ k=l Tktqkt, and let 
st = (?)(sit + si,t-l). Then the Divisia quantity index, Qt, 
over the components qit(i = 1, .. , N) during period t 
is defined such that 

N 

log Qt - log Qt-i = E stt(log qit - log qi,t-i). (2.1) 
t=li 

Clearly the growth rate (log changes) of the Divisia 
quantity index equals the weighted average of the growth 
rates (log changes) of the components. The weights are 
the shares, stt(i = , .. , N). 

2.3 The User Cost of Money 

In order to apply (2.1) to monetary quantity aggrega- 
tion, we must define the price and quantity variables for 
monetary assets. The component quantity, qit, can be 
real or nominal, total or per capita balances of monetary 
asset i. In constructing a monetary target or indicator, qit 
would be nominal balances (either total or per capita). 
However, in estimating demand for money functions, qit 
would be per capita real balances, as used in the esti- 
mation below. 

If the prices of the component assets were all equal to 
one, then relative prices would never change. In the case 
of all equal prices, the Divisia index can be shown to 
reduce (approximately) to the simple-sum index. How- 
ever, money is a durable good, and the one dollar "price" 
of a unit of its stock is applicable only for an infinite 
holding period. Our concern is with the flow of monetary 
services generated by that stock during a finite holding 
period. At the end of the finite holding period, the 
monetary asset remains in existence, and therefore the 
asset's lifetime services (valued at the price of the stock) 
have not yet been fully consumed. It is the service flow 
of a durable, and not its stock, that enters the economy's 
structure as a variable. Hence, we need the price of the 
service flow generated by a monetary asset. 

The price of a durable good's service flow is called its 
user cost (or rental price). When a perfect rental market 
exists for a durable, the user cost equals the market rental 
price. Until recently the form of the user cost function 
for monetary assets was not known. This fact had 
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hindered the application of aggregation and index num- 
ber theory to monetary aggregation. The way to appli- 
cation of index number theory to monetary aggregation 
was opened by Barnett (1978,1980a) in his formal math- 
ematical derivation of the user cost of monetary assets. 
The same result, also was deduced by Donovan (1978) 
through analogy with the consumer durables case. 

The monetary asset user cost formula is constructed 
as follows. Letp t* be the true cost-of-living index during 
period t; let Rt be the maximum available expected one- 
period holding yield during period t; let rit be the own 
rate of return on asset i during period t; and let Tt be the 
marginal tax rate during period t. Then the user cost of 
the services of monetary asset i during period t is 

pt*(Rt - rit)(l 
- 

Tt) 

1 + Rt(1 - Tt) 
(2.2) 

When (2.1) is computed with Tit as in (2.2), we have 
found that the aggregate is robust to errors in the weights, 
s*t The variations in the weights in the experiments were 
induced by varying the variables in (2.2) within the limits 
of plausible data error. 

3. BEHAVIOR OF THE DIVISIA MONETARY 
AGGREGATES 

Barnett's (1980a) Divisia monetary aggregates were 
constructed from (2.1) with the user costs computed from 
(2.2). After the data used in those aggregates were re- 
fined, the Divisia aggregates were extensively compared 
with the simple-sum aggregates. The results of the em- 
pirical comparisons were summarized and discussed in 
Barnett (1982a). However, the available graphical com- 
parisons have remained scattered over various sources. 
In this section, some of the more interesting graphical 
comparisons from those sources are collected together 
and discussed jointly. 

The first charts of the behavior of the Divisia aggre- 
gates appeared in Barnett (1980a) and Barnett and 
Spindt (1979). The most interesting of those charts is 
reproduced below as Figure 1. That figure contains plots 
of the velocity of M3 and of M3+, which roughly corre- 
sponds to the aggregate now called L. Velocity is plotted 
in each of those cases with the monetary aggregate 
alternatively computed as a simple sum or as a Divisia 
quantity index. With M3+ the Laspeyre quantity index 
also is used. 

The velocity of the Divisia aggregates can be seen to 
follow a path that closely resembles that of the interest- 
rate cycle from 1968 to 1978. Hence velocity appears to 
be a stable function of the interest rate. In addition the 
Laspeyres quantity index moves much more closely to 
the Divisia index than to the simple-sum index. By 
contrast, the velocity of the simple-sum aggregates can 
be seen to trend downwards in a manner that violates 
prior theoretical views regarding the behavior of velocity 
during periods of rising interest rates and inflationary 
expectations. Substitution (disintermediation) appears to 
go in the wrong direction. 

Quarter 

Figure 1. Income velocity of monetary aggregate, quarterly 
1968:2-19 78:1, normalized in 1968:1. 

Similar time series plots for the multiplier between the 
monetary base and the monetary aggregates were pre- 
sented in Barnett and Spindt (1982). The most interesting 
of those graphs is reproduced in Figure 2, which contains 
the monetary base multiplier for both simple-sum and 
Divisia L. As is evident from Figure 2, the base multiplier 
for Divisia L is relatively stable over the long run, and 
the cycles in the multiplier negatively correlate with the 
interest rate cycle. The long-run multiplier for the simple- 
sum aggregate is far from stable. These results with the 
high-level aggregates are particularly important, since 
the high-level Divisia aggregate is designed to capture 
the total contributions of all monetary assets to the 
economy's monetary service flow. The high-level Divisia 

Monetary Base (Normalized) 
1.44 - 

1.36 - 

1.28 - 

1.20 - 

1.12 - 

1.04 

.96 

Month 

Figure 2. Base multiplier for monetary aggregate L, 1969:1- 
1980:12, monthly, normalized in 1969:1. 
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aggregates, in theory, perfectly internalize pure substi- 
tution effects. 

Since an interest rate is not a dimension of either 

Figure 1 or 2, the precise nature of the functional rela- 

tionship with interest rates is not entirely clear from 
those graphs. In addition, Figure 1 terminates in 1978, 
and it would be interesting to see whether the relation- 

ship to the interest-rate cycle continued through 1981. 
We can explore those questions from the cross plots 
against interest rates that were present in Barnett, Spindt, 
and Offenbacher (198 la,b). The most interesting of those 

plots are reproduced in Figures 3 through 6. 

Figures 3 and 4 contain cross plots of the velocity of 
M3 against a bond rate. Three plotting symbols are used 
to differentiate between three time periods. Since func- 
tion shifts in money markets are widely reported to have 
occurred in mid-1974, comparison of the results before 
and after mid-1974 are particularly interesting. Figure 3 
contains the results when M3 is computed as a simple 
sum. The expected shift is very evident. Figure 4 contains 
the analogous plot when M3 is computed as a Divisia 

aggregate. No significant function shift is evident. A 
stable nearly linear function of only one explanatory 
variable is revealed by the plot. The demand appears to 
be stable and easily modeled. 

Figures 5 and 6 contain analogous plots for the base 

multiplier of M3, although each axis now measures the 
deviation from a linear time trend. Figure 5 contains the 
cross plot for the base multiplier against a bond rate 
when M3 is computed as a simple sum. A very dramatic 
shift occurred in the functional relationship in mid- 
1974. Before mid-1974, the function is parabolic. After 

Velocity 
1.49 - 

o 1959:1-1968:4 
o 1969:1-1974:3 
* 1974:4-1980:3 

1.39 - 

1.29 - 

1.19- o00 0 * 
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0 0 o 0 

o o 0 
o o 
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- 00 0 

I I I I I I I I I I i 
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Moody's AAA corporate 

0 
0 0 

0 
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Figure 4. Divisia M3 velocity versus 
bond rate, quarterly, 1959:1-1980:3. 
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Figure 5. Deviation from time trend of simple-sum M3 base 
money multiplier versus deviation from time trend of Moody's Baa 
corporate bond rate, monthly, 1969:1-1981:8. 
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Figure 3. Simple-sum M3 velocity versus Moody's AAA corporate 
bond rate, quarterly, 1959:1-1980:3. 
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Figure 6. Deviation from time trend of Divisia M3 base money 
multiplier versus deviation from time trend of Moody's Baa corpo- 
rate bond rate, monthly, 1969:1-1981:8. 
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mid-1974 an intersecting linear function appears. Figure 
6 contains the same plot when M3 is computed as a 
Divisia aggregate. A stable linear relationship is revealed. 
Hence Divisia M3 is evidently controllable through the 
use of the base. 

The literature using the simple-sum monetary aggre- 
gates has identified many substantial shifts in important 
structural functions, including the velocity function, the 

demand-for-money function, and the monetary base 
multiplier function. These troublesome shifts have posed 
formidable problems for monetary policy makers. Fig- 
ures 1-6 illustrate the conclusions reached from various 
recently published hypothesis tests and simulations: the 
shifts disappear when the simple-sum aggregates are 

replaced by the corresponding Divisia monetary aggre- 
gates. 

In the rest of this article we develop and apply a more 
formal comparison criterion: the fit of a joint monetary 
sector demand sector. 

4. THE DEMAND SYSTEM 

We partition the goods into three groups with Ni(i = 

1, 2, 3) goods in the ith group. Correspondingly, qt and 
fft are partitioned such that qt = (qit, q2t, q3t)' and Tt = 

(rlt, trt, irt)'. We assume that the conditions for exist- 
ence of consistent aggregates over the three groups are 
satisfied. The conditions are blockwise homogeneous 
separability off (see Barnett 1980a). There then exist 

functionsfi and gi(i = 1, 2, 3) such that Qit =fi(qit) and 
Iit = gi('it), where (Qit, nit) are the quantity and user 
cost aggregates over group i. Let Qt = (Qlt, Q2t, Qt)' and 

Ht = (IIt, I2t, i3t). 
We define the components of each group as follows. 

Group 1 contains deflated per capita consumption of 
consumer goods, group 2 contains per capita real bal- 
ances of the components of Ml - B, and group 3 
contains per capita real balances of the components that 
are in L (the Federal Reserve's highest-level monetary 
aggregate) but are not in Ml - B. We assume that the 
conditions for the existence of a community utility (or 
production) function, u(Qt), over Q are satisfied. Re- 
garding aggregation over economic agents, see Gorman 
(1953), Muellbauer (1975,1976), and Barnett (1979a,b). 

Let vt = (vit, V2t V3t' such that vt = It/mt, where mt 
= QtIt. Then there exists a community indirect utility 
function, U(vt). (If S = {Qt:vt'Qt = I}, then U(vt)= 
max(u(Qt) :Qt E S}.) Let 

V(v) = 1/ U(vt) (4.1) 

be the community reciprocal indirect utility function. 
Both u(Qt) and V(vt) are monotonically increasing, 
strictly quasiconcave functions. 

Let 

Qt = Q(vt) (4.2) 

be the system of three demand equations that solves the 
consumer's decision problem of maximizing u(Qt) sub- 

ject to Qt'vt = 1. Then by the modified Roy's identity, 
we have that 

V V(v,) 
Q(vt) = V V(vt) 

vt'V V(vt) ' 
(4.3) 

where V = ad/vt is the gradient operator. The above 
results are equally applicable to a firm's cost-constrained 
output-maximization decision. 

We seek to estimate the demand system (4.2) using 
both simple-sum and Divisia quantity aggregation over 
qit to get Qit for each i = 1, 2, 3. In order to specify the 
system of functions, Q(vt), it suffices, from (4.3), to 
specify the single function V. We shall use a second- 
order Laurent expansion to derive a flexible functional 
form specification for V. But before defining that speci- 
fication, we explore the currently popular specification 
selection methods. 

5. FUNCTIONAL APPROXIMATION METHODS 

5.1 Definition of Second-Order Approximation 

Most of the currently used demand system specifica- 
tions are intended to permit a second-order approxima- 
tion to the direct, indirect, or inverse indirect utility 
function from which the system was derived. While two 
concepts of "second-order approximation" are used in 
the demand literature, it appears that the definition used 
in the mathematics literature has not appeared in the 
demand system literature. However, we shall show that 
one of the definitions used in the demand literature is 
equivalent to the usual mathematical definition. We also 
shall show that the other definition from the demand 
literature is equivalent to a related but stronger condition 
in mathematics. 

We first present the usual mathematical definition. Let 
V* be an approximation to the function V, and let 1 * 1 
designate the Euclidian norm. The definition of a sec- 
ond-order local approximation is the following. 

Definition 1. V* is a second-order local approximation 
to V at the point vo, if 

V*(v)- V(V) 

II V - vo 112 
as v - vo. (5.1) 

If V* were a series expansion of V, then V*(v) - V(v) 
would be the remainder term. Equation (5.1) is com- 
monly interpreted to imply that V*(v) - V(v) converges 
to zero faster than 11 v - vo 112. Equation (5.1) is sometimes 
equivalently written as V*(v) - V(v) = o(llv - vo 12), 
which commonly is read as "V*(v) - V(v) is of little o 
order 1 v - vo 112" or as " V*(v) - V(v) is of smaller order 
than lv - vo l12" (see, e.g., Theil 1971, p. 358). 

The two definitions used in the demand system liter- 
ature are those proposed by Diewert (1971) and by 
Christensen, Jorgenson, and Lau (1973, 1975). Diewert 
defines V* to be a second-order approximation to V at 
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Vo, if 

V*(v) = V(vo), (5.2) 
3V* 3V 
dv V v=v (5.3) av -.> av v= v,' 

a2v* a2V 
OVa^V Vo = avdv' V- V (5.4) avdv' v=v vav' v=vo' (5.4) 

If V* possesses that capability at vo for any V (that is, for 

any values on the right sides of (5.2), (5.3), and (5.4)), 
then Diewert calls V* a locally flexible functional form. 
(Diewert deletes the word "locally," which we insert, 
since Diewert's flexibility property is defined to apply 
only at the one point, vo.) 

In Appendix A we prove that if V* and V are twice 

continuously differentiable, then (5.2), (5.3), and (5.4) 
are necessary and sufficient for (5.1). Hence Diewert's 
definition is equivalent to Definition 1 and therefore is in 
agreement with the usual definition in mathematics. 

According to Lau (1974, p. 183), the definition of 
"second-order approximation" used by Christensen, Jor- 
genson, and Lau (1973,1975) can be stated to be the 
existence of some neighborhood, J, of vo and some 
constant, K, such that 

I V*(v) - V(v)l <I -o (5.5) -II vo 11 
for all v E J. To see the relationship of (5.5) to the 
mathematics literature, we must introduce the concept of 
a "big O" order remainder term. (In the discussion 
following Definition 1, we discussed the concept of a 
"little o" order remainder term.) 

Definition 2. V*(v) - V(v) = O(llv - vo|ll) if there 
exists a punctured (at vo) neighborhood of vo such that 

V*(v) - (v)l is bounded (5.6) 
II v - vo Ilk 

for every v in that punctured neighborhood. (A neigh- 
borhood punctured at vo is a neighborhood with vo 
removed from it.) 

The equality V*(v) - V(v) = o(11 v - Vo Ik) commonly 
is read as " V*(v) - V(v) is of big O order 11 v - vo Ilk or 
as " V*(v) - V(v) is at most of order 11 v - vo Ilk" (see, e.g., 
Theil 1971, p. 358). It is easily shown that Lau's defini- 
tion of second-order approximation is equivalent to 

V*(v) - (v) = 0(1 v - vo113). (5.7) 

It can be shown that V*(v) - V(v) = O(11v - vo 13) 
implies V*(v) - V(v) = o(ll v - vo 12), but the converse is 
not necessarily true. Hence (5.7) imposes a stronger 
condition on the approximation than does Definition 1, 
and thus Lau imposes a stronger, if somewhat less con- 
ventional, condition on second-order approximations 
than does Diewert. 

In specification selection, the significance of (5.7) re- 
sults from the fact that second-order Taylor series ex- 

pansions satisfy (5.7), although not every other approxi- 

mation satisfying Definition 1 need satisfy (5.7). How- 
ever, the added control over the remainder term in going 
from Definition 1 to (5.7) should not be overemphasized. 
Equation (5.7) does not bound the remainder term at 

any fixed v. For fixed v, (5.7) only requires that the 
remainder be finite. All that Definition 2 provides is a 

stronger condition than Definition 1 on the rate of con- 

vergence of V*(v) to V(v) as v approaches vo. 
In fact there need be no prior bound to the size of the 

remainder term of the Taylor series forfixed v - vo and 

forfixed order of approximation. (In the demand systems 
literature, it is sometimes argued that the approximation 
error is bounded by the remainder term, or that the error 
of the approximation is bounded by the size of the 

higher-order terms. However the higher-order terms are 
the remainder, which in turn is the approximation error. 
An equivalent statement would be that the error can be 
no larger than itself.) We have only two results on the 
remainder term of the Taylor series approximation. Let 
R,(v) be the remainder term at v of the nth-order Taylor 
series approximation about vo. Then the two available 
results are the following. 

Property 1. Let 8 be the distance from vo to the nearest 
singular point, and let Bs(vo) be the open ball with center 
vo and radius 6. (The open ball, Bs(vo) = (v: | v - vo < 
6), is also called a spherical neighborhood or 8-neigh- 
borhood. The concept of singular point is discussed in 

Appendix B.) Then Rn(v) -- 0 uniformly in v E Bs(vo) as 
n -- oo. If v is not in the closure of Bs(vo), then the 
sequence (Rn(v): n = 1, 2, .* ) diverges. 

Property 2. For any fixed n, Rn(v) = 0(1l v - vo IIn+1). 
There are circumstances under which the Taylor series 

can be very useful. That usefulness is a result of Property 
1, which permits us to acquire an approximation of 
arbitrarily good quality within the region of convergence, 
if we are able to incorporate as many terms as may be 
necessary. Since a fixed second-order Taylor series ap- 
proximation provides us with no such freedom, it is not 
clear that we need consider Property 1 further at all. 
Nevertheless, in the interest of completeness, we shall 
further consider Property 1 and the general behavior of 
the remainder term in the next section. 

6. THE TAYLOR SERIES APPROXIMATION 

6.1 Analytic Function Theory 

In mathematics, the usefulness of the Taylor series 

approximation results largely from Property 1. By that 
property we know that within the region of convergence, 
B6(vo), of the Taylor series expansion, a Taylor series 
approximation of some order can always attain a uni- 
formly smaller remainder term than that of any approx- 
imation satisfying Definition 1, which defines the entire 
class of possible second-order approximations in the 
usual sense. However, the Taylor series approximation 
that would accomplish that objective may be of much 
higher order than the second order. Since existing de- 
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mand systems use a fixed-order approximation, Property 
1 does not apply. However, even if we could consider an 
iterative step-wise estimation procedure with no prior 
upper limit to the converged order of the approximation, 
the necessity of restricting the approximation to points 
within Ba(vo) is a stronger restriction than one might 
expect; and if v is not within Bs(vo), then the remainder 
term will diverge. In that case, increasing the order of the 

expansion could increase the remainder term. We further 
consider the restrictiveness of Bs(vo) in Appendix B. In 
short, the capabilities of the Taylor series in generating 
numerical approximations are irrelevant to the existing 
flexible functional form demand models, and no reason 
exists in theory to prefer second-order Taylor series 

approximations to any other elements of Diewert's class 
of flexible functional forms. 

In fact we could lose a great deal by restricting consid- 
eration solely to second-order Taylor series approxima- 
tions, since the Taylor series approximation is frequently 
not among the best approximating functions. Other ap- 
proximations of the same order can have uniformly 
smaller remainders within the region of convergence of 
the Taylor series. As explained by Buck (1965, p. 128- 
129), 

... while the Taylor polynomials have the advantage that they are 

easily defined and computed, they need not be the best approxima- 
tion to use. For example, the Taylor polynomial of degree 2 at the 

origin for ex is 1 + x + x2/2 which approximates it uniformly on 

[-1, 1] within .22; however, there are other polynomials of degree 2 
which are better approximations; .99 + 1.175x + .543x2 approxi- 
mates ex uniformly on [-1, 11 within .04. 

Another example given by Buck (1965, p. 128) is the 
function f(x) defined such that f(0) = 0 and f(x) = 

exp(-l/x2) for x # 0. The resulting function has contin- 
uous derivatives of all orders everywhere. It follows from 
the Weierstrass approximation theorem that it is possible, 
on any bounded interval, to approximate f uniformly 
with arbitrary accuracy with some polynomial. Yet the 

Taylor polynomial of any order about the origin is zero 

everywhere. The remainder isf itself! 

6.2 Behavior of the Remainder Term 

The quality of a single local Taylor series approxi- 
mation of fixed order declines increasingly rapidly as the 
distance from the point of expansion increases. This 

systematic behavior can be very troublesome when a 

Taylor series approximation of fixed order is used to 

specify a function to be empirically estimated. In that 
case, we would estimate the parameters of the specifica- 
tion and use the estimated function as a function-valued 
estimator of the underlying approximated function. The 

properties of that function valued estimator depend upon 
the convolution of the parameter estimators, condition- 

ally upon the Taylor series approximation being exact, 
and upon the values of the actual (nonzero) remainder 
term at each data point. As has been observed by Gallant 
(1981), the properties of the convolution are not known 

for the Taylor series remainder term, and that convolu- 
tion results in biased predictions. 

In addition, it is very difficult to interpret parameter 
estimates based upon that procedure. The parameter 
estimators (whether FIML or otherwise) do not know 
where the point of approximation is or what the radius 
of convergence is or how the remainder term behaves 
within that region. It might be expected that the esti- 
mated parameters could be usable, if the remainder term 
(which the estimator assumes is uniformly zero) does not 
greatly vary in magnitude within the region of the data. 
That condition clearly is not satisfied for the remainder 
term of a Taylor series approximation. 

We believe that the possibility of large values of the 
remainder term is less serious than the systematic nature 
of the variation of the remainder term over the region of 
convergence. It is quite possible that more reliable em- 
pirical inferences could be acquired with an approxi- 
mation having a remainder term that tends to be larger 
but less variable than the Taylor series remainder term. 

6.3 Conclusion 

We find nothing to criticize in Diewert's definition of 
"second-order approximation," since his definition is 

equivalent to Definition 1. Furthermore, we agree with 
Diewert that the class of second-order approximations 
can be used to define the class of locally flexible func- 
tional forms, since the class of functions capable of 
attaining arbitrary elasticities of substitution at a point 
is the same as the class of functions satisfying Definition 
1. However, we do not agree with the currently fashion- 
able practice of further limiting the definition of the class 
of second-order approximations to include only second- 
order Taylor series expansions. 

The approach used in this article generates a specifi- 
cation that satisfies Definition 1 and hence is a local 
second-order approximation. But the specification is not 
a Taylor series expansion. Instead we use a different 
series expansion that possesses a potentially better be- 
haved remainder term and that contains the Taylor series 
as a special case. 

7. THE LAURENT SERIES EXPANSION 

When we seek an approximation within a region 
containing one or more singular points, we cannot use 
the Taylor series expansion. However, a generalization 
of the Taylor series, called the Laurent series, can handle 
these cases. (The series is named after the famous French 
mathematician, Hermann Laurent (1841-1908).) The 
Laurent expansion of a function, f, in one variable, z, 
about the point Zo is of the form 

f (z) = E an(z - zo)n. 
n=-oo 

(7.1) 

The variable, z, can be complex. Clearly (7.1) can be 
written asf(z) = gl(z) + g2(z), where 
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gl(z) = a,(z - Zo)n 
n=O 

and 

g2(z)= E an(Z-ZO)n. 
n=-oo 

Then gl(z) is called the analytic part, and g2(z) is called 
the principal part. 

The analytic part has the same form as the Taylor 
expansion, and the principal part has the analogous form 
with negative powers. An example of a Laurent expan- 
sion is the series el/Z = n=o (l/n!)z-n. In this case the 
order of the analytic part is zero. For our purposes, the 
behavior of the remainder term of (7.1) is of particular 
importance. If we use only a finite number of terms from 
gl(z) and g2(z) in the expansion (7.1), then a remainder 
term can exist in the approximation to both the analytic 
and principal parts. Let R ('(z) be the remainder term in 
the finite-order approximation to gl(z), and let R (2)(z) be 
the remainder term in the finite-order approximation to 
g2(z). The remainder term for the complete Laurent 
expansion is the sum R(z) = R(')(z) + R(2)(z). The terms 
R (1 and R(2) vary in opposite directions, with R () rising 
and R(2) falling as | z - zo increases. Hence R(z) varies 
considerably less severely than does R (1 alone within the 
expansion's region of convergence. This fact accounts 
for our earlier observation that the Laurent expansion 
possesses a better-behaved remainder term than does the 
Taylor series approximation within the region of conver- 
gence. 

Furthermore, the correlations between the regressors 
and the disturbances are lower for specifications based 
on Laurent expansions than on the corresponding Taylor 
series expansions. This result follows from the fact that 
those correlations depend on the derivatives of the re- 
mainders with respect to the regressors, and those deriv- 
atives are lower for the Laurent than the Taylor remain- 
ders. Also observe that the Laurent expansion is not a 
"local" approximation, since R(z) need not attain zero 
anywhere within the region of convergence. In addition, 
the remainder term of the principal part is small over a 
huge region. In particular, R (2)(z) - 0 as z -> oo, which 

implies that for any e > 0 there exists 8 > 0 such that 
R(2)(z) < e for z 1 > 6. In terms of Euclidean distance, 
the region I z I > 8 is infinitely large for any 6. By contrast, 
the remainder term of the Taylor series approximation 
can be kept small only within a ball of finite, and 
frequently very small, diameter. 

The formulas for finding the coefficients of (7.1) can 
be found in Apostol (1957, p. 520) or Ahlfors (1966, p. 
183). The coefficients are line integrals, not derivatives. 
In the multivariate case, the form of the analytic part is 
the same as the form of the multivariate Taylor series 
approximation. However, again the coefficients are in- 
tegrals rather than derivatives. The form of the principal 
part again is acquired by replacing positive with corre- 

sponding negative powers in the analytic part. Appendix 
C contains discussion of the theoretical foundations of 
the Laurent expansion. 

It should be observed that our motivation for basing 
the specification on a Laurent expansion is not acquisi- 
tion of the ability to approximate V(v) near particularly 
difficult kinds of singularities. Our motivation is to attain 
a better- behaved approximation. The smoother variation 
of the Laurent expansion's remainder term can be un- 
derstood, in a rather simplified fashion, by comparing 
the bases used to span a function space in the Taylor 
series and Laurent cases. The Taylor series seeks to span 
the space with the basis Fr = (xm: m = 0, 1, * *). If we 
used only the principal part of the Laurent expansion, 
we would be using the basis r2 = {x-': m = 1, 2, ... }. 
With a full Laurent expansion, the basis is the union F 
= rl ur2. 

If x < 1, then xm decreases as m increases. Hence 

increasing m results in increasing refinement of the ap- 
proximation. So rl appears to be a reasonable basis, 
when I x ( < 1. The same observation applies to F2 when 
Ix > 1. Hence r2 appears to be a reasonable basis when 
Ix > 1. To acquire a basis applicable over a larger 
region, we need the Laurent basis, r. 

8. THE SPECIFICATIONS 

8.1 The Generalized Leontief Model 

We now return to the selection of a specification for 
V(v) to be used in deriving the demand system from 
(4.3). We first discuss Diewert's (1973) generalized Leon- 
tief approximation to V(v). 

Let w = (Wl, W2, W3)', where wi = vi1/2 for i = 1, 2, 3. 
Define the function Wsuch that W(w) = V(v). Expand- 
ing W(w) in a second-order Taylor series approximation 
about w = 0, we get 

V(v) = ao + 2a'w + w'Aw + R(l(v), (8.1) 

where A = [aij] is a 3 x 3 symmetric matrix of fixed 
coefficients, a is a three-dimensional vector of fixed 
coefficients, ao is a scalar constant, and R(1)(v) is a 
remainder term. The same functional form results, after 
some algebraic manipulation, if V is expanded about v 
= 1. See Blackorby, Primont, and Russell (1978, p. 293). 

If we drop the remainder term, we get the generalized 
Leontief reciprocal indirect utility function. The demand 
system derived by applying (4.3) to that specification 
for V(v) is called the generalized Leontief demand sys- 
tem. The generalized Leontief specification for V(v) is 
an element of Diewert's class of locally flexible func- 
tional forms and in many cases can be very useful. 
However, problems with the global behavior of second- 
order Taylor series models have arisen in both theoretical 
and Monte Carlo studies. See, e.g., Wales (1977). For an 
overview of those studies, see Barnett (1981, pp. 319- 
321). The problems result from absorption of the re- 
mainder term into the model's stochastic disturbance. 
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The properties of R( "(v) are not at all conducive to its 

absorption into a white-noise disturbance term and 
would not be, even if we were to add that disturbance 

directly onto (8.1). 

8.2 The Full Laurent Model 

To permit us to acquire the better behavior of the 
Laurent expansion's remainder term, we now expand 
W(w) into a Laurent expansion of the second order in 
both its principal and analytic parts about w = 0 to 

acquire 

V(v) = ao + 2a'w + w'Aw 

- 2b'w - w'Bw + R(v), (8.2) 

where w = (wl~1, w2-1, w3-1)' and R(v) is the remainder 
term. The coefficient matrices A = [aij] and B = [bij] are 
3 x 3 and symmetric, while a = (ai) and b = (bi) are 
three-dimensional vectors of coefficients, and ao is a 
scalar constant. We set R(v) = 0 for all v, and we call 

(8.2) the full Laurent reciprocal indirect utility function. 

Strictly speaking, we should use the more awkward name 
"full Leontief-Laurent," since other "full Laurent" 
models could be acquired by redefining w. Any locally 
flexible functional form for the analytic part can be used 
to generate a corresponding principal part and thereby 
another full Laurent model. 

Applying (4.3) and converting to value shares, si = 

viQi(i = 1, * . n), we acquire the full Laurent demand 

system (in value share form): 

Si = 

n n 

aiwi + i aijjwiw + biwi + ] bijWjwi 
j=1 j=1 

a'w + w'Aw + b'w + w'Bw 

(i= 1, ...,n) (8.3) 

where n = 3 is the number of goods in the demand 

system. Observe that the full Laurent model is an exten- 
sion of the generalized Leontief, as the Laurent expan- 
sion is an extension of the Taylor series. Hence the 

generalized Leontief cannot have capabilities not also 

possessed by the generalized Laurent. The same cannot 
be said for Gallant's (1981) Fourier model. Taylor series 

expansions are not nested within Fourier expansions, 
and vice versa. Hence Gallant's important model pro- 
vides fundamentally new capabilities, rather than an 
extension of the existing capabilities of the class of 
flexible functional forms. In addition, as seen in Section 
8.3, the Laurent approach provides easier control over 
the regularity properties of the approximating function 
than does the Fourier approach. Furthermore, Gallant's 
model has not been shown to satisfy Diewert's definition 
of a locally flexible functional form. 

Since (8.3) is homogeneous of degree zero in its param- 
eters, a normalizing restriction is needed. Any one of the 

parameters (or sum of parameters) could be set equal to 
one. 

8.3 The Minflex Laurent Model 

The full Laurent reciprocal indirect utility function 
has far more free parameters than are needed to acquire 
a specification that is locally flexible in the Diewert 
sense. In fact either the principal or the analytic part 
alone is locally flexible. To conveniently restrict the 
model further, we could set some parameters equal to 
zero, or we could restrict their signs. We can force the 

sign of a coefficient to be nonnegative by replacing it by 
its square. For example, we could let all = 2 and 
estimate 4. Then all is always nonnegative. For nota- 
tional convenience in such cases, we shall not change 
symbols. So instead of letting all become ,2, we would 
let all become all. 

The ability to restrict the signs of parameters without 
the specification's losing its flexibility property is partic- 
ularly valuable. The generalized Leontief specification 
for V(v) satisfies the theoretical restrictions of monoton- 

icity and quasiconcavity if all of its coefficients are 

nonnegative. However, prior imposition of any of those 
restrictions results in loss of the generalized Leontiefs 

flexibility property. In addition if those restrictions are 

imposed, the probability of satisfying all of them with 
unrestricted estimates is extremely low. With the richer 
full Laurent specification, we have the ability to impose 
many sign restrictions before the flexibility property is 
lost. 

A particularly useful special case of the full Laurent 
model is acquired by letting b = 0, letting the diagonal 
elements of B be zero, and forcing the off diagonal 
elements of both A and B to be nonnegative. We now 

impose those restrictions. Define the set of subscript pairs 
S = {(i,j): i j; i, j = 1, .. n), where n is the number 
of goods. Setting R(v) = 0, (8.2) becomes 

V(v) = ao + 2a'w + Eaivi+ a+ ajwiwi 
i (i,j)ES 

-E E b2 wiwi, (8.4) 
(i,j)ES 

which we call the minflex Laurent reciprocal indirect 
utility function. The value share equations, (8.3), become 

aiwi + aiii + S aijwiwj + E b jWwi 
j:j# i j:j i 

Si=aw+ akkVk+z aJwjwk+ bJkWjWk 
k (j,k)ES (j,k)ES 

(i= 1, ..., n) (8.5) 

The minflex Laurent model possess a number of very 
interesting properties. As proved in Appendix D, (8.4) 
satisfies Diewert's definition of a locally flexible func- 
tional form. In addition, the model is minimal in the 
sense that imposition of any further prior restrictions 
eliminates the flexibility property. The specification pos- 
sesses just enough parametric freedom to be a locally 
flexible functional form. This may appear to be surpris- 
ing, since the generalized Leontief is also locally flexible 
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and minimal but has fewer parameters. However, none 
of the generalized Leontiefs coefficients are sign-con- 
strained. 

If n is the number of goods, then (8.4) contains only 
2n + 1 coefficients having unconstrained signs, while the 
generalized Leontief reciprocal indirect utility function, 
(8.1), has all (1/2)(n2 + 3n + 2) of its coefficients uncon- 
strained in sign (in our application n = 3 assets). The 
generalized Leontief globally satisfies the restrictions of 
microeconomic theory if all of its coefficients are non- 
negative. (An exception is the sign of the unidentified 

intercept, ao, which can be negative.) In Appendix E, we 
prove the same for the full Laurent and therefore for 
minflex Laurent. But observe that the number of coeffi- 
cients that would have to be forced to be nonnegative to 
acquire the theoretically globally regular case for the 
generalized Leontief is much higher than for the minflex 
Laurent, despite the fact that the total number of param- 
eters in the minflex Laurent model exceeds that in the 
generalized Leontief. Hence in terms of the change in 
degrees of freedom, imposition of global theoretical reg- 
ularity on the minflex Laurent model is a considerably 
less severe restriction than imposition of global theoret- 
ical regularity on the generalized Leontief. 

The full Laurent model possesses the ability to ap- 
proximate V(v) over large regions, even when the region 
of convergence of a Taylor series approximation is small 
or even empty. However, the number of parameters 
poses substantial estimation problems. As a result, in 
practice the minflex Laurent model has greater appeal 
than the full Laurent. Furthermore, we believe that the 
minflex Laurent model possesses sufficient elements of 
the Laurent basis, F, to permit a well behaved approxi- 
mation over a large region. 

However, if the minflex Laurent is treated explicitly as 
a Laurent expansion, and if the point of the expansion 
is itself a singularity, then the model is restrictive, since 
minflex Laurent can handle only certain kinds of sin- 
gularities appearing at the precise point of the approxi- 
mation. For example, if the model is treated as a Laurent 
expansion about an isolated singularity, then the residue 
of V(v) at the point of the approximation is b, which we 
have set equal to zero in the minflex case. Although a 
zero residue restriction does not exclude singularities, 
nonzero residues are not uncommon for isolated singu- 
larities. If the singularity is not isolated, then the concept 
of a residue is not defined. 

9. ESTIMATION 

9.1 Data and Restrictions 

In this section we apply our model to the comparison 
of simple sum and Divisia monetary aggregation. We 
estimate both the full Laurent model, (8.3), and the 
minflex Laurent model, (8.5), using the three aggregated 
goods defined at the beginning of Section 3. The three 
aggregated goods can be characterized as Q1 = consumer 
goods, Q2 = transactions balances, and Q3 = substitutes 

for transaction balances. The data are quarterly from the 
first quarter of 1961 to the fourth quarter of 1980. With 
each model, we estimate the system with Q2 and Q3 
computed as simple-sum aggregates and again with those 
two goods computed as Divisia quantity indexes. In both 
cases, Q1 is the Commerce Department's deflated con- 
sumption expenditure, and its corresponding price index, 
1l, is its price deflator, which is also used to convert 

nominal to real balances in Q2 and Q3. The Commerce 
Department's deflated consumption expenditure values 
are Laspeyres quantity indexes. In principle, there would 
be a gain in converting them to Divisia aggregates. 
However, the gain in converting from Laspeyres to Div- 
isia is small by comparison with the gain in converting 
from simple-sum to either Laspeyres or to Divisia. Hence 
we do not believe that the need to convert consumption 
to a Divisia index is anywhere near as great as the need 
to convert the simple-sum monetary aggregates to Divisia 
indexes. For such comparisons, involving Laspeyres as 
well as Divisia, see Barnett and Spindt (1979) and Bar- 
nett (1981a, ch. 7). We then compare the fits of the 
estimated systems. 

In the minflex Laurent case, we estimate the model in 
its "free" form defined in (8.5) and also in a constrained 
form. In the constrained form we apply the result in 
Appendix E to permit us to impose global theoretical 
regularity by replacing each unsquared parameter by a 
squared parameter. In that manner, we assure that every 
coefficient of V(v) is nonnegative, and hence, by Theo- 
rem A.4 in Appendix E, we assure that V(v) is globally 
nondecreasing and concave. 

Since an identifying normalization is required, we set 
an arbitrary parameter equal to 1.0. In some cases, 
nonnegativity constraints imposed by squaring a param- 
eter are binding. Since all parameters are squared in the 
globally regular case, the risk exists of normalizing on 
such a parameter that is at zero. In that case, the other 
parameters begin to become explosively large during 
estimation. We then renormalize on another parameter. 
When global regularity is not imposed, we normalize on 
an arbitrary unsquared parameter to avoid this problem. 

When a corner solution at zero occurs on a parameter 
that we have not normalized to equal 1.0, another esti- 
mation difficulty can arise. As the parameter approaches 
zero during estimation, the parameter can become so 
small that estimation may be terminated by a zero-divide 
or log(0) internal to the algorithm. In such cases esti- 
mation is restarted with the initial condition for the 
parameter at zero reset to .1 and with the initial condi- 
tions for the other parameters reset to their values at the 
last iteration of the previous run. In rare cases this 
procedure may have to be performed twice before con- 
vergence. At convergence, parameters at corner solutions 
will be very small, but not small enough to be treated as 
zero by the computer. 

All of these complications could be avoided by using 
a computer program that permits inequality side con- 
straints. In that case, no parameters would have to be 
squared to impose nonnegativity, and the identifying 
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normalization could be unitary value for the sum of all 

parameters. We used the Eisenpress program, which does 
not possess that capability. 

Observe that our selection of goods permits us to treat 

consumption of consumer goods jointly with consump- 
tion of monetary services. Hence we do not require an 

assumption of weak separability between consumer 

goods and monetary assets. Earlier systemwide studies 
of monetary'asset demand usually have required that 

separability assumption. (See, e.g., Chetty 1969; Dono- 
van 1978; Offenbacher 1979; and Barnett 1980a.) 

Corresponding to each of the two monetary quantity 
aggregates, (Q2t, Q3t), we need a (user-cost) price index. 

(Details regarding the interest rate data used in comput- 
ing the component user-costs, (2.2), are in Barnett and 

Spindt 1982 and Barnett 1981a, ch. 7.) When those 

quantity aggregates are computed as Divisia indexes, the 

corresponding price indexes, (I2t, HI3t), are computed 
from Fisher's factor reversal test. Fisher's factor reversal 
test states that QitIit = qtr'it, so that it = qtgTit/Qit. 
When the quantity aggregates, (Q2, Q3), are simple-sum 
aggregates, the dual user cost indexes are the Leontief 
indexes, so that Hit(i = 2, 3) is the smallest element of 
the vector of component user costs, Tit. Simple-sum 
quantity aggregation implies perfect substitutability of 

components and hence consumption only of the least 

expensive good. We then computed the value shares, in 
either case, from sit = Titqit/1t'qt. Since user costs are 
used as prices for monetary assets, the entire model is 
stated in flow terms. 

Formula (2.2) for the component user costs requires 
knowledge of the representative marginal tax rate. Since 
we did not have those data available, we used the average 
rate. More recently we have become aware of the exist- 
ence of marginal tax rate data. See "Background and 
Issues Relating to Individual Income Tax Reduction," 
Joint Committee on Taxation, U.S. Government Printing 
Office, April 27, 1981, pp. 22. To explore robustness to 
the measurement, we repeated all of our estimation with 
T = 0. 

Finally, arbitrary data normalizations are selected. We 
select the first quarter of 1961 as the base period for the 
chained Divisia index for Q2t and Q3t. We normalized 
vit for each i = 1, 2, 3 to equal 1.0 in the median quarter. 
Since we do not alter the shares, s = (sl, S2, S3), our 

rescaling of vt induces a rescaling of Qt so that litQit 
remains unchanged for each i = 1, 2, 3. 

9.2 Results 

In Table 1 we display the maximized value of the log- 
likelihood function resulting from joint maximum like- 
lihood estimation of the full Laurent and minflex Lau- 
rent models. Those values can be used as measures of fit, 
since the maximized value of the log-likelihood function 
for models in explicit form is inversely proportional to 
the generalized variance of the fit. (See Barnett 1976, 
Property 4.9, p. 86. Regarding the use of a normally 
distributed additive error structure with share equations, 
see Woodland 1979.) 

In every case, the fit is better with Divisia indexes for 
(Q2, Q3) than with simple-sum indexes. Hence our con- 
clusion supports all of the other theoretical and empirical 
work favoring the new Divisia monetary aggregates over 
the simple-sum aggregates. In general, it appears that the 
numerous problems that have arisen with the use of the 

simple-sum monetary aggregates disappear when Divisia 

aggregation is used. In this case we find a dramatic gain 
in system fit. 

The results in Table 1 are also useful in considering 
the merits of the new Laurent expansion approach to 
demand modeling. The loss in fit in restricting the full 
Laurent model to the minflex Laurent special case is 
small by comparison with the much larger loss in fit in 
further restricting the full Laurent model to its globally 
theoretically regular special case. In terms of complexity 
of estimation, we found estimation of the free minflex 
Laurent model, (8.5), to be straightforward. Convergence 
was generally rapid and inexpensive. The globally theo- 

retically regular special case was somewhat more expen- 
sive to estimate, since corner solutions (discussed in 
Section 9.1) become more troublesome in this case and 

frequently required an additional renormalized run. Es- 
timation of the full Laurent model was found to be both 

very difficult and very expensive. In that case, the prob- 
lem of "almost local nonidentification" (see Rothenberg 
1971) occurred frequently. 

We conclude that the gain in fit in going from the 
(free) minflex Laurent model to the full Laurent model 
is not sufficient to justify the formidable increase in 
estimation complexity and expense. Furthermore the loss 

Table 1. Values of Log-Likelihood Function for Estimated Demand System (comparison of simple-sum vs. 
Divisia monetary aggregation) 

Value of Log Likelihood 

Model Parameter 
Restrictions axaeWith Simple-Sum With Divisia 

Monetary Aggregation Monetary Aggregation 

Full Laurent Free Average 692.96 903.19 
Full Laurent Free Zero 668.01 887.40 
Minflex Laurent Free Average 663.90 895.24 
Minflex Laurent Free Zero 636.11 881.70 
Minflex Laurent Global regularityb Average 548.18 815.97 
Minflex Laurent Global regularityb Zero 557.21 796.50 

a Marginal tax rate assumption: marginal tax rate equals average tax rate or marginal tax rate equals zero. 
b To impose global theoretical regularity (monotonicity and concavity of V(v)), all unsquared parameters are squared. See Appendix A5. 
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in fit in going from the (free) minflex Laurent model to 
its globally theoretically regular special case is substantial 
in this application. In future applications of the Laurent 

expansion approach, it is therefore our belief that esti- 
mation of the full Laurent model need not be attempted, 
and the (free) minflex Laurent model should be used as 
the maintained model. The globally regular special case 
of minflex Laurent could be viewed as a nested null 

hypothesis to be considered empirically in each appli- 
cation, but not maintained a priori. This result is as 

might be expected from the fact that the (free) minflex 
Laurent model possesses just enough parametric freedom 
to permit satisfaction of the conditions for local flexibility 
under Diewert's definition. (Barnett and Jonas's 1982 
Miintz-Szatz demand system could be used in cases in 
which a globally regular series expansion must be main- 
tained. However, the approximating properties of that 
demand system are not yet fully known.) 

The results can be seen to be robust to the selection of 
the measure for the marginal tax rate, T. In principle, 
many of our conclusions above could have been explored 
through formal nested hypothesis tests. However, the 

sample size in our case is so large as to make empirical 
acceptance of any simple hypothesis virtually impossible. 
As is well known, all simple equality hypotheses are 
asymptotically rejected, since consistency of the esti- 
mators assures the ability to discriminate against vir- 
tually any equality hypothesis with a sufficiently large 
sample size. Hence we limited our investigation to com- 
parisons of fit. 

10. CONCLUSIONS 

10.1 Conclusions Regarding Monetary 
Aggregation 

We have compared the current simple-sum monetary 
aggregates with the new Divisia monetary quantity index 
numbers. The new index numbers are based on the 
discrete time Divisia quantity index, (2.1), with the prices 
7rt, in the index computed to be the user costs, (2.2), of 
the component assets. The component assets thereby are 
viewed as being durable goods having useful lifetimes 
exceeding one period. Any other quantity index in Diew- 
ert's (1976) superlative class would do equally well, if its 
component prices were computed as the user costs, (2.2); 
all elements of the superlative index number class move 
very closely together, although they all jointly diverge 
from the simple-sum index. 

Our earlier research favored Divisia monetary aggre- 
gation over simple-sum aggregation on theoretical 

grounds and on each of the empirical grounds that are 
widely used in such comparisons in the monetary liter- 
ature. In this article we use the joint demand system 
approach to comparing the simple-sum and the Divisia 
monetary aggregates in terms of the fit of a joint sector- 
wide demand system. Our findings again support the use 
of Divisia monetary aggregation over simple-sum aggre- 
gation. In all cases our demand system models fit dra- 
matically better when we use Divisia monetary aggre- 

gation to generate the data than when we use simple- 
sum aggregation. Furthermore the graphs displayed in 
Section 3 illustrate the fact that the shifts in the velocity, 
demand, and base-multiplier functions that have plagued 
policy and research using the simple-sum aggregates 
disappear when the Divisia monetary aggregates are 
used. 

10.2 Conclusions Regarding the Laurent 
Expansion Approach to Modeling 

In exploring the Laurent expansion approach to gen- 
erating demand systems, we find the minflex Laurent 
specification, (8.5), without imposition of global theoret- 
ical regularity, to be the most promising. The model 
possesses Diewert's local flexibility property, is relatively 
easily estimated, and performed almost as well as the full 
Laurent model, (8.3). The latter result provides particu- 
larly strong support for the minflex Laurent's approxi- 
mation. 

10.3 Areas for Further Research 

Our results are suggestive of a number of areas for 
potentially useful further research. While we have inves- 
tigated minflex Laurent's globally regular special case, 
we have not explored the regions of the model within 
which it satisfies monotonicity and concavity restrictions 
only locally. Theoretical and empirical research into that 
subject is clearly warranted. In addition we have not 
conducted any formal hypothesis tests. Hypotheses that 
can be tested with other locally flexible functional forms 
can also be tested with minflex Laurent in the analogous 
manner. With Gallant's (1981) unfavorable results on 
the power of tests using the translog model, comparable 
experiments with the minflex Laurent model could prove 
fruitful. 

Our utility function, u, is actually an aggregate over 
households' utility functions and firms' production func- 
tions, each of which is maximized by economic agents 
subject to a constraint on previously optimized aggregate 
expenditure. Although the aggregation problems in that 
formulation are not insurmountable in theory (in aggre- 
gation theory, utility and production functions are indis- 
tinguishable when firms' decisions are cost-constrained 
output-maximizations), they could be lessened by sub- 
tracting out firm holdings and modeling the demand for 
firm holdings separately from household holdings. In 
addition, potential problems of simultaneity bias could 
be lessened by simultaneously estimating supply func- 
tions. However a high degree of professional tolerance 
for simultaneity bias problems presently exists in the 
demand system literature, since the estimation difficulties 
in simultaneous nonlinear estimation are formidable. An 
exception is Barnett (1977b). 

APPENDIX A: DIEWERT'S DEFINITION OF 
SECOND-ORDER APPROXIMATION 

In this Appendix we prove that Diewert's conditions 
for a local second-order approximation, (5.2), (5.3), and 
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(5.4), are both necessary and sufficient for the usual 
definition of a local second-order approximation, stated 
in Definition 1. 

Let v follow the time path v(t) as t -> to from below, 
and let v(t) be a continuous function of t such that 0 < 
(dv/dt) < oo for all t c to. Then v(t) -> v(to) as t -- to. Let 
V* and V both be twice continuously differentiable 
functions of v. We now prove the following theorem. 

Theorem A.I. Let Vo = v(to). Then (5.2), (5.3), and (5.4) 
are necessary and sufficient for (5.1) as t -> to from 
below. 

Proof. We first prove sufficiency. Let (5.2), (5.3), and 
(5.4) hold, and let 

V*(v(t))- V(v(t)) 
F(t) = 

II v(t) - v(to)ll2 

V*(v(t))- V(v(t)) 

(vi(t) - vi(to))2 ' 
1 

Differentiating the numerator and denominator of (A. 1), 
we get 

V* dvi a V dvi 

~~9vi~~dt *f'?vi dt 
G(t) dt dt (A.2) 

, (vi(t)- vi(to)) d 
i dt 

For t = to, both the numerator and denominator of F(t) 
are zero by (5.2). Hence by L'Hospital's rule, it follows 
that 

lim F(t) = lim G(t). (A.3) 
t-- t tt-to 

Differentiating the numerator and denominator of 
(A.2), we get 

-2 V* dv dvVi aV* d2vi 

i j dvidv ddt t vi dt2 
H(t) = 

) [dvi (t d2v) 
, \dt 

+ [i(t)- vi(to)] dt2 

d2V dv dvi dV d2v 
i j viav dt dt avi dt2 

fdvi 
2 

d2v, 
( d + [vi(t)- vi(to)] dt i\dt)d 

For t = to, both the numerator and denominator of G(t) 
are zero by (5.3). Hence it follows that 

lim G(t) = lim H(t). (A.4) 
t-- to t--to 

By (5.4) we find that 

lim H(t) = H(to) = 0. (A.5) 
t--to 

Hence by (A.3), (A.4), and (A.5) we conclude that F(t) 
- 0 as t -- to. 

We now prove the converse. Let F(t) -> 0 as t -> to. 
Then (5.2) follows. In addition, (A.3) follows from 
L'Hospital's rule. So G(t) -> 0 as t -> to. Hence (5.3) 

follows, and also we then have (A.4). So H(t) -- 0 as t 
-> to. Thus (5.4) follows. 

We conclude that Diewert's definition of a local sec- 
ond-order approximation is correct. 

APPENDIX B: ANALYTIC FUNCTION THEORY 

If the Taylor series is expanded about a singular point, 
the remainder term will diverge everywhere. If the near- 
est singular point is close to the point of expansion, then 
the region of convergence will be very small with diver- 
gence everywhere else. 

In Property 1, the radius of Bs(vo) is the distance from 
vo to the nearest singular point. A singular point of the 
function V is a point at which V is not analytic. Since 
economic theory can impose strong regularity conditions 
on V, we might suspect that we can exclude singular 
points. But this is not the case. Economic theory cannot 
exclude singular points, even through the strong assump- 
tions that V is continuous, has continuous derivatives of 
all orders, is monotonically increasing, and is strictly 
concave. 

In fact, if we consider only restrictions on V that can 
be defined in terms of real variables, then we cannot 
even define the word "analytic," except in circular fash- 
ion. The circular definition, often found in real variables 
texts, requires a point at which V is analytic to be a point 
about which the Taylor series expansion converges. See 
Buck (1965, p. 128) for details of that "definition," which 
clearly is of no value to a potential user of a Taylor series 
approximation. To define "analytic" we must use com- 
plex analysis. Microeconomic theory uses real analysis, 
functional analysis, topology, group theory, and measure 
theory, but not complex analysis. This fact is no accident. 
Behavioral axioms cannot generate complex variables. 
Hence the behavioral theory on which microeconomics 
is based cannot generate restrictions excluding singular- 
ities. 

The fact that the definition of "analytic" uses complex 
variable theory does not exclude the possibility of the 
existence of a singularity at a real value of v, since in a 
complex space there are complex vectors in every neigh- 
borhood of a real vector. Suppose that v is a real vector 
with n dimensions. Since n-dimensional Euclidean space 
is imbedded in n-dimensional complex space, v also lies 
in n-dimensional complex space, and every neighbor- 
hood of v contains complex vectors. The function V(v) 
is defined to be analytic at v (whether or not complex), 
if V possesses a first derivative, as defined in complex 
analysis, everywhere in some neighborhood of v within 
n-dimensional complex space. In addition, even if V is 
analytic at every real value of the vector, v, the radius of 
Bs(vo) still may be small, since there may be a complex 
vector, Vc, that is near vo. In that case, the radius of 
convergence, 8c, about the real vector, vo, will be the 
distance from vo to Vc. Although Vc itself could never be 
attained in the "real" world, the Taylor series expansion 
of V about vo nevertheless would diverge at any real 
value, vl, which was more than the small distance, 5c, 
from vo. It is important to recognize that in this case 
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there is nothing pathological or identifiably unusual 
about V anywhere in the region of divergence (outside 
of Bs(vo)) or at any point in the real domain of V. 

Unfortunately there is nothing at all unusual about 
the existence of singularities in otherwise well-behaved 
functions. An example of a very large class of functions 

containing singularities is provided by Liouville's theo- 
rem, which states that every nonconstant bounded func- 
tion contains singularities. Included in that class are 

many strictly concave functions. However, the singular- 
ity can occur at infinity. The theorem is named after the 
French mathematician Joseph Liouville (1809-1882), but 

actually is due to Cauchy. 
Examples of well-behaved functions with singularities 

include the function, f, defined in Section 5.1. That 
function has a singularity at the origin, although f has 
continuous derivatives everywhere along the real line. 
Another example is the function g(x) = 1/(1 + x2). The 
function g is defined everywhere on the real line and has 
continuous derivatives of every order everywhere on the 
real line. Nevertheless the Taylor series expansion about 
zero diverges for x outside of the open interval (-1, 1). 
Outside of that interval, the Taylor series can never be 
a good approximation, no matter how high the order of 
the approximation, and can get worse as the order in- 
creases (see Buck 1965, p. 129). There is nothing in real 
variable theory that can explain that convergence prob- 
lem. The explanation in complex variable theory is the 
existence of a singularity at x = i = (-1)1/2, which is a 
distance of 1 from the origin. 

Other examples would include a Taylor series approx- 
imation to V(vt) about vt = 1, when V(vt) is actually 
translog, but the Taylor series is not in the logarithms. 
For example, the expansion could be in the square roots, 
which would generate the generalized Leontief for a 
second-order expansion. Although we have not derived 
the radius of convergence in that case, the radius clearly 
is no greater than one, since an obvious singularity exists 
at the origin. So the expansion must diverge at least at 

every vt such that 1 Vt -- 1 I 1. In fact the points v(0) 
and V(0) are likely to be singular points in general, and 
the lower boundary of the consumer's survival set can be 

expected to produce a large singular region. 
As a result of these problems, Taylor series approxi- 

mations of functions in mathematics are computed 
through the procedure of analytic continuation, by which 

Taylor series expansions about different points are 

pieced together. See, for example, Ahlfors (1966, pp. 
275-290). Through this procedure, all parts of the func- 
tion can usually be kept within the radius of convergence 
of the applicable series. When estimating the parameters 
of a function with data, the spread of the data frequently 
is sufficient to require analytic continuation in order to 
remain within regions of convergence; however, the pro- 
cedure of analytic continuation applies to converged 
series, not to fixed-order approximations. 

Even if all of the data fall within the region of con- 

vergence, Property 1 gives little reason to have confi- 
dence in a Taylor series approximation of fixed prede- 
termined order. Property 1 defines a convergent algo- 

rithm for attaining the approximated function. Use of 
Property 1 requires that the algorithm be iterated, by 
successively adding more terms, until the percentage 
change of the approximated value of the function be- 
tween successive iterations is less than one's predeter- 
mined convergence criterion at every data point. 

APPENDIX C: PROPERTIES OF THE LAURENT 
EXPANSION 

As is true with the Taylor series, the analytic part of 
the Laurent expansion converges on an open disk, I z - 

Zo | < p2, centered at zo. But the principal part itself can 
be viewed as an ordinary power series in (z - zo)-1. 
Hence g2(z) will converge outside of some circle, I z - zo 
= pi, so that g2(z) converges for I z - zo | > p. A common 

region of convergence exists only if pi < p2 and iff(z) is 

analytic in the annulus pi < | z - o < p2. In that case 

(6.1) converges uniformly on that annulus. 
Furthermore, it can be shown conversely that if a 

functionf(z) is analytic within an annulus, pi < I z - zo 
< p2, then f(z) always can be developed in a general 
power series of the form (7.1), and the expansion is 

unique. That converse result, called Laurent's theorem, 
is the result of importance in applications. 

By analogy to the Taylor series case, we know that 
R ()(z) -- 0 as z -- zo within the region z - zo | < pi. But 
recall that g2(z) can be viewed as an ordinary power 
series in z-1. Thus within z - zo > p2 we have that 
R(2)(Z) -. 0 as (z - zo)-1 -- 0 or equivalently as z -> oo. 
Hence R (1 and R (2) vary in opposite directions, with R ( 

rising and R (2) falling as z - zo I increases. 

APPENDIX D: LOCAL FLEXIBILITY OF THE 
MINFLEX LAURENT MODEL 

In this Appendix we show that the minflex Laurent 

specification satisfies Diewert's definition of a locally 
flexible functional form. We do so by proving the follow- 

ing theorem. 

Theorem A.2. Let V*(v) be defined by (8.4). Let V(vo) 
be an arbitrary scalar, let (a V/dv)lv=v,,be an arbitrary n- 
dimensional vector, and let (a2V/avav')v=vI(be an arbi- 

trary n X n matrix. Then for any one value of the vector, 
v, there exist values of the parameters of (8.4) such that 
(5.2), (5.3), and (5.4) are jointly satisfied. 

Proof By (8.4), we have that 

V*(v) = ao + 2 i aivi1/2 + aiivi 

+ a2.jvil/2/2 
(i,j)ES 

(D.1) 2 bVi-1/2V -1/2 
(- s - (ij)eS 

Differentiating twice, we get the following first and 
second partial derivatives for k, m = 1, * * , n. 

dV* a V 
-i/2 2 --1/2 12 a- = akVk akk+ E akjvk- V 

Vk j:jfk 

+ 2 
b2 x- 3/2xj1/2; (D.2) 

j:jfk 
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a 2v* 1 I 
-=: - akV-3/2 

1 2 .v, -3/2 1/2 

Vk2 2V akVk 
V 

OVk2 2 2 j:jok 

3 - 
bkXk 5/2j-1/2; (D.3) 

2 j:j#k 

2V* I a2 V-1/2V -1/2 -bmVk -3/2Vm-3/2 aVOm-' 1 akmVk Vm 1 
a Vka Vm 2 2 

(k m). 

Let v = vo in (D.1), (D.2), (D.3), and (D.4), and 
substitute into (4.2), (4.3), and (4.4) to replace their left 
sides. We now shall solve the resulting system of equa- 
tions for the parameters. 

If (a2V*/dvkdVm)lv=v, is nonnegative, set bkm = 0. 
Otherwise set akm = 0. Then solve the off-diagonal 
equations of (4.4) for the rest of the off-diagonal elements 
of the matrices [akm] and [bkm]. The signs selected for 
those parameters are arbitrary, since each of them is 

always squared. Now solve the equations on the diagonal 
of the matrix of (4.4) for ak(k = 1, * * , n). Next solve 

(4.3) for akk(k = 1, * * , n), and finally solve (4.2) for ao. 
Observe that in the proof we have uniquely set the 

absolute value of every parameter in (D.1). In addition 
we required the ability to set the sign of every parameter 
that is not already squared in (D.1). Hence we would 
lose the local flexibility property of the minflex Laurent 

specification, (D.1), if we were to impose any further 
restrictions on the magnitudes of any of its parameters 
or if we were to restrict the signs (as by squaring) of any 
of the unsquared parameters. Thus minflex Laurent 

possesses the minimality property discussed in Section 
7.3. 

APPENDIX E: GLOBAL THEORETICAL 
REGULARITY CONDITIONS FOR THE FULL 

LAURENT MODEL 
In this Appendix we show that if all of the coefficients 

of the full Laurent specification for V(v) are nonnegative, 
then V(v) satisfies the restrictions on that function im- 

plied by microeconomic theory. In particular, we prove 
the following theorem. 

Theorem A.3. If V(v) takes the form of (8.2) with R(v) 
= 0 for every v > 0, and if ao - 0, a > 0, b > 0, A > 0, 
and B > 0, then V(v) is nondecreasing and concave. 

Proof Let the coefficients of (8.2) all be nonnegative. 
Since w is a decreasing function of v and w is an 

increasing function of v, it follows that V(v) is a nonde- 

creasing function of v. 
The Hessian matrix of the function vi/2v1/2 with i j 

is negative semidefinite for all vi, ji - 0. Hence the 
function is concave. For the same reason, the function 

-vi-1/2vi-1/2 is concave for i j. In both cases, concavity 
when i = j is easily verified from the sign of the second 
derivative. Hence w'Aw and -w'Bw are concave, since 

they are sums of concave functions. 
Both wi and -wi are concave functions of vi. Hence 

2a'w and -2b'w are concave, since they are sums of 
concave functions. Thus V(v) is a sum of concave func- 
tions and thus is concave. 
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