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BIVARIATE ALTERNATIVES TO THE TOBIT MODEL 

Richard BLUNDELL and Costas MEGHIR* 

University Coltege London, London WClE 6BT, UK 

This paper discusses some generalisations of the Tobit model that allow for distinct processes 
determining the censoring rule and the continuous observations. The effect of different behaviou- 
ral assumptions on the econometric model are examined and the alternatives are contrasted. The 
paper concentrates on diagnostic tests for misspecitication that are appropriate in each of our 
examples. These include tests of independence and normality. The empirical illustrations relate to 
household demand for clothing and to married women’s labour supply. The data are drawn from 
the Family Expenditure Survey for 1981. 

1. Introduction 

In this paper we present two broad classes of bivariate models for the 
analysis of individual commodity demand and labour supply behaviour. The 
motivation for this work derives from the studies of Cragg (1971) Deaton and 
Irish (1984). Kay, Keen and Morris (1984), Atkinson, Gomulka and Stern 
(1984) and Blundell, Ham and Meghir (1986) where bivariate models to 
replace the standard univariate Tobit model for data that exhibits censoring at 
zero are developed. The unifying characteristic of both classes of model and 
the reason why we have labelled them ‘bivariate’ is the definition of a separate 
process determining the zero-one discrete behaviour from that determining 
the continuous observations. In each case allowing for these separate processes 
relaxes one of the strong assumptions underlying the standard Tobit model. 

In both the commodity demand and the labour supply model that we 
consider, the zero-one discrete behaviour reflects whether the individual is 
observed to have traded in the market during the survey period. However, in 
the labour supply case hours of work are assumed to measure directly the 
decision variable which enters the utility index of the working individual while 
for commodity demand, purchase infrequency results in expenditures over the 
period under survey which may not reflect actual consumption. This commod- 
ity demand model follows the developments of Kay, Keen and Morris (1984) 
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and Keen (1986) recently generalised by Pudney (1985) and Blundell and 
Meghir (1986b). Indeed, to emphasise the extremes between these two classes 
of bivariate models, we choose a commodity in our first empirical illustration 
for which it is unlikely that any zero expenditures represent a corner solution. 
In the Tobit specification, all zero values taken by the dependent variable 
would correspond to a comer solution. The bivariate model for labour supply 
on the other hand, following Blundell, Ham and Meghir (1986), allows 
individuals reporting zero hours of work to be either at a comer solution or to 
be rationed and consequently off their labour supply curve. This model of 
labour supply stands, therefore, in contrast to our infrequency of purchase 
framework adopted for commodity demand and may be interpreted as a 
‘Double Hurdle’ model along the lines of Cragg (1971) and Atkinson, Gomulka 
and Stern (1984). 

It is possible to write down a model structure nesting both of these bivariate 
specifications and indeed we consider such a model in the theoretical discus- 
sion that follows. However, for our empirical illustrations we adopt an 
infrequency of purchase model for commodity demand and a Double Hurdle 
model for labour supply. Given this choice of bivariate model for each case, 
we consider a set of misspecification tests that are designed to check the 
adequacy of the stochastic structure underlying each model. The majority of 
these tests are based on the Score test or Lagrange Multiplier test methodology 
and follow from the recent work of Bera and Jarque (1982) Chesher and Irish 
(1984) and Gourieroux, Monfort, Renault and Trognon (1984). 

The layout of the paper is as follows. In the next section we describe 
separately the two classes of bivariate models. The properties of the sample 
likelihoods are given in each case and the relevant Score tests for each model 
are discussed. In section 3 an empirical example of each model specification is 
given using individual survey data drawn from the UK Family Expenditure 
Survey. 

2. Statistical models and diagnostic tests 

2. I. The statistical models 

As described in the introduction, the model that has traditionally been used 
to account for censoring in labour supply and commodity demand is the Tobit 
model [see, for example, Layard, Barton and Zabalza (1980) and Tobin 
(1958)]. The underlying assumption in such studies is that the same stochastic 
process determines both the value of continuous observations on the depen- 
dent variable and the discrete switch at zero. That is, a zero realisation for the 
dependent variable represents a corner solution or a negative value for the 
underlying latent dependent variable. For zero observations on expenditures 
(hours of work) the reservation price (wage) is assumed to lie below (above) 
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the corresponding market value. This clearly restricts other quite reasonable 
determinants of zero observations such as infrequency of purchase or misre- 
porting in commodity demand and involuntary or search unemployment in 
labour supply. Such a restriction has been recognised in the past by Atkinson, 
Gomulka and Stem (1984) and Deaton and Irish (1984) who use bivariate 
extensions of the Tobit specification to model alcohol and tobacco expendi- 
tures in survey data. In order to consider these and other possible bivariate 
generalisations we turn first to a brief description of the univariate censored 
normal (Tobit) model. 

Defining y, to be the ith observation on the dependent variable and y; to 
be its corresponding latent value, the Tobit model can be represented by the 
following censoring rule 

Y, = y;* if y,* > 0, 
0) 

= 0 otherwise, 

where the latent dependent variable (y,*) is described by the regression 
equation 

y,* = x, * fi + e;, (2) 

with e, - N(0, u,‘). Given a random sample of H observations on y, and x,, 
the sample log-likelihood corresponding to (1) and (2) may be written 

lOgL= ClOg(l- @(xi’P/ue)) 
0 

+~(-lOgU~+lOgCp((Yi-xi’P)/u~))~ 
L 

(3) 

where c,, and c+ refer to summation over zero and positive observations for 
y, and where @( .) and cp( .) refer to the standard normal cumulative and 
density functions, respectively. 

As Chesher and Irish (1984) and Gourieroux, Monfort, Renault and 
Trognon (1984) among others have pointed out, (3) rests on strong distribu- 
tional assumptions which should be tested if (3) is to be used as a modelling 
framework for individual behaviour. Our contention in this paper is that (3) 
may further restrict behaviour by constraining the probability of a zero 
realisation 1 - @(a) to be directly related to the density for a continuous 
realisation cp( a). As soon as it is recognised that zero observations on the 
dependent variable may be generated through infrequency of purchase for 
expenditures or involuntary or search unemployment for hours of work, then 
(1) is invalid as a description of the censoring process and (3) is invalid as the 



182 R. Blundell and C. Meghir, Bivoriute ulternatives to the Tohit model 

sample log-likelihood function. The bivariate models that we consider provide 
a framework for dealing appropriately with these additional censoring rules. 

By way of direct contrast to the Tobit specification we turn first to a 
particular form for the infrequency of purchase model where zero values for 
the dependent variable cannot be attributed to corner solutions. This is a 
consumer demand model where consumption is always positive but recorded 
expenditures are often zero. An example of this, which we consider in the 
empirical illustration of section 3, is clothing expenditure where consumption 
of services (at least for clothing as a composite commodity) is very rarely zero 
but any survey of limited period will record some zero expenditures due to the 
durability of clothing items and the resulting infrequency of purchase by 
individual consumers. Interestingly, in this type of model the latent dependent 
variable is never directly observed. This arises because a positive expenditure 
will represent a purchase of stock whose services will be consumed over future 
periods typically longer than the period of observation. The infrequency model 
we present can be viewed as a snapshot of the dynamic process determining 
stock accumulation and consumption of services. 

Defining yi to be observed expenditure we have 

where Di is a latent variable describing the decision to purchase (i.e., Dj > 0 if 
and only if yj > 0) and P, is the probability of purchase. If we let yi* represent 
consumption, then assuming E( y,* ) = E( y,) and noting that the second term 
on the right-hand side of (4) is identically zero, allows (4) to be rewritten as 

E(yJD;>O)P,=E(y:). (4’) 

Since P, is less than unity and can be regarded as an individual specific 
depreciation rate, (4’) implies that observed expenditure when positive will, on 
average, exceed the level of services consumed. For some individuals, espe- 
cially those towards the end of their life cycle, the assumption that E( y,*) = 
E(y,) and therefore (4’) may be too strong and for this reason we describe a 
diagnostic test to validate this restriction. In our empirical illustration we also 
exclude all those of retirement age. 

Using (4’) we write the relationship between y, and y,* as 

P,y, = y,* + u, = (x,/3 + e,) + ui, 

where the error term ei may represent optimisation errors and/or preference 
heterogeneity in the Engel curve (2) while ui captures random discrepancies in 
the process linking the observable dependent variable yi with the correspond- 
ing latent variable y*. Both error terms are assumed to have zero mean and 
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constant variance.’ The censoring rule generating y, in any random sample 
may therefore be written 

y,=(y,*+u,)/P, if D,>O, 
(6) 

= 0 otherwise, 

highlighting the difference between the censoring rule (1) for the Tobit model. 
Writing 

D, =z;d+ w,, (7) 

where w, - N(0, 1) so that P, = @(z, * a) completes the specification of (6). The 
independence or otherwise of the composite error term e, + u, with w, is an 
interesting empirical question and we derive an appropriate test for this 
hypothesis later in the paper. Under independence (and defining e, + u, = u,) 
the eq. (5) describing the behaviour of individuals that purchase, may now be 
written as 

@(z,.B)y,=x;fl+u, for y,>O. (5a) 

Under independence the parameters of (5a) can (given adequate variation in 
z,) be recovered by non-linear least squares on a sample with y, > 0, although 
this will not achieve asymptotic efficiency. Indeed, such a procedure does not 
impose the restrictions between @, and the probability that y, > 0. It does not 
therefore rely on the assumption E(y,*) = E( yi) and can be used to check this 
restriction. 

The sample likelihood for this infrequency of purchase model is given by 

logL= Clog(l -@(Z/8)) 
0 

+ ~[-logu,+logcp((~(z,.~)~,-x,~P)/~u) 

where the second log @( -) in the final expression of (8) corresponds to the 
Jacobian term from u, to y, in (5a). As mentioned above, consistent starting 
values for the parameters in (8) can be achieved by a variety of methods. For 

‘It may be more natural to write JJ~ =,v,*/P, + L’, in which case the variance of the error term 
becomes a function of P, and will vary across households. Certainly we may wish to test for 
heteroscedasticity. In the log-linear specification which we present below P, does not enter the 
variance term. 
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8, a Probit among purchases and non-purchases provides a consistent estima- 
tor. Provided the assumption E(y:) = E(y,) is valid, the p parameters can be 
estimated consistently by applying Ordinary Least Squares to the equation 

y, = xi * p + ui, (9) 

over the entire sample including, that is, the zero values for yi [see, for 
example, Keen (1986)]. 

An alternative parameterisation of the infrequency of purchase model that 
leads to some simplification is where the latent dependent variable is specified 
as log consumption,’ replacing (2) by 

log yi* = xi. #f3 + e;. w 

The use of (10) has been avoided mainly due to the presence of zeroes. 
Treating the zeroes as outcomes of a separate purchase process, rather than as 
reflecting zero consumption, this problem is overcome quite simply. Under this 
specification (5) is replaced by 

Yi= b:/~j)exp(~i)~ (11) 

where ui has a mean such that E[exp( ui) ]y:] = 1.3 
For positive expenditures we can replace (5a) by 

10gy,=Xi’p-lOg~(z;‘e) +Ui, (12) 

where ui = ei + vi as in (5a) above. Even under independence, it can be seen 
from (12) that using positive expenditures without adjustment to estimate the 
/3 parameters will give rise to inconsistency of a similar nature to that arising 
when omitting a variable from a regression equation. This occurs despite the 
absence of comer solutions (which cannot anyway be accommodated in this 
loglinear model) and despite the independence assumption. In contrast to the 
levels model (2), there is no simple consistent OLS estimator for /? using the 
whole sample. Asymptotic efficiency is achieved by maximising the pseudo- 

‘The main drawback of this log consumption model is that it cannot be thought of as an 
equation from a complete demand system except under very restrictive assumptions about 
preferences. In the context of a single-equation analysis, however, where no explicit statement is 
made about the structure of the remaining consumption equations, this criticism does not apply. 

3The implications of this formulation is that for consistent slope coefficients, the vector X, in 
(10) must always contain an intercept. This intercept will not be consistently estimated unless v, 
has a degenerate distribution, 
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likelihood function,4 

+ log@(z;.8)]. 03) 

Interestingly, the information matrix is block-diagonal between the parameters 
(p, 0) on the one hand and u,” on the other.5 Thus u,’ can be treated as a 
nuisance parameter and (14) can be written as 

logL=~log(l-Qi(z,~8))-~log~(logy,+log~(z;.e)-xx,‘p)2 
0 + 

+ ~log@(z;8). (14) 

Throughout the derivation of the above likelihoods for the infrequency 
model we have maintained independence, joint normality and homoscedastic- 
ity for the distribution of the errors U, and w,. Although normality of U, is 
unnecessary for the asymptotic properties of the maximum likelihood estima- 
tor, its properties will depend on the validity of the remaining assumptions 
and in section 3 appropriate diagnostic tests for these assumptions will be 
presented. 

As a contrast to these infrequency of purchase models, we turn next to the 
Double Hurdle model in which to observe a positive dependent variable, two 
hurdles must be overcome. The function mapping _yT to y, is 

Y, = y;* if y,*>O and Di>O, 
(15) 

= 0 otherwise, 

‘We use the term ‘pseudo’ here since the asymptotic properties of the MLE is not reliant on the 
normality of the u, distribution. 

‘Estimators derived from the maximisation of the log-likelihoods (13) or (14) are more efficient 
(asymptotically) than either a non-linear least squares estimator or a two-step estimator. A 
non-linear least squares estimator would discard information contained in the zero observations 
while neither of the estimators takes full account of the structure of the information matrix 
between the /3 and 0 parameters. The relevant off-diagonal block of the information matrix is 
given by 

Map = plim( Hm 1 (Z; QX+)/r$), 

where Z, and X, are the data matrices relating to z, in (7) and x, in (lo), respectively, for 
positive observations on y,, where Jz is a diagonal matrix with the ith element of the diagonal 
being equal to (p( z, O)/@( z, ‘0) and where H is the sample size. As Mop is in general non-zero, 
an efficient estimator for 0 is required for efficiency of the p estimator. 
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where y,* may be described by an equation of the form (2) and D, by an 
equation of the form (7). Unlike the infrequency of purchase model, the 
asymptotic properties of the ML estimator require the error distribution in 

both (2) and (7) to be correctly specified. 
This model was originally developed by Cragg (1971) in the context of 

durable demand and has been used subsequently by Atkinson, Gomulka and 
Stern (1984) in the context of demand for alcohol and tobacco and by 
Blundell, Ham and Meghir (1986) in the context of labour supply. The 
probability of a zero observation ( y, = 0) (under independence) is simply 

Pr(y,*<O)+Pr(y,*>O)Pr(D;<O)=l-Pr(y,*>O)Pr(D,>O), 

(16) 

and consequently the sample log-likelihood function takes the form 

logL= Clog(l- @(x;~p/u,)@(z;e)) 
0 

+~[-lOga,+lOgcp((yi-~;P~/~,)+log~(~,~~~l. (17) 

In the absence of exclusion restrictions on z, and xi, continuous observations 
on y, for y,* > 0 are essential for the separate identification of the processes 
(2) and (7). This Double Hurdle model nests the Tobit model and the 
Likelihood Ratio procedure can be used to test for the absence of an 
additional censoring rule. As mentioned above, it is also important to test for 
the normality and independence of the e, and w, distributions. 

Before turning to a discussion of these misspecification tests, it should be 
noted that the likelihood function (17) can be generalised to account for both 
infrequency of purchases and corner solutions.6 The resulting log-likelihood is 

logL= C[-10gu,-10grp((~'(~;~)Y,-~;B)/o,) 
+ 

+21og@‘(r;a) +log@*(z;e)] 

+X(1 - ~1(‘1.“)~*(zi.8)~3(x,.p/u~)), (18) 
0 

where @’ is the probability of observing a purchase, @* is the probability of 
participating in the market, and a3 is the probability that y: > 0. Using (18) 
as a general framework, table 1 presents the various alternative likelihood 
specifications. 

‘Deaton and Irish (1984) show that (17) is observationally equivalent to a model of infrequency 
of purchases with corner solutions whenever z, ‘0 or equivalently @(z, ‘0) is constant. 
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Table 1 

187 

Constraint Model 

@’ = 1 Double hurdle. 

Q2 = 1 

@” = Ifi3 = I 

Tobit with 
infrequency 
of purchase. 

Infrequency 
of purchase. 

Tobit 

Applications 

Labour supply with rationing 
at zero hours of work. 
Alcohol and tobacco 
consumption. 

Durable commodities with 
comer solutions. 

Durable or semi-durable 
commodities without comer 
solutions. 

All zero observations 
represent comer solutions. 

2. Diagnostic tests 

In each of the bivariate models presented in section 2.1 some normality and 
independence assumptions were made. While these may be relatively innocu- 
ous in the context of continuously observed dependent variables, affecting 
only asymptotic efficiency, this is no longer the case when one or both of the 
dependent variables are censored or grouped. On the other hand, even 
independence gives rise to considerable simplification and computational 
efficiency. As we shall see this is particularly true in the case of the frequency 
of purchase model. In this section we shall focus on the independence test and 
start by presenting a score test for independence in the Double Hurdle model 
which can be derived easily using the methodology developed by Gourieroux, 
Monfort, Renault and Trognon (1984). 

In this methodology, the score test is first derived for the latent dependent 
variable model. The score for the observables is then obtained by taking the 
expectation of the latent score conditional on the observables. The resulting 
test statistic is closely related to that derived by Chesher (1986) and consists of 
intercorrelated residual like quantities (generalised residuals). In what follows 
we assume that under the null the error in (2) is normally distributed with zero 
mean and variance u,‘. The error in (7) is similarly assumed to have a standard 
normal distribution. Under the alternative the two errors e, and wi are 
assumed to be joint normal with a variance-covariance matrix 

where r is the correlation coefficient between the two errors. Given these 



188 R. Blundell and C. Meghir, Bivariate alternatives to the Tohit model 

definitions we can rewrite the system (2) and (7) as 

where x,/3 + ru,wi = E(y,* ID,). For the latent variable model the score for 7, 
under the null’ hypothesis of independence, is S, = (l/a,)e,w,. The average 
score evaluated at the maximum likelihood estimates under the null is then 
just the sample correlation coefficient of the residuals. 

To derive the score for the observables we take the conditional expectation 
of S,. Under independence this expectation factorises to 

E(S,ly,, Di> =u,‘[~,E(e,lyj=y,*)E(w;lDi>O) 

+ (1 - a,)E(eiwilY, <Oory*>Oand D;<O)], (19) 

where 8, = 1 if y, > 0 and 0 otherwise. Noting that E(e,ly, = y;“) = e, and that 
E(w,lD, > 0) = cp(z;B)/@(z,.8), we have 

So=E(e,w,ly,*<OoryP>Oand Di<O) 

= -u,~~(x,.~/u,)(P(z,.~)/(~ - @(xj.P/u,)@(zj.e)), (2Oa) 

Si+= (e,/u,)cp(z;e)/~(zi.e), (2Ob) 

where Sjo and S+ are the scores (evaluated under independence) for the zero 
and the positive observations on yi, respectively. Noting that the probability 
of observing a zero in the Double Hurdle model is 

Pr( y, = 0) = Pr( y,* >O,Di<O)+Pr(yj*<O,D,>O) 

+ Pr( yi* < 0, Di < 0) 

=p;+p,2+p,3, (21) 

it can be seen that the score So, corresponding to a zero observation on y,, is 
the weighted sum of the scores corresponding to each of the above compo- 

‘Under the alternative the score is ~/(l - TV) - T(e, - ~o,w,)~/(a,(l - T~))~ + w,(e, - 

TUer”, ,A%(1 - T2)). 
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nents. That is 

~,O=E(e;w~ly:>O, D,<O)&‘/Pr(_v,=O) 

+ E( e,w,ly,* < 0, D, > 0)P12/Pr(y, = 0) 

+E(e,w,(y!* ~0, Di<O)P,3/Pr(y,=0), (22) 

which although not simply a product of generalised residuals, is a weighted 
average of such products. 

The relatively simple structure of the Double Hurdle likelihood function 
under dependence allows the straightforward computation of Likelihood Ratio 
and Wald test. Indeed, the log-likelihood derivative (score) for 7, used in the 

maximisation of the likelihood function under dependence, is 

d log L,/aT = (cp,/@;) . (eJtee(l - r2)l”) 

+ 7(z;B+ r(e,/u,))/(l - T’)~‘~), (23) 

for y, > 0, while for y, = 0 it takes the form 

a i0g L,/aT = - u,f (x, . P, Z, .8)/(1 - Pr( y,* > 0, Dj > O)), (24) 

where cp, and Qi, are each evaluated at (z$ + r(e,/u,))/(l - 7’)112 and where 
f (xi ’ /3, zi. 8) is the bivariate normal density function with covariance matrix 
2, and evaluated at x, . fi and z,. 8. In practice only the evaluation of 
cumulative normal distributions and simple univariate integration over a 
function of the standard normal distribution is required for the computation 
of the log-likelihood and its first-order derivatives. Consequently optimisation 
under the alternative, although quite costly in terms of computer time relative 
to the Double Hurdle under independence, does not pose serious computa- 
tional problems. 

The relative simplicity of the independence test and estimation under 
dependence ‘disappears when considering the infrequency of purchase models. 
The additional complications which arise in the infrequency of purchase 
model occur because dependence operates through the structure of the map- 
ping from the latent dependent variable to the observable one. Thus for model 
(5) with ui = 0 the relationship between observed expenditures and latent 
consumption is described by 

y, = v,*/Pr( D, > Ol_~y) for .Y, > 0, (25) 

J.Econ -G 
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giving rise to a Jacobian (dyP/dy;) of the form 

@* 

J = 1 - cp,y;r/( a,(1 - r2)1’2) ’ 
(26) 

where 0, and qp, are each evaluated at (zi. 8 + r(u,/a,))/(l - T’)‘/‘, u, now 
being equal to the error term e,. Under independence (26) becomes @( zi. 8) as 
reflected in the likelihood function (8). In the log model (10) the Jacobian 
under independence is unity, yet under the alternative it is given by 

1 

J, = 1 - rq,/( @$ru(l - r2)1’2) ’ 
(27) 

where ‘p, and @, are each evaluated at (z, .O+ (~/u~))/(l - r2)1’2. 
In either of the infrequency models described above, the methodology 

applied to the derivation of the score test for independence in the Double 
Hurdle model cannot be used to derive all the components of the score test. 
Additional factors will appear due to the Jacobian terms in (26) and (27). 
Moreover, the solution to (25) for y,* is defined implicitly as 

y*=y*(y,,z;8,7,6,) for y;:i>O (28) 

[under independence (28) becomes ,v,* = y,Pr( D, > 0) = y,@( z, . d)]. Thus for 
the levels model the log-likelihood under dependence takes the form 

log L = Clog(l - @(z#)) 
0 

+~[logJ,+W(( z, . 8 + T( u,/o,))/(l - T2y2) 

-lw,+bw((Yl*(Y,? z;.KvJJ -X,P)/%)], (29) 

where .J, is defined by (26). 
The resulting score for the correlation coefficient r evaluated under the null 

hypothesis of independence is identically zero for y, = 0 and for y, > 0 takes 
the form 

(30) 

For the log specification the alternative log-likelihood also takes the form (29) 
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but with J, being defined by (27) and y:, replaced by log yy, defined 
implicitly by 

logy,=logy,,*-log@(( z, .8 + T( U,/O,))/(l - 72)1’2), (31) 

where U, is given in (13). The resulting score is again identically zero for 
y, = 0, while for y, > 0 it is 

K+= (~,/U,)‘p(Z,.B)/~(Z,.8) 

(32) 

Comparing this expression with the corresponding score (20b) the Double 
Hurdle model, identifies some common and some additional components. The 
additional terms in (32) originate from the dependence of the Jacobian on 7 in 
the infrequency of purchase model. 

A further diagnostic test that we consider relates to the structure of the 
likelihood function (14). There, the depreciation rate entering eq. (13) as @,( .) 

is assumed to be the same as the probability of observing a purchase. An 
alternative likelihood function can be formulated where such a restriction is 

not imposed. This takes the form 

logL=~log(l-@(Z,~8))+~log@(z,~e) 
0 + 

The parameters B in (14’) can be estimated by maximising the Probit likeli- 
hood function [the first two terms in (14’)] while 8*, p and a, can be 
consistently estimated by maximising the third term. This latter maximisation 
can be achieved by standard nonlinear least squares on (13). The test we 
propose is a likelihood ratio test comparing (14’) and the restricted likelihood 
(14). This test can also be viewed as a Hausman (1978) test. 

In addition to the above we test for normality and homoscedasticity of both 
errors in the Double Hurdle model and of the error in the binary censor (7) for 
the frequency of purchase model. The normality tests are based on the Bera 
and Jarque (1982) methodology which together with the homoscedasticity test 
can be regarded as components of White’s Information Matrix test [White 
(1982)]. It should be noted that additional components will enter the scores on 
which these tests are based in the presence of a non-unitary Jacobian. This 
makes their derivation slightly more involved since the methodology based on 
conditional expectations of the latent scores cannot be directly employed. 
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Computation of Score test statistics in the empirical illustrations that follow 
uses the simple HR* formulation following Chesher (1983). 

3. Empirical results 

3.1. Overview 

The empirical illustrations that we report in this section refer to a sample of 
married couples drawn from the 1981 Family Expenditure Survey for the UK. 
Details of the sample selection and summary statistics are provided in the 
data appendix at the end of this paper. The first illustration refers to the 
clothing expenditures by these households over the two-week survey period 
during which they keep detailed diary records. Precise details of the model 
specification are to be found in Blundell and Meghir (1986b). The second 
illustration refers to the hours of work by married women. For the purposes of 
this empirical example we use a simple linear labour supply model and the 
results should be contrasted with the more general specification adopted in 
Blundell, Ham and Meghir (1986) where further details of the model specifica- 
tion and interpretation can be found. These applications provide an ideal 
setting for the two classes of bivariate models described above since we might 
expect zero clothing expenditures to reflect infrequency of purchase while the 
simple Tobit model may not provide a suitable explanation of married 
women’s hours of work and participation. 

3.2. An infrequency of purchase model for clothing consumption 

As described above, clothing expenditures by households recorded in a 
survey of limited duration would seem one of the most appropriate commodity 
groupings for illustrating the infrequency of purchase model developed in 
section 2. The consumption of services from clothing by households must (by 
casual observation!) be positive. However, even after aggregating across all 
clothing expenditures in a household, some zero expenditures are still likely. 
For example, in the survey we use, around 12% of the sample record zero 
aggregate clothing expenditures. A simple description of the distribution of 
clothing expenditures is provided in the data appendix. 

Since the Engel curve, seen as an income-consumption equation, can be 
thought of as a reduced form from a set of structural relationships describing 
all household expenditure, savings and even labour market decisions, a variety 
of economic and demographic variables can be expected to enter the de- 
termination of consumption. The probability of purchase, on the other hand, 
may depend more directly on variables that determine the relative time and 
money costs of purchase as well as many more general economic and demo- 
graphic factors. 
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Table 2 
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Engel curve estimates and diagnostics testsa 

Variable Parameter estimate Standard error 

Intercept 

"1 

"2 

n3 

Ifi4ge 

Ed 
Male employed 
LOiI 

lo& m ) 
log2(m) 
log(m). n1 
fog(m)-n2 
log(m).n, 
fog(m).n, 
log(m).Age 

log( m ) log( w, ) 
lo&w,) 
logl(w,) 

zg L 

1.187 
0.882 

- 0.570 
- 1.215 

0.391 
- 0.027 

0.001 
0.064 
0.197 

- 0.823 
0.170 

-0.185 
0.176 
0.254 

-0.018 
0.005 

- 0.690 
3.183 
0.286 
1.302 

- 3125.04 

2.172 
0.837 
0.901 
0.440 
0.471 
0.038 
0.022 
0.207 
0.131 
0.547 
0.042 
0.171 
0.187 
0.089 
0.093 
0.008 
0.228 
0.962 
1.527 
0.024 

Heteroscedasticity (5) 10.84 Independence (1) 1.974 

“Each test is asymptotically central x2 under the null (degrees of freedom in parentheses). 

There have been a number of previous attempts to model expenditures in 
the Family Expenditure Survey including those of Atkinson, Gomulka and 
Stern (1984), Deaton and Irish (1984) and Kay, Keen and Morris (1984) which 
concern themselves with the occurrence of zero expenditures directly and those 
of Atkinson and Stem (1980), Blundell and Walker (1982) and Meghir (1985) 
which were more concerned with the appropriate specification of consumer 
preferences. From these studies it is apparent that family size and age 
variables should be carefully specified and that both income and hourly wage 
variables may be important determinants of consumption. In addition to these 
variables we enter education and labour market variables that can be expected 
to influence the level of consumption and the degree of ‘stocking-up’ through 
current or future income expectations. 

The maximum likelihood parameter estimates for the log specification (9) of 
the Engel curve are presented with standard errors in table 2. A glossary of 
variable definitions is provided in the data appendix. Clearly, this model is 
overparameterised and we have not attempted to delete insignificant variables 
in this illustration. Briefly, the older child group rr3 has a significant coefficient 
both on its own and when interacted with the log income variable. Similarly, 
the hourly wage rate enters significantly both on its own and when interacted 
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Table 3 

Parameter estimates for purchase probability.a 

Variable Parameter estimate Standard error 

Intercept 0.025 2.623 
Quarter 1 - 0.073 0.215 
Quarter 2 - 0.108 0.120 
Quarter 3 0.093 0.129 
D, 0.147 0.322 
D, 0.841 0.415 
D, ~ 0.141 0.206 
Age 0.037 0.034 
Ed - 0.009 0.025 
Loll - 0.399 0.130 
Male emplqved 0.589 0.218 
log( m ) - 0.202 1.071 
log( m )* 0.069 0.119 
log(m). nl 0.023 0.055 
1og(m).n2 -0.134 0.089 
log(m).n, 0.041 0.027 
log(m). n4 0.046 0.013 
log(m) Age - 0.008 0.007 
log( m )log( w, ) - 0.273 0.291 
1og( w,, ) 1.350 1.207 
1og2(w,,) 0.093 0.244 

Skewness (1) 3.02 Kurtosis (1) 2.71 Non-normality (2) 3.08 
- 

“Each test is asymptotically central x2 under the null (degrees of freedom in parentheses). 

with income as does the log income squared term. The overall properties of 
this model of consumption seem reasonable. Both the heteroscedasticity and 
independence test are relatively acceptable. 

The frequency of purchase probability whose estimated parameters are 
presented in table 3 have equally plausible properties although again the 
standard errors are rather large and the model appears overparameterised. In 
summary, the bivariate infrequency of purchase model with independence 
appears to provide a reasonable description of clothing expenditure in this 
sample. However, to avoid complacency it should be noted that the test 
discussed at the end of section 2 takes a value 46.38 which rejects the 
restriction equating the probability of purchase and the depreciation rate. In 
direct contrast to this bivariate model, we turn next to an illustration of the 
Double Hurdle model. 

3.3. A Double Hurdle model of labour suppry 

The empirical results presented in this application refer to the hours of work 
of married women in our sample. For the purposes of this illustration, we use 
a simple linear labour supply model where the wage rate is adjusted to take 
account of the tax and benefit system and where wages for non-working 
women are predicted from a reduced form wage equation. An application to a 
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Variable 

Table 4 

Tobit estimates of labour supply.” 

Parameter 
Standard 

error Variable Parameter 
Standard 

error 

64.67 
~ 0.65 
- 0.404 

- 32.98 
- 23.08 

- 8.57 
-0.22 

1.72 
- 23.62 

6.31 
4.38 
0.58 
0.67 
0.21 
0.63 

11.79 
0.16 
0.52 
4.16 
3.71 
2.01 
2.15 
0.60 
7.07 
2.19 
1.62 
1.23 
1.46 
0.11 
0.27 

log L - 5466.82 Non-normality (2) 53.57 
Skewness (1) 0.45 Heteroscedasticity (4) 97.34 
Kurtosis (1) 13.29 Joint (6) 214.35 

P 

P? 
PH2 

!Jn3 

w4 

p X Age X 100 
pxEdX100 

De, 

0.48 0.12 
0.038 0.05 
0.017 0.051 
0.06 0.02 
0.017 0.016 
0.18 0.14 
0.82 0.58 

18.63 0.43 

“Each test is asymptotically central xL under the null (degrees of freedom in parentheses). 

more flexible labour supply model with a detailed description and interpreta- 
tion of the model and its properties is presented in Blundell, Ham and Meghir 
(1986). In this bivariate generalisation of the Tobit model, eq. (2) represents 
the hours of work equation and eq. (7) the latent variable equation determin- 
ing the employment probability. In table 4 we report the parameter estimates 
for the Tobit model and in table 5 those for the corresponding Double Hurdle 
model. A glossary of the abbreviations and definitions used is given in the data 

appendix. 
Even for this simple illustration a comparison of the Tobit labour supply 

parameter estimates with the corresponding estimates from the Double Hurdle 
model reveals significant differences. As the Double Hurdle model nests the 
Tobit model, a formal test is possible. The Likelihood Ratio test is 1254.4 
which, when compared to any reasonable x2(22) critical level, overwhelmingly 
rejects the Tobit model. The misspecification arising from omitting the first 
hurdle is also reflected in the non-normality diagnostics. These show a 
considerable reduction for the Double Hurdle model of labour supply despite 
the fact that the linear specification may not be a satisfactory representation of 
preferences. The independence tests are also relatively small and indeed LM 
test would accept independence. 

The parameters of the employment probability index, presented in the lower 
part of table 5, display the same broad characteristics as those reported in 
Blundell, Ham and Meghir (1986). For example, the unemployment by age 
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Table 5 

The estimated Double Hurdle model. 

Variable 
Standard 

error Variable Parameter 
Standard 

error 

64.84 7.27 
-0.37 0.10 
- 0.98 0.35 

- 11.25 2.93 
- 8.27 2.52 
-4.26 1.25 

0.94 1.37 
1.27 0.43 

- 18.26 4.40 
1.06 1.40 
2.60 1.02 

- 2.02 0.74 
-1.00 0.88 

0.07 0.07 
0.72 0.17 

log L - 4839.61 
Skewness (1) 4.77 
Kurtosis (1) 2.33 

Independence (1) LM 2.224 

Intercept 

Age 
Ed 

n1 

n2 

n3 

n4 

W”Z 

w/ 

w/n, 

w/n2 

w,fn3 

w/n4 

w, X Age 
w/x Ed 

P 

Pnl 

v2 

w3 

m 

pXAgeX100 
nxEdx100 

e< 

- 0.41 0.09 
0.064 0.04 

- 0.07 0.034 
0.03 0.014 

- 0.001 0.011 
0.14 0.09 
1.62 0.45 

10.20 0.23 

Non-normality (2) 
Heteroscedasticity (4) 
Joint (6) 

LR 2.04 Wald 2.074 

5.81 
72.20 
87.54 

Employment probability parameters 

Variable 

Intercept 
Ed 

Age 
unr 
una 
uni 
Or 

rr 
vi 

;I 
D;* * 
unr( m) 
manual(m) 
services(m) 
vi(m) 
n’(m) 

w/ 
w”, 
CL 
manuul 
services 

Parameter estimate Standard error 

3.804 0.818 
- 0.028 0.029 
- 0.021 0.007 
- 0.025 0.023 
- 0.052 0.021 
-0.375 0.021 
- 0.033 0.094 

0.001 0.022 
0.957 0.070 
0.012 0.003 

- 1.375 0.149 
- 0.264 0.121 

0.022 0.016 
-0.110 0.111 

0.118 0.279 
- 0.006 0.040 
- 0.002 0.003 

0.073 0.052 
0.027 0.036 

- 0.012 0.001 
- 0.644 0.152 
- 5.535 0.394 

Skewness (1) 74.69 Kurtosis (1) 17.72 Non-normality (2) 78.08 
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and industry variables have a significant negative impact on the estimated 
probability. However, the size of the non-normality diagnostics, despite the 
overall plausibility of the parameter estimates, suggests there is room for 
further improvement in the specification of this model. 

4. Summary and conclusions 

This paper discusses two classes of bivariate limited dependent variable 
models which may be used as alternatives to the Tobit model in the analysis of 
household consumption and labour supply behaviour. In each model, the 
assumption of independence between the two stochastic processes can simplify 
computation significantly but, if incorrect, will lead to inconsistent parameter 
estimates. We develop tests for this assumption in the two classes of models: 

the Double Hurdle and infrequency of purchase models. Two simple empirical 
applications are provided for each, using labour supply to illustrate the 
Double Hurdle model and clothing expenditure to illustrate the infrequency of 
purchase model. The data were drawn from the UK Family Expenditure 
Survey of 1981. 

In the standard Tobit specification, zero values of the dependent variable 
can be thought of as generated solely from a corner solution. The infrequency 
of purchase model provides a separate family of alternative models where zero 
values occur due to ‘durability’ of a commodity in comparison to the duration 
of the survey period from which the expenditure observations are drawn. The 
Double Hurdle model, on the other hand, simply generalises the Tobit model 
by introducing an additional hurdle, which must be passed for positive 
observations to be observed. Both models can, of course, be combined into a 
general framework but it is often the case that one of these bivariate alterna- 
tives to the Tobit model is sufficient to capture the properties of the data 
under analysis. The question remaining once one of these broad specifications 
has been chosen, relates to the feasibility of estimation and the provision of 
diagnostic tests for some of the underlying distributional assumptions. Both of 
these points are tackled in some detail in this paper and suggest the potential 
usefulness of applications of these models and tests to other data sets and 
preference specifications. 

Data appendix 

The data for both empirical studies was drawn from the UK Family 
Expenditure Survey 1981. The following sample selection was applied: 

(a) Occupation of workers: Clerical, shop assistants, manual workers (skilled, 
semiskilled and unskilled), i.e., FES variable A210 with value, 4, 5, 6, 7, 8. 

(b) Age of adults: Women with 16 <Age < 60, men with 16 < Age < 65. 
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(c) Two-adult households with the two adults being a couple: The resulting 
sample size was 1809. 

A.1. Glossary of variable dejinitions and abbreviations 

“1 

n2 

n3 

n4 

D, 
Q 
D3 

D2* 
04 

: number of children < 2 years of age, 
: number of children 2 2 and < 5, 
: number of children 2 5 and < 11, 
: number of children 2 11, 
: = 1 if n, > 0, = 0 otherwise, 
: =l if n,>Oand n,=O, =Ootherwise, 
: =lif n,>Oand n,=n,=O, =Ootherwise, 
: = 1 if D, or D, = 1, = 0 otherwise, 
: =lif n,>Oand n,=n,=n,=O, =Ootherwise, 
: = 1 if D, or D, or D, = 1, 0 otherwise, 
: age of wife, 

Ed : age of wife at leaving education, 
Male employed : = 1 if husband employed, 
m : net disposable household income, 

w, : net hourly wage of husband, 

w/ : net hourly wage of wife, 

P : other income plus husbands net earned income, 
unr : unemployment rate by region, 
una : female unemployment rate by age, 
uni : unemployment rate by (female) industry, 
vr : vacancies registered by region/lOOO, 
rr : redundancies registered by region/lOOO, 
vr : vacancies registered by industry (female)/lOOO, 
ri : redundancies registered by industry (female)/lOOO, 
Lon : = 1 if resident in London, 
Sth : = 1 if resident in South outside London, 
Manual : = 1 if occupation is manual (female) 

The variables followed by (m) in table 5 refer to the equivalent variable for 
the husband. 

A.2. Data analysis 

Variable Mean Standard derivation 
Clothing expenditure (annual f’s) 491.879 665.903 
Total expenditure (annual E’s) 3692.150 1883.550 
n1 0.230 0.497 
n2 0.135 0.362 
n3 0.485 0.763 
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n4 0.440 0.763 

W, 2.085 0.980 

Age 36.264 10.970 
Ed 15.412 1.930 
Male employed 0.934 0.250 

log(m) 4.946 0.530 
Female hours (workers only) 25.451 11.591 

I” 39.292 34.682 

wf (workers only) 1.305 0.603 

A.3. Expenditure frequencies (annualisedJigures in sterling) 

Clothing 
Expenditure 
0 
0.01 and less than 10 
10.01 and less than 20 
20.01 and less than 50 
50.01 and less than 100 
100.01 and less than 150 
150.01 and less than 300 
300 and above 

Cumulated percentage 
11.9 
14.2 
16.9 
22.7 
29.0 
35.2 
51.8 

100.0 

References 

Amemiya, T., 1973, Regression analysis when the dependent variable is a truncated normal, 
Econometrica 41, 1193-1205. 

Atkinson, A.B. and N. Stem, 1980, On the switch from direct to indirect taxation, Journal of 
Public Economics 14, 195-224. 

Atkinson, A.B., J. Gomulka and N. Stem, 1984, Household expenditure on tobacco 1970-1980, 
ESRC programme on taxation, incentives and the distribution of income, Discussion paper 57 
(London School of Economics, London). 

Bera, A.K. and C.M. Jarque, 1982, Efficient specification tests for limited dependent variable 
models, Economics Letters 9, 153-160. 

Bera, A.K., CM. Jarque and L.F. Lee, 1984, Testing for the normality assumption in limited 
dependent variable models, International Economic Review 25, 563-578. 

Blundell, R.W. and C. Meghir, 1986a, Selection criteria for a microeconometric model of labour 
supply, Journal of Applied Econometrics 1, 55-80. 

Blundell, R.W. and C. Meghir, 1986b, Engel curve estimation with individual data, UCL 
economics discussion paper 86-05. 

Blundell, R.W., J. Ham and C. Meghir, 1986, Unemployment, and female labour supply, UCL 
economics discussion paper, forthcoming in the Economic Journal. 

Chesher, A., 1983, Computing score test statistics: An expository note, Mimeo. (University of 
Bristol, Bristol). 

Chesher, A., 1984, Testing for neglected heterogeneity, Econometrica 52, 865-872. 
Chesher, A., 1986, Score tests for zero covariances in recursive linear models for grouped or 

censored data, Journal of Econometrics 28. 291-306. 
Chesher, A. and M. Irish, 1984, Residuals and diagnostics for probit, Tobit and related models, 

Economics discussion paper (University of Bristol, Bristol); see also this issue. 



200 R. Biundell and C. Meghir, Bivuriare alternatives to the Tohit model 

Cragg, J.G., 1971, Some statistical models for limited dependent variables with applications to the 
demand for durable goods, Econometrica 39, 829-844. 

Deaton, A.S. and M. Irish, 1984, Statistical models for zero expenditures in household budgets, 
Journal of Public Economics 23, 59-80. 

Gourieroux, C., A. Monfort, E. Renault and A. Trognon, 1984, Residus generali& ou interpreta- 
tions lineaires de l’econometrie non lineaire, INSEE document de travail 8410, April; see 
‘Generalized residuals’ in this issue. 

Hausman, J.A., 1978, Specification tests in econometrics, Econometrica 46, 1251-1272. 
Heckman, J.J., 1974, Shadow prices, market wages and labour supply, Econometrica 42, 679-694. 
Kay, J.A., M.J. Keen and C.N. Morris, 1984, Estimating consumption from expenditure data, 

Journal of Public Economics 23,169-182. 
Keen, M.J., 1986, Zero expenditures and the estimation of Engel curves, Journal of Applied 

Econometrics 1,277-286. 
Layard, R., M. Barton and A. Zabalza, 1980, Married women’s participation and hours, Economica 

47, 51-72. 
Meghir, C., 1985, The specification of labour supply models and their use for the simulation of tax 

and benefit reforms, Ph.D. thesis (University of Manchester, Manchester). 
Pudney, S.E., 1985, Frequency of purchase and Engel curve estimation, Mimeo., Aug. (London 

School of Economics, London). 
Smith, R.J., 1986, Testing the -normality assumption in multivariate simultaneous limited depen- 

dent variable models, Journal of Econometrics, this issue. 
Stem, N., 1986, On the specification of labour supply functions, in: R.W. Blundell and I. Walker, 

eds., Unemployment, search and labour supply (Cambridge University Press, Cambridge). 
Tobin, J., 1958, Estimation of relationships for limited dependent variables, Econometrica 26, 

24-36. 
White, II., 1982, Maximum likelihood estimation of misspecitied models, Econometrica 50, 1-25. 


