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AN ANALYTICAL SOLUTION TO QUICK-RESPONSE COLLISION 
AVOIDANCE MANEUVERS IN LOW EARTH ORBIT 

Jason A. Reiter* and David B. Spencer† 

Collision avoidance maneuvers to prevent orbital collisions between two cata-

logued objects are typically planned multiple days in advance. If the warning 

time is decreased to less than half-an-orbit in advance, the problem becomes 

more complex. Typically, the burn (assumed to be impulsive) would be placed 

at perigee or apogee and oriented in the direction that allows for a fuel-optimal 

maneuver to be performed well before the predicted collision. Instead, for quick-

response scenarios, finite burn propagation was applied to determine the thrust 

duration and direction required to reach a desired minimum collision probabil-

ity. Determining the thrust time and direction for a wide range of orbits and 

spacecraft properties resulted in a semi-analytical solution to the collision avoid-

ance problem anywhere in Low Earth Orbit. The speed at which this method can 

be applied makes it valuable when minimal time is available to perform such a 

maneuver. 

INTRODUCTION 

In typical debris collision avoidance scenarios, the optimal maneuver is first determined by 

analyzing the encounter region where the two objects are predicted to collide. In situations where 

both the primary and secondary bodies can be tracked, their positions and velocities are deter-

mined to within their associated errors within the corresponding position covariance ellipsoids. 

Though not necessary for most cases with almost-circular orbits, the covariance ellipsoids may be 

oriented for which the velocities are not perfectly aligned with their major principal axes. At the 

predicted time of collision, the covariance data is used to determine a maximum probability of 

collision and miss distance for the encounter. For any collision avoidance scenario, the goal is to 

reach a desired separation distance between the two objects at the predicted time of collision by 

performing a fuel-optimal maneuver.1,2 

 One main factor driving the planning of the maneuver is the starting and desired orientation 

of the primary object. Depending on the current operating conditions, the spacecraft may be 

pointed in a certain direction to best utilize its solar panels, scientific equipment, or other direc-

tional hardware. Time must be allotted to re-orient the spacecraft so that the main thrusters are 

pointed in the desired thrust direction to perform the maneuver. Additional time will be allotted to 

ensure that the thrust is applied at apogee or perigee, the most efficient locations in orbit to 
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change the energy of the object. With these in mind, a maneuver is planned (assuming an impul-

sive burn) to reach the desired separation distance at the predicted time of collision with the least 

amount of fuel. These maneuvers can take hours, if not days, to plan and optimize.3 

Unfortunately, with the uncertainty in the position of any two objects and the inability to track 

objects smaller than 10 cm in diameter, not all collisions can be avoided.4 Debris from such a col-

lision or other debris-creating events could put other satellites on collision courses with the new-

ly-created debris with minimal time until the collision (possibly even less than half-an-orbit in 

duration). Currently, minimal previous work exists in avoiding collisions with such a small noti-

fication time.  

When planning avoidance maneuvers for collisions between two catalogued objects, covari-

ance data is often known for both objects. However, when the secondary object is newly-created, 

less opportunity exists to determine similar characteristics. Therefore, in scenarios with minimal 

time-to-collision, the secondary object must be considered as only a point mass and the probabil-

ity must be determined with the information known about the primary object (its covariance as-

sumed to be oriented in the direction of the velocity vector). In addition, no time is available to 

rotate the spacecraft to a more desirable orientation, so the thrust is assumed to be applied in the 

original orientation, and the thrust magnitude must be chosen as such. 

Collision avoidance maneuvers with less than half-an-orbit to both plan and execute involve 

additional complexities not found in typical advanced notification avoidance maneuvers due to 

the limited time available. For instance, finite burn analysis must be applied instead of assuming 

an impulsive burn maneuver. The limited time available also leads to complexity in choosing 

both an optimal thrusting direction and location, which will both be covered in detail later. Work-

ing under these assumptions, a numerical solution can be determined for a fuel-optimal avoidance 

maneuver. 

It is the analysis of the optimal thrusting direction, however, that lead to the discovery of a 

semi-analytical solution to the problem. Assuming that the spacecraft of interest is in Low Earth 

Orbit, a semi-analytical solution to the fuel-optimal collision avoidance maneuver is solved. This 

is accomplished by minimizing the finite burn time to reach the minimum separation distance at 

the time of closest approach for a given spacecraft location, thrust magnitude (assumed to be con-

stant), thrust direction, and remaining time until the collision (time-to-collision). Once a relation-

ship between the optimal thrusting duration and the desired separation distance at the time of 

closest approach is found, the separation distance can be converted into a desired minimum colli-

sion probability (assuming a high velocity encounter), resulting in a single relationship between 

the spacecraft parameters and the required time spent thrusting to reach the desired minimum col-

lision probability. 

METHODOLOGY 

A numerical solution can be found by optimizing the thrusting direction and location that re-

sult in the lowest amount of fuel (and, thus, thrust duration) to reach the desired separation dis-

tance or maximum collision probability. The optimization of the quick-response collision avoid-

ance maneuver relies on the complexities that arise from applying finite burn analysis while 

choosing burn locations and directions uncharacteristic of long-duration maneuvers. With these in 

mind the numerical solution can be transformed into a semi-analytical solution to the problem. 

Numerical Method Parameters 

First, a numerical solution must be found. This relies on the optimization of three parameters: 

thrust location, coast location, and thrust direction.  
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Thrust Location. A primary complexity that arises from these minimal time-to-collision ma-

neuvers is the optimal location of the burn. When a longer time is allotted for the avoidance ma-

neuver, the burn will typically be placed at perigee or apogee, the most effective locations in an 

elliptical orbit to perform a maneuver.5 However, when less time than half-an-orbit is available to 

perform the maneuver, thrusting at perigee or apogee may not be an option, so a less optimal 

thrust location may be necessary. This results, unfortunately, in a greater ΔV and, thus, a longer 

thrust duration to complete the maneuver.  

To determine an optimal location to perform the maneuver, a “wait time” parameter is applied. 

If the required thrust duration is less than the available time to perform the maneuver, then some 

flexibility is allowed in where thrust is applied. To lower the time spent thrusting, the “wait time” 

is placed at the beginning of the maneuver to ensure that the majority of the thrusting occurs at 

the most efficient point in the remaining orbit arc before the collision was predicted to occur. If 

perigee or apogee are between the notification epoch and the predicted collision location, then the 

“wait time” is applied such that the maneuver is centered around this optimal location. 

Coast Location. Once the beginning of the thrust location is chosen based on the “wait time”, 

a second non-thrusting coast period can be added after the burn occurs. If, after applying the 

“wait time”, thrusting the remaining time-to-collision causes the spacecraft to exceed the desired 

minimum separation distance, then a coast phase can be applied after the burn to decrease the 

separation distance at the collision location. The coast location is chosen such that the combined 

time of the thrust duration and the two coast periods results in the spacecraft reaching exactly the 

desired separation distance at the predicted collision location. 

Thrust Direction. The third optimization parameter is the direction that the thrust is applied. 

Luckily, the complexity of optimizing the thrust direction becomes a simplification in this case. 

The angles, α and β, are the in-plane (α) and out-of-plane (β) thrusting angles in the body-fixed 

RCN (radial-circumferential-normal) reference frame. This reference is such that the radial com-

ponent is aligned with the radial unit vector positive in the zenith direction, the normal compo-

nent is aligned with the osculating angular momentum vector positive in the direction of the cross 

product  and the circumferential component is normal to the radius vector in the orbital plane 

and completes the right-handed triad of unit vectors, as seen in Figure 1. 

 

Figure 1. Left: RCN reference frame with respect to the Central-Body-Centered inertial reference 

frame (IJK). 

Right: α and β thrust angles with respect to the RCN reference frame.  
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With the thrust location known, the optimal in-plane and out-of-plane angles can be chosen to 

minimize the duration of the burn. Considering all possible thrust locations, spacecraft parame-

ters, and orbit orientations in Low Earth Orbit, an optimal burn direction was chosen for each 

maneuver which required the least amount of time spent thrusting (see Figure 2). It turns out that, 

when the thrust duration is shorter than about 90 minutes (about the time to complete one orbit in 

LEO), the optimal thrust duration is always radial (90° from the velocity vector) in the in-plane 

axis (α) and along the velocity vector direction in the out-of-plane axis (β). This simplification, 

assuming a radial thrusting direction going forward, is what allows for the analytical solution to 

be formed. 

 

 

Figure 2. Optimal In-Plane and Out-of-Plane Thrust Directions 

Though the thrust direction is always assumed to be radial, the binary switch between thrust-

ing along the direction of the position vector or in the reverse direction is determined based on the 

instantaneous velocity vectors of both the primary and secondary objects. If the angle between the 

two vectors (determined using the law of cosines) is between 0 and 180°, the thrust is performed 

along the direction of the position vector. Otherwise, if the angle is between 180° and 360°, the 

thrust is performed in the reverse direction of the position vector. This ensures that the maneuver 

cannot increase the probability that a collision will occur between the two objects at a different 

point in time before or after the predicted collision. 

Numerical Method Optimization 

With the three optimization parameters defined, the method in which they are chosen can be 

explained in further detail. This leads to the final complexity: finite burn modeling. When quick-

response collision avoidance maneuvers are necessary, the time-to-collision is not significantly 

greater than the time spent thrusting to complete the maneuver. This means that the burn can no 

longer be assumed to be impulsive. Instead, finite burn analysis must be used, where the thrust is 

integrated (including fuel mass loss) with the position and velocity of the spacecraft at every time 

step in the propagation. Comparing the two methods, it was found that performing short duration 
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maneuvers with the impulsive burn assumption (performed at the notification epoch) resulted in 

separation distance values over 460% greater than if a finite burn were applied for the entire time-

to-collision duration (Figure 3). The large difference between the two distances, and the fact that 

finite burn analysis is considered to be the more accurate of the two methods, means that the im-

pulsive burn assumption can no longer be made. 

 

Figure 3. Separation Distance vs. Burn Duration for Impulsive and Finite Burn Maneu-

vers in Low Earth Orbit 

Now that all of the assumptions are accounted for, the position and velocity of the spacecraft 

can be propagated forward in the arc between the notification epoch and the predicted collision 

location using finite burn modeling applied in MATLAB’s ode45. Propagating the orbit with a 

variable time-step solver like ode45 allows for larger steps to be taken when allowed and smaller 

time steps to be taken when required by the solution. This ensures that the orbit propagation is as 

accurate as possible. With relative and absolute tolerances set to 1x10-6, the position should be 

known to well within the desired accuracy for this application. In collision avoidance scenarios 

with larger time frames, the fidelity of the orbit propagator would be an issue. However, with 

such minimal time-to-collision values, the orbit isn’t propagated long enough for any perturba-

tions such as drag and oblateness to affect the position and velocity of the spacecraft.  

The optimal thrusting duration is determined by propagating the spacecraft’s orbit as such 

while iterating through all possible “wait time” and coast time values.  The first step in each itera-

tion is to propagate the nominal trajectory forward for the “wait time” duration. Subtracting the 

“wait time” and coast time from the time-to-collision, the thrust duration is found to be the time 

remaining in the maneuver. The spacecraft’s position is then propagated further for the thrust du-

ration while applying the finite burn. Finally, the position is once again propagated (without the 

finite burn) for the coast time. The resulting position vector is then compared to the position of 

the secondary body at the time of the collision to determine the separation distance. After iterat-

ing through all possible wait time and coast time options, the “wait time” and coast time values 

can be found that result in the desired separation distance being achieved while also minimizing 

Impulsive Burn 

Finite Burn 
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the necessary thrust duration to do so. This iteration process can be seen summarized in the 

flowchart in Figure 4. 

 

Figure 4. Optimization Flow Chart to the Minimal Thrust Duration That Achieves The 

Desired Separation Distance 

Once the minimized thrust duration and the resulting separation distance is known, a relation-

ship between the thrust duration and maximum collision probability can be developed. Given the 

nature of the collision avoidance problem, using a desired collision probability is typically pre-

ferred over the separation distance. Luckily, a relationship (assuming a high relative velocity be-

tween the two colliding objects) between the two exists:1 

 

    (1) 

in which 

       (2) 

and  

    (3) 

which simplifies to  

      (4) 

where σx and σz are the covariance in the x and z axis, rA is the combined radius of the two bodies, 

and Pmax is the maximum allowed collision probability. With the separation distance known, the 

corresponding maximum collision probability can be calculated from the two-dimensional covar-

iance of the spacecraft and the combined radius of the spacecraft and secondary object. This gives 

a relationship between the thrust direction and the maximum collision probability, the desired 

correlation. 

Analytical Method 

With minimal time-to-collision, every second that goes into planning and executing the avoid-

ance maneuver could mean the difference between colliding with the secondary object and avoid-

ing it. One of the biggest hurdles in speeding up the process is the time spent calculating the op-
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timal maneuver. Fortunately, an analytical solution could mean a computation time of fractions of 

a second for any desired quick-response collision avoidance maneuver. 

With the problem simplified due to the radial thrusting assumption, the variables were then 

limited to the spacecraft location and time-to-collision. It was determined that time-to-collision 

values up to half-an-orbit produced linear separation distance vs. thrusting duration curves, but 

limiting the time-to-collision to between 6 and 16 minutes (assuming a constant acceleration of 

0.2 km/s2) resulted in the most realistic best-fit coefficients given the computing resources availa-

ble. Using the range of values shown in Table 1, a multiple linear regression technique was ap-

plied to determine an analytic equation that can be used to solve for the required thrusting dura-

tion for any of the sample scenarios.   

 

Table 1. Valid Range of Inputs for the Analytical Solution 

Variable Minimum Value Maximum Value 

Semimajor Axis (a) 6778.137 km 8378.137 km 

Eccentricity (ecc) 0 0.5 

True Anomaly (θ) 0 π 

Time-to-Collision (tcoll) 6 minutes 16 minutes 

 

The multiple linear regression technique6 uses the least squares method to find a line-of-best-

fit by minimizing the sum of the squares of the vertical distance from each data point on the line. 

The general model for k variables is of the form  

     (5) 

The regression coefficients, β, can best be estimated by writing the set of equations using ma-

trix notation. The model then takes the form 

                            (6) 

which can be written in matrix notation as 

          (7) 

where each column of x values corresponds to each of the independent variables in Table 1. The 

values for β can be found by solving the least square normal equation 

     (8) 

which gives 

                      (9) 

Since the thrusting duration varies significantly with time-to-collision variables, the multiple 

linear regression process described above was used to find best-fit equations for sets of different 

values within the ranges in Table 1. While exploring the multiple linear regression process, it was 
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found that including quadratic terms for each of the independent variables actually produced a 

tighter fit from the resulting regression equations, such as  

 (10) 

A second round of multiple linear regression was then used on each set of regression coeffi-

cients to determine a single relationship, seen in Eq. (11), between the inputs and the required 

thrust duration. The second round of multiple regression was used in order to reduce the error 

between the calculated thrust durations and the analytic equation.  

        (11) 

Then, this relationship can be easily expressed in terms of maximum probability of the colli-

sion by substituting the relationship in Eq. (1) for each d variable.  

 

RESULTS 

With a single relationship between the desired collision probability (or desired separation dis-

tance) and required thrust duration, the semi-analytical solution can now be compared to the nu-

merical solution presented earlier. For all data in Table 1 used to generate the semi-analytical so-

lution, the required thrust duration to reach the desired separation distance can be seen plotted in 

Figure 5.  

Comparing these results to those of the numerical solution used to produce the semi-analytical 

equation, the average error was found to be less than 30%. Significantly lower errors are possible, 

though, under two conditions. First, a limited number of cases from Table 1 were used to produce 

the best-fit coefficients. Including more data would produce much closer fits with less error be-

tween the numerical and analytical solutions. In addition, with a priori knowledge of the mission 

such as valid ranges of semimajor axis and eccentricity values, even tighter fits could be pro-

duced, down to significantly less than a 5% error, so 30% is easily a worst case scenario. Know-

ing and accounting for the maximum error when calculating the required thrust duration can en-

sure that all collisions are successfully avoided as necessary. 
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Figure 5. Thrust Duration vs. Separation Distance for the Analytical Solution 

 

Now, the solution can be narrowed down to a generic test case to demonstrate the accuracy of 

the analytical solution compared to the numerical solution. Assuming a spacecraft with a mass of 

1000 kg and a thrust of 200 N in a 700 km circular orbit inclined at 0°, the thrust duration can be 

found for a time-to-collision of 6 minutes. Using the analytical solutions, plots demonstrating the 

relationship between the optimal thrust duration, the desired collision probability (Figure 6) and 

the desired separation distance (Figure 7) can be generated comparing the numerical and analyti-

cal solutions for both cases. At the desired separation distance of five kilometers (for an estimated 

collision probability of 1.389x10-11), the error for this case is found to be 13.01%.  

 

Comparing Figures 6 and 7, it can be observed that, though the relationship between thrust du-

ration and the desired separation distance is linear for the cases tested, this can be used to deter-

mine a non-linear solution calculating the fuel-optimal thrust duration from the desired maximum 

collision probability. Given the variation in the position and velocity of both objects due to errors 

in object observations, the level of accuracy to which the thrust duration can be determined from 

the collision probability is well within the necessary levels for this application. 
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Figure 6. Thrust Duration vs Collision Probability, Numerical and Analytical 

 

 

Figure 7. Thrust Duration vs Separation Distance, Numerical and Analytical 
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CONCLUSION 

Currently, on-orbit assets are susceptible to unpredicted debris-creating events. As discussed, 

satellite collision avoidance maneuvers for such events become more complex (such as the neces-

sity for finite burn analysis) since the time-to-collision is minimal. This short amount of time 

available to both plan and execute the maneuver means that the speed at which the thrust duration 

for the maneuver can be determined is significant. In the case that such a scenario is encountered, 

a technique was devised in order to find a semi-analytical solution for the thrust duration that 

could be calculated at a moment’s notice given only the parameters of the spacecraft and the loca-

tion of the collision. This resulted in a solution for the majority of the necessary quick response 

collision avoidance maneuvers in Low Earth Orbit, assuming only that the covariance of the de-

bris cloud is oriented along it’s velocity vector. Such an analytical solution could be provided as 

onboard software for both current and future satellites and would result in nearly-autonomous 

collision avoidance when it is needed the most. 
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