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GENERALIZED POLYNOMIAL CHAOS
INTRODUCTION

Polynomial chaos is a term coined by Norbert Wiener in 1938.

The basic idea of this approach is to approximate the stochastic
system state in terms of finite-dimensional series expansion in
the stochastic space.
The completeness of the space allows for the accurate
representation of any PDF using a suitable basis.

Certain bases can be chosen to represent given PDF with the
fewest number of terms.
For example, the Legendre polynomial can be used to represent
the Uniform distribution with only two terms.

The unknown coefficients are determined by minimizing an
appropriate norm of the residual.
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GENERALIZED POLYNOMIAL CHAOS
LINEAR SYSTEMS

ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t), x(t,θ) ∈ Rn, u(t) ∈ Rr , θ ∈ Rm

p is a function of random variable ξ with known probability
distribution function (pdf) f (ξ ), i.e., θ = θ(ξ ).

Polynomial Chaos Representation:

xi(t,θ) =
N

∑
k=1

xik(t)φk(ξ ) = xT
i (t)Φ(ξ )

Ai j(θ) =
N

∑
k=1

ai jk
φk(ξ ) = aT

i jΦ(ξ )

Bi j(θ) =
N

∑
k=1

bi jk
φk(ξ ) = bT

i jΦ(ξ )

Φ(.) ∈ RN is a vector of polynomials basis functions orthogonal
to the pdf f (ξ ).

Gram-Schmidt Orthogonalization Process
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GENERALIZED POLYNOMIAL CHAOS
LINEAR SYSTEMS: ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t)

PC COEFFICIENTS

Normal Equations:

ai jk
=
〈Ai j(θ(ξ )),φk(ξ )〉
〈φk(ξ ),φk(ξ )〉

, bi jk
=
〈Bi j(θ(ξ )),φk(ξ )〉
〈φk(ξ ),φk(ξ )〉

〈u(ξ ),v(ξ )〉=
∫
Rm

u(ξ )v(ξ ) f (ξ )dξ represents the norm

introduced by pdf f (ξ ).

xik are unknowns.
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GENERALIZED POLYNOMIAL CHAOS
LINEAR SYSTEMS: ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t)

PC COEFFICIENTS

Normal Equations:

ai jk
=
〈Ai j(θ(ξ )),φk(ξ )〉
〈φk(ξ ),φk(ξ )〉

, bi jk
=
〈Bi j(θ(ξ )),φk(ξ )〉
〈φk(ξ ),φk(ξ )〉

〈u(ξ ),v(ξ )〉=
∫
Rm

u(ξ )v(ξ ) f (ξ )dξ represents the norm

introduced by pdf f (ξ ).

xik are unknowns.

ERROR DYNAMICS:

ei(ξ ) =
N

∑
k=1

ẋik (t)φk(ξ )−
n

∑
j=1

(
N

∑
k=1

ai jk φk(ξ )

)(
N

∑
k=1

x jk (t)φk(ξ )

)
+

m

∑
j=1

(
N

∑
k=1

bi jk φk(ξ )

)
u j , i = 1,2, · · · ,n

Galerkin Projection:

〈ei(ξ ),φk(ξ )〉= 0, i = 1,2, · · · ,n, k = 1,2, · · · ,N
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GENERALIZED POLYNOMIAL CHAOS
LINEAR SYSTEMS: ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t)

GALERKIN PROJECTION: 〈ei(ξ ),φk(ξ )〉= 0

nN deterministic differential equations:

Mċ(t) = Kc(t)+Du(t)

where c(t) =
{

xT
1 (t),xT

2 (t), · · · ,xT
n (t)

}T is a vector of nN
unknown coefficients.

M ∈ RnN×nN , K ∈ RnN×nN and D ∈ RnN×m are given by

Mkl = 〈φi(ξ ),φ j(ξ )〉, k = (i−1)n+1, · · · in, l = ( j−1)n+1, · · · jn
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LINEAR SYSTEMS: ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t)

GALERKIN PROJECTION: 〈ei(ξ ),φk(ξ )〉= 0

nN deterministic differential equations:

Mċ(t) = Kc(t)+Du(t)

where c(t) =
{

xT
1 (t),xT

2 (t), · · · ,xT
n (t)

}T is a vector of nN
unknown coefficients.

M ∈ RnN×nN , K ∈ RnN×nN and D ∈ RnN×m are given by

Mkl = 〈φi(ξ ),φ j(ξ )〉, k = (i−1)n+1, · · · in, l = ( j−1)n+1, · · · jn

Note: N = (d+m)!
d!m! −1, d being the degree of the polynomials.

PC projections leads to higher order deterministic linear system.
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GENERALIZED POLYNOMIAL CHAOS
LINEAR SYSTEMS: ẋ(t,θ) = A(θ)x(t,θ)+B(θ)u(t)

MOMENTS OF STATE VARIABLES,

xi(t,θ) =
N
∑

k=1
xik(t)φk(ξ ) = xT

i (t)Φ(ξ )

Mean =
∫
Rm

xi(t,ξ ) f (ξ )dξ = xi1 .

Variance =
N
∑

k=2
x2

ik〈φk(ξ ),φk(ξ )〉
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GENERALIZED POLYNOMIAL CHAOS
NONLINEAR SYSTEMS: ẋ(t,θ) = f(θ ,x(t,θ)+g(θ ,x(θ , t))u(t)

PC REPRESENTATION

xi(t,θ) =
N

∑
k=1

cik(t)φk(ξ ) = cT
i (t)Φ(ξ )⇒ x(t,θ) = C(t)Φ(ξ )

θ i(ξ ) =
N

∑
k=1

aik φk(ξ ) = aT
i Φ(ξ )⇒ θ(ξ ) = AΦ(ξ )

ERROR DYNAMICS

e(C,ξ ) = f(AΦ(ξ ),C(t)Φ(ξ ))+g(AΦ(ξ ),C(t)Φ(ξ ))u(t)

Galerkin Projection:

〈ei(ξ ),φk(ξ )〉= 0, i = 1,2, · · · ,n, k = 1,2, · · · ,N

Numerical quadrature methods are required to compute projection
integrals!!
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GENERALIZED POLYNOMIAL CHAOS
DUFFING OSCILALTOR: ẍ(t)+η ẋ+αx+βx3 = sin(3t),
β = 2, η ∈U (0.9,1.4), α ∈U (−1.45,−0.95)

 
2nd Order gPC & Monte Carlo Solution: 
 

 
 

 
 

Mean Variance 3rd  Central Moment 4th Central Moment 

Mean Variance 3rd  Central Moment 4th Central Moment 

6th Order gPC & Monte Carlo Solution: 
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GENERALIZED POLYNOMIAL CHAOS
NON-INTRUSIVE PC

For complex dynamical systems, the model equations are not
explicitly available.

PC APPROXIMATION:

xi(t,θ) =
N
∑

k=1
cik(t)φk(ξ ) = cT

i (t)Φ(ξ )⇒ x(t,θ) = C(t)Φ(ξ )

Consider a least square performance index:

min
cik

=
1
2

∫
eT (t,ξ )e(t,ξ ) f (ξ )dξ =

1
2
〈e(t,ξ ),e(t,ξ )〉>

where, ei(t,ξ ) = xi(t,θ(ξ ))− cT
i (t)Φ(ξ )
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GENERALIZED POLYNOMIAL CHAOS
NON-INTRUSIVE PC

For complex dynamical systems, the model equations are not
explicitly available.

PC APPROXIMATION:

xi(t,θ) =
N
∑

k=1
cik(t)φk(ξ ) = cT

i (t)Φ(ξ )⇒ x(t,θ) = C(t)Φ(ξ )

Consider a least square performance index:

min
cik

=
1
2

∫
eT (t,ξ )e(t,ξ ) f (ξ )dξ =

1
2
〈e(t,ξ ),e(t,ξ )〉>

where, ei(t,ξ ) = xi(t,θ(ξ ))− cT
i (t)Φ(ξ )

First-Order optimality condition: ∂J
∂cik

= 0 leads to

N

∑
m=1
〈φl,φm〉cim = 〈xi(t,θ(ξ )),φm(ξ )〉, i = 1,2, · · · ,n
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GENERALIZED POLYNOMIAL CHAOS
NON-INTRUSIVE PC

N
∑

m=1
〈φl,φm〉cim = 〈xi(t,θ(ξ )),φm(ξ )〉, i = 1,2, · · · ,n

Linear Set of Equations, MC = b
if φi(ξ ) and φ j(ξ ) are orthogonal, then linear system is
decoupled

Quadrature Approximation:
〈xi(t,θ(ξ )),φm(ξ )〉 ≈ ∑

k
wkxi(t,θ(ξk)),φm(ξk).

PUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 11 / 47



GENERALIZED POLYNOMIAL CHAOS
NON-INTRUSIVE PC

N
∑

m=1
〈φl,φm〉cim = 〈xi(t,θ(ξ )),φm(ξ )〉, i = 1,2, · · · ,n

Linear Set of Equations, MC = b
if φi(ξ ) and φ j(ξ ) are orthogonal, then linear system is
decoupled

Quadrature Approximation:
〈xi(t,θ(ξ )),φm(ξ )〉 ≈ ∑

k
wkxi(t,θ(ξk)),φm(ξk).

So, PC coefficients can be evaluated by Monte Carlo (MC) kind
of simulations.

MC points are replaced by quadrature points.
Computational cost can be greatly reduced by the use of
non-product quadrature methods like CUT!!
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GENERALIZED POLYNOMIAL CHAOS
CONNECTION TO STATE TRANSITION MATRICES

SYSTEM EQUATIONS ẋ(t) = f (t,x(t))

System flow: x(t) = x0 +
∫ t

0 f (τ,x(τ))dτ = ψ(t,x0).

Perturbation trajectory:
δx(t) = ψ(t,x0 +δx0)−ψ(t,x0)≈Φ(t, t0)δx0, Φ(t, t0) =

∂x(t)
∂x0
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GENERALIZED POLYNOMIAL CHAOS
CONNECTION TO STATE TRANSITION MATRICES

SYSTEM EQUATIONS ẋ(t) = f (t,x(t))

System flow: x(t) = x0 +
∫ t

0 f (τ,x(τ))dτ = ψ(t,x0).

Perturbation trajectory:
δx(t) = ψ(t,x0 +δx0)−ψ(t,x0)≈Φ(t, t0)δx0, Φ(t, t0) =

∂x(t)
∂x0

TAYLOR SERIES EXPANSION

Higher order perturbation trajectory:

δx(t)≈
∞

∑
N1=0

∞

∑
N2=0

· · ·
∞

∑
Nn=0

δx
N1
01

δx
N2
02
· · ·δxNn

0n
N1!N2! · · ·Nn!

∂
N1+N2+···+Nn

∂x
N1
01

∂x
N2
02
· · ·∂xNn

0n

ψ(t,x0), N1 = N2 = · · ·Nn 6= 0

In other words, one can expand δx(t) in terms of polynomial
basis functions:

δx(t)≈
N

∑
i=1

ci(t)φi(δx0) = c(t)φ(δx0)
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GENERALIZED POLYNOMIAL CHAOS
CONNECTION TO STATE TRANSITION MATRICES

δx(t)≈ ∑
N
i=1 ci(t)φi(δx0) = c(t)φ(δx0)

The coefficient of the linear term corresponds to Φ(t, t0).

Higher order coefficients have the meaning of higher order state
transition matrices.

They are valid only in the neighborhood of the nominal
trajectory.
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GENERALIZED POLYNOMIAL CHAOS
CONNECTION TO STATE TRANSITION MATRICES

δx(t)≈ ∑
N
i=1 ci(t)φi(δx0) = c(t)φ(δx0)

The coefficient of the linear term corresponds to Φ(t, t0).

Higher order coefficients have the meaning of higher order state
transition matrices.

They are valid only in the neighborhood of the nominal
trajectory.

If initial condition, x0 is a random variable with prescribed density
function f (x0), then it would make sense to compute the first order
and high order state transition matrix valid over the domain of initial
condition uncertainty.
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GENERALIZED POLYNOMIAL CHAOS
CONNECTION TO STATE TRANSITION MATRICES

In this respect, one can pose the following problem (also known
as statistical linearization) to compute state transition matrix
equivalent coefficients, ci(t):

min
ci(t)

J =
1
2

∫
(δx(t,ξ )− c(t)p(δx0))

T (δx(t,ξ )− c(t)p(δx0))ρ(x0)dδx0

=
1
2
〈(δx(t,ξ )− c(t)p(δx0)),(δx(t,ξ )− c(t)p(δx0))〉

Similar to non-intrusive PC.
Derivative free approach to compute state transition matrices in a
domain of interest!!

Domain of interest is represented by initial state PDF.
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

ẍ+
µx
r3 = J2x +aDx , J2x =−1.5J

(
µ

r2

)(Re

r

)2(
1−5

z2

r2

)
x
r

ÿ+
µy
r3 = J2y +aDy , J2y =−1.5J

(
µ

r2

)(Re

r

)2(
1−5

z2

r2

)
y
r

z̈+
µz
r3 = J2z +aDz , J2z =−1.5J

(
µ

r2

)(Re

r

)2(
3−5

z2

r2

)
z
r

INITIAL CONDITIONS N (µ0,P0)

µ0 =

7×103 0 0︸ ︷︷ ︸
km

0 −1.0374 7.4771︸ ︷︷ ︸
km/s



P0 = diag

0.01 0.01 0.01︸ ︷︷ ︸
km2

0.000001 0.000001 0.000001︸ ︷︷ ︸
km2/s2
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

INITIAL CONDITION DOMAIN
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FIGURE: 10,000 Initial Conditions in X-Y plane and X-Z plane

745 CUT Points were used to compute higher order STM or PC
coefficients.
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

1ST ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

2ND ORBIT PERIOD
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(b) 2nd order STM
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

3RD ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

4TH ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

5TH ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

ERROR ANALYSIS
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FIGURE: 2-Norm Error Average over 10,000 Initial Conditions for Different
Order STM Approximation
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

1ST ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

2ND ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

3RD ORBIT PERIOD

6994 6995 6996 6997 6998 6999 7000 7001 7002
X (km)

-100

-50

0

50

100

150

200

250

300

Z
 (

km
)

Monte Carlo
1st order stm

(a) 1st order STM

6994 6995 6996 6997 6998 6999 7000 7001
X (km)

-100

-50

0

50

100

150

200

250

300

Z
 (

km
)

Monte Carlo
2nd order STM

(b) 2nd order STM

6994 6995 6996 6997 6998 6999 7000 7001
X (km)

-100

-50

0

50

100

150

200

250

300

Z
 (

km
)

Monte Carlo
3rd order STM

(c) 3rd order STM

6994 6995 6996 6997 6998 6999 7000 7001
X (km)

-100

-50

0

50

100

150

200

250

300

Z
 (

km
)

Monte Carlo
4th order STM

(d) 4th order STM

FIGURE: 3rd orbit period in X-Z planePUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 25 / 47



GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

4TH ORBIT PERIOD
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GENERALIZED POLYNOMIAL CHAOS
TWO BODY PROBLEM

5TH ORBIT PERIOD
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UNCERTAINTY MARRIAGE
PARAMETRIC ERROR + WHITE NOISE EXCITATION

ẋ = A(Θ)x+B(θ)u+G (θ)η , x(t0) = µ0

The Gaussian white noise process, η is assumed to be
uncorrelated in time and with other uncertainties in model
parameters and initial conditions.

The uncertain parameter vector θ is assumed to be a function of
random vector ξ .

Study the time-evolution of the state pdf: p(t,x).
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UNCERTAINTY MARRIAGE
PARAMETRIC ERROR + WHITE NOISE EXCITATION

ẋ = A(Θ)x+B(θ)u+G (θ)η , x(t0) = µ0

For any particular realization of θ , the state pdf of is Gaussian
for Gaussian initial conditions.

Similarly, for any particular realization of η , the state uncertainty
of can be efficiently characterized using a PC series expansion of
the states.

1

1U. Konda, P. Singla, T. Singh, and P. D. Scott, “State uncertainty propagation in
the presence of parametric uncertainty and additive white noise,” ASME Journal of
Dynamic Systems, Measurement, and Control 133, no. 5 (2011).
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UNCERTAINTY MARRIAGE
PARAMETRIC ERROR + WHITE NOISE EXCITATION

ẋ = A(Θ)x+B(θ)u+G (θ)η , x(t0) = µ0

For any particular realization of θ , the state pdf of is Gaussian
for Gaussian initial conditions.

Similarly, for any particular realization of η , the state uncertainty
of can be efficiently characterized using a PC series expansion of
the states.

UNCERTAINTY MARRIAGE

Compute the conditional distribution function first and then determine
the posterior distribution of the states.

1

1U. Konda, P. Singla, T. Singh, and P. D. Scott, “State uncertainty propagation in
the presence of parametric uncertainty and additive white noise,” ASME Journal of
Dynamic Systems, Measurement, and Control 133, no. 5 (2011).
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UNCERTAINTY MARRIAGE
METHOD 1: CONDITIONING ON UNCERTAIN PARAMETER

Physical Process
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UNCERTAINTY MARRIAGE
METHOD 1: CONDITIONING ON UNCERTAIN PARAMETER

ẋ = A(Θ)x+B(θ)u+G (θ)η

Conditional state pdf, p(x|Θ) = N (t,x; µ(t,Θ)

µ̇ = A(Θ)µ +Bu
Σ̇ = A(Θ)Σ +ΣAT (Θ)+G (Θ)QG T (Θ)

The state pdf can be computed as:

p(t,x) =
∫
Ω

p(t,x|Θ(ξ ))p(ξ )dξ

=
∫
Ω

N (t,x; µ(t,Θ),Σ(t,Θ))p(ξ )dξ

gPC can be used to expand µ and Σ as a function of Θ .

Equivalent to Multiple Model Approach.
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UNCERTAINTY MARRIAGE
METHOD 2: CONDITIONING ON STOCHASTIC FORCING
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UNCERTAINTY MARRIAGE
METHOD 2: CONDITIONING ON STOCHASTIC FORCING

ẋ = A(Θ)x+B(θ)u+G (θ)η

gPC series characterizing, p(x|η), results in a linear system
driven by Gaussian white noise:

xi(t) =
P

∑
r=0

xir(t,ω)φr(ξ ) = xT
i (t,ω)Φ(ξ )

ċ = Apc+Bpu+Gpη(ω)

The distribution of PC coefficients is Gaussian with following
mean and covariance:

µ̇c = Apµc +Bpu (1)

Σ̇ c = ApΣ c +Σ cAT
p +GpQG T

p (2)
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UNCERTAINTY MARRIAGE
HOVERING HELICOPTER

uh: horizontal velocity (ft/s) 
θh: pitch angle of the fuselage (centi-rad) 
qh: its derivative (centi-rad/s) 
y : perturbation from a ground point reference (ft) 
δ : longitudinal stick deflection (control effort) 
Aerodynamic stability derivatives: p1, p2, p3, p4 

Aerodynamic control derivatives: p5, p6 

1 
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UNCERTAINTY MARRIAGE
HOVERING HELICOPTER: SIMULATION PARAMETERSHovering helicopter model 

Evolution of nominal states 

  uw ~ N(0,18), wind disturbance 
  Assume uncertain stability 

derivatives ~ U(pa,pb) 
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uh
qh
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y

Lower 
bound 

Upper 
bound 

p1 -0.0488 -0.0026 

p2 0.0013 0.0247 

p3 0.126 2.394 

p4 -3.3535 -0.1765 

  p5 = 0.086, p6 = -7.408 
  g = 0.322 
  K = [1.9890 -0.2560 -0.7589 1.0000] 
  x0 = [0.7929 -0.0466 -0.1871 0.5780]T 

2 
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UNCERTAINTY MARRIAGE
HOVERING HELICOPTER: FIRST TWO MOMENTS

Propagation of the first two moments 

  Mean and variance of the states 
  Monte Carlo runs = 100000 
  PC order = 5, Legendre polynomials used as basis functions 
  Runtime: >1h for Monte Carlo and less than 5s for method 1 and 

1min for method 2. 
 

0 5 10 15
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

M
ea

n 
of

 x
1

 

 
Monte Carlo ref
Method 1: PC of µ,Σ
Method 2: µ,Σ of PC

0 5 10 15
-3

-2

-1

0

1

2

3

4

M
ea

n 
of

 x
2

0 5 10 15
-2

-1

0

1

2

3

M
ea

n 
of

 x
3

time (s)
0 5 10 15

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

M
ea

n 
of

 x
4

time (s)

0 5 10 15
-0.05

0

0.05

0.1

0.15

CM
2 o

f x
1

 

 

Monte Carlo ref
Method 1: PC of µ,Σ
Method 2: µ,Σ of PC

0 5 10 15
-2

0

2

4

6

8

10

CM
2 o

f x
2

0 5 10 15
0

0.5

1

1.5

2

2.5

CM
2 o

f x
3

time (s)
0 5 10 15

0

0.1

0.2

0.3

0.4

CM
2 o

f x
4

time (s)

3 

PUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 36 / 47



UNCERTAINTY MARRIAGE
HOVERING HELICOPTER: FIRST TWO MOMENTS

0 5 10 15
-0.01

-0.005

0

0.005

0.01

0.015

0.02

CM
3 o

f x
1

 

 
Monte Carlo ref
Method 1: PC of µ,Σ
Method 2: µ,Σ of PC

0 5 10 15
-10

-5

0

5

10

15

CM
3 o

f x
2

0 5 10 15
-2

-1.5

-1

-0.5

0

0.5

1

1.5

CM
3 o

f x
3

time (s)
0 5 10 15

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

CM
3 o

f x
4

time (s)

PUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 37 / 47



UNCERTAINTY MARRIAGE
HOVERING HELICOPTER: THIRD CENTRAL MOMENTS

Monte Carlo runs = 10000 
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UNCERTAINTY MARRIAGE
HOVERING HELICOPTER: HISTOGRAMS
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State and Parameter Estimation
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STATE AND PARAMETER ESTIMATION
BAYESIAN FRAMEWORK

Bayes’ Theorem:

p(Θ |yk) =
p(Θ)p(yk|Θ)

p(yk)
(3)

where,

p(yk) =
∫

Θ
p(yk|Θ)p(Θ)dΘ = EΘ{p(yk|Θ)} (4)

and yk ∈ Rb is the measurement data, provided by observation
model

yk , y(tk) = h(xk,Θ ,νk), νk ∼ p(νk) (5)

Posterior statistics of parameter Θ :

Θ̂
+
= EΘ{Θ}=

∫
Θ

Θ p(Θ)p(yk|Θ)dΘ

EΘ{p(yk|Θ)} = EΘ{Θ p(yk|Θ)}
EΘ{p(yk|Θ)} (6)

P+ =
∫

Θ
ΘΘ

T p(Θ |yk)dΘ = EΘ{ΘΘ
T p(yk|Θ)}

EΘ{p(yk|Θ)} (7)
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STATE AND PARAMETER ESTIMATION
BAYESIAN FRAMEWORK

Higher order statistics:

E +{φ(Θ)}=
∫

Θ
φ(Θ)p(Θ |yk)dΘ = EΘ{φ(Θ)p(yk|Θ)}

EΘ{p(yk|Θ)} (8)

where,
φ(Θ) = ∏

m
i=1 θ

ni
i , ni ≥ 0 (9)

CUT quadrature scheme is used for evaluation of integrals.

Now, posterior gPC coefficients can be found by matching
posterior moments.
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STATE AND PARAMETER ESTIMATION
DUFFING OSCILLATOR

where, η ϵ U(0.9 , 1.4) , α ϵ U(-1.45 , -0.95), β=2 
 

!!x +η !x +αx +βx3 = sin(3t)

x(0) = −1, !x(0) = −1

y!(t) = x(t)
!x(t)

!

"
#
#

$

%
&
&
+µ(t)

µ(t) ! N (0,R) R = 0.052 I2×2

Mean Variance 3rd  Central Moment 

Mean Variance 3rd  Central Moment 

2
2R. Madankan, P. Singla, T. Singh, and P. D. Scott, “Polynomial-chaos-based Bayesian approach for state and parameter

estimations,” AIAA Journal of Guidance, Control, and Dynamics (2013).
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STATE AND PARAMETER ESTIMATION
DUFFING OSCILLATOR

RMSE error between PF, min. Variance estimator, EKF, and gPC-Bayes method 
in estimation of different order of central moments of parameter α 

RMSE error between PF, min. Variance estimator, EKF, and gPC-Bayes method 
in estimation of different order of central moments of parameter η 
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STATE AND PARAMETER ESTIMATION
DUFFING OSCILLATOR

Mean Variance 3rd  Central Moment 

Mean Variance 3rd  Central Moment 

®
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STATE AND PARAMETER ESTIMATION
DUFFING OSCILLATOR

RMSE error between PF, min. Variance estimator, EKF, and gPC-Bayes 
method in estimation of different order of central moments of x(t) 

RMSE error between PF, min. Variance estimator, EKF, and gPC-Bayes 
method in estimation of different order of central moments of dx/dt 

Computational Time for different estimation approaches 
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STATE AND PARAMETER ESTIMATION
DUFFING OSCILLATOR

- Error Analysis 

First 3 central moments of x after the first update at t=1 
sec. by using PF and gPC-Bayes method 

First 3 central moments of x before the second update at 
t=2 sec. by using PF and gPC-Bayes method 

gPC-Bayes distribution of x 
before the update at t=2 

PF distribution of x before 
the update at t=2 

gPC-Bayes distribution of x 
after the update at t=1 

PF distribution of x after the 
update at t=1 
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