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BASIC PROBABILITY CONCEPTS

Probability are numbers assigned to events that indicate “how
likely” it is that event will occur when a random experiment is
performed.

The statement “E has probability P(E)” then mean that if we
perform the experiment very often, it is practical certain that the
relative frequency is approximately equal to P(E).

What do we mean by Relative Frequency?
The relative frequency is at least equal to 0 and at most equal to 1.

0≤ P(E)≤ 1 (1)

Frequency Function: It shows how the values of the samples are
distributed.

f (x) =
f̄ j when x = x j
0 for any value of x not appearing in the sample

Sample Distribution Function: F(x) = ∑
t≤x

f̄ (t)
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BASIC PROBABILITY CONCEPTS
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RANDOM EXPERIMENT
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CONDITIONAL PROBABILITY
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THEOREM OF TOTAL PROBABILITY
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BAYES THEOREM
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RANDOM VARIABLE

PUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 9 / 37



STATISTICAL CHARACTERIZATION OF RANDOM

VARIABLES
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RANDOM VECTORS
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MULTIVARIATE EXPECTATIONS
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COVARIANCE MATRIX
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INDEPENDENT AND UNCORRELATED VARIABLES
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PROPAGATION OF DENSITY FUNCTIONS

y = f (x), x,y ∈ Rn

f−1 exist and both f and f−1 are continuously differentiable.

py(y) = px
(

f−1(y)
)
‖J‖, J =

∂ f−1(y)
∂y

.

EXAMPLE: LET y = ax2 AND px(x) =
1

σx
√

2π
exp
(
− x2

2σ2
x

)

py(y) =
1

2σx
√

2πay
exp
(
− y

2aσ2
x

)
, ∀y > 0

= 0, otherwise
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STOCHASTIC PROCESS

Stochastic Process: {xt , t ∈ T}←→ {xt(ω), t ∈ T,ω ∈Ω} is a
family of random variables indexed by the parameter set T .

For each t, xt is a random variable (vector).
For each ω , x(ω) is a realization of the process.
If xt can be discrete or continuous random variable.

Parameter T may also be discrete (T = {1,2, · · · ,n}) or
continuous (T = [0, t f ])

If T is discrete −→ discrete parameter process
If T is continuous −→ continuous parameter process

We will mainly consider Continuous State Space, which can be
divided into two parts:

Discrete process
Continuous process
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MARKOV PROCESS

DETERMINISTIC DYNAMIC SYSTEMS ẋ = f (x(t))

Rate of change of x at time t depends ONLY on current value of
x.

Finite Memory: x(t2) = g(t2,x(t1), t1)

MARKOV PROCESS

A discrete or continuous process {xt , t ∈ T} is called a Markov
Process if, for any finite parameter set {ti | ti < ti+1} ∈ T and for every
real λ ,

pr(xtn(w)≤ λ | xt1 , · · · ,xtn) = pr(xtn(w)≤ λ | xtn−1)

This means future can be predicted from the knowledge of ONLY
PRESENT STATE.
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Rate of change of x at time t depends ONLY on current value of
x.

Finite Memory: x(t2) = g(t2,x(t1), t1)

MARKOV PROCESS

A discrete or continuous process {xt , t ∈ T} is called a Markov
Process if, for any finite parameter set {ti | ti < ti+1} ∈ T and for every
real λ ,

pr(xtn(w)≤ λ | xt1 , · · · ,xtn) = pr(xtn(w)≤ λ | xtn−1)

This means future can be predicted from the knowledge of ONLY
PRESENT STATE.

PUNEET SINGLA (LAIRS.ENG.BUFFALO.EDU) UNCERTAINTY ANALYSIS & ESTIMATION AFRL WORKSHOP 17 / 37



MARKOV PROCESS

MARKOV PROCESS

In terms of density functions,

p(xtn |xt1 ,xt2 , · · · ,xtn−1) = p(xtn | xtn−1)

Now let us consider the joint pdf,

p(xtn , · · · ,xt1) = p(xtn | xtn−1 , · · ·xt1)p(xtn , · · · ,xt1)

This implies that

p(xtn , · · · ,xt1) = p(xtn | xtn−1)p(xtn−1 | xtn−2) · · · p(xt2 | xt1)p(xt1)

Chapman-Kolmogorov Equation (CKE):

p(xn | xm) =
∫

p(xn | xn−1)p(xn−1 | xm)dxn−1 m≤ n−2

⇒ p(xn) =
∫

p(xn | xn−1)p(xn−1)dxn−1
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KOLMOGOROV EQUATION

Discrete System: xk+1 = Φ (xk, tk, tk+1)+wk

p(xk+1) =
∫

p(xk+1 | xk)p(xk)dxk

p(xk+1 | xk) = pwk(xk+1−Φ (xk, tk, tk+1))

Continuous System: dxt = f (xt , t)dt +G(xt , t)dβt

∂ p(x, t)
∂ t

=−
n

∑
i=1

∂ p fi

∂xi︸ ︷︷ ︸
Drift Term

+
1
2

n

∑
i=1

n

∑
j=1

(
∂ 2 p[GQG]i j

)
∂xi∂x j︸ ︷︷ ︸

Diffusion Term

This is the differential form of the CKE which is known as the
Fokker-Planck-Kolmogorov Equation (FPKE) or Kolmogorov’s
Forward Equation.
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MINIMUM VARIANCE ESTIAMTOR
CONCEPT

ASSUMPTION

y = Hx0 +ννν , y ∈ Rm, x ∈ Rn.

E [ννν ] = 0, E
[
νννννν

T ]= R.

Best Linear Unbiased Estimator (BLUE).

Best: min 0.5Σ = 0.5E
[
(x−x0)(x−x0)

T ].
Linear: x = My+n.
Unbiased: E [x] = x0 ⇒MH = I, n = 0, Σ = MRMT .

min
M

J = Tr
(
0.5MRMT +Λ(I−MH)

)
Identities:

∂Tr(BAC)

∂A
= BT CT ,

∂Tr(ABAT )

∂A
= A(B+BT )

∂J
∂M

= MR−Λ
T HT = 0,

∂J
∂Λ

= I−MH = 0.

Λ
T = (HT R−1H)−1, M = (HT R−1H)−1HT R−1
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MAXIMUM LIKELIHOOD ESTIMATE (MAE)
CONCEPT

MEASUREMENT MODEL: y = h(x)+ννν , y ∈ Rm, x ∈ Rn

Main idea: Maximize the likelihood function.

max
x

p(y|x)≡max
x

ln p(y|x)

Depending upon p(y|x), we get different optimization problems.

GAUSSIAN MEASUREMENT MODEL: y = h(x)+ννν WITH

ννν ∼N (ννν : 0,R)

min
x

J =
1
2
(y−h(x))T R−1 (y−h(x))︸ ︷︷ ︸

Weighted Least Square

Linear Model (h(x) = Hx): min
x

J =
1
2
(y−Hx)T R−1 (y−Hx)︸ ︷︷ ︸
Weighted Linear Least Square
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MAXIMUM LIKELIHOOD ESTIMATE (MAE)
GAUSSIAN LIKELIHOOD

GAUSSIAN MEASUREMENT MODEL: LINEAR SYSTEM

Linear Model: min
x

J = ‖y−Hx‖R =
1
2
(y−Hx)T R−1 (y−Hx)︸ ︷︷ ︸
Weighted Linear Least Square

Analytical expression for optimal value of x, x̂ can be obtained.

Necessary Condition:
dJ
dx
|x=x̂ = 0⇒ HT R−1 (y−Hx̂) = 0.

x̂ =
(
HT R−1H

)−1
HT R−1y

Show that E
[
(x− x̂)T (x− x̂)

]
=
(
HT R−1H

)−1

MLE is also an optimal estimator according to the Cramer-Rao
bound for Gaussian Likelihood function.

BLUE is same as the MLE for Gaussian Likelihood function.
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MAXIMUM LIKELIHOOD ESTIMATE (MAE)
LAPLACIAN LIKELIHOOD

LAPLACIAN MEASUREMENT MODEL: p(ννν) =
1

2m
m
∏
i=1

σi

e
−

m
∑

i=1

|νi |
σi

MLE leads to following cost function: min
x

= J =
m

∑
i=1

|yi−hix|
σi

.

No Analytical Solution but aforementioned problem is a convex
optimization problem.

LINEAR PROGRAMMING: min
x

= J =
m

∑
i=1

|yi−hix|
σi

min
m

∑
i=1

ti,s.t.

yi−hix
σi

≤ ti,
yi−hix

σi
≥−ti, ∀i
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MAXIMUM LIKELIHOOD ESTIMATE (MAE)
UNIFORM LIKELIHOOD

UNIFORM MEASUREMENT MODEL: p(ννν) =
m

∏
i=1

U (ai,bi)

w.l.o.g. assume that ai =−1 and bi = 1.

MLE leads to following constraints: −1≤ yi−hix≤ 1.

This is equivalent to minimizing
min

x
J = ‖y−Hx‖∞ = max

i
|yi−hix|

No Analytical Solution but aforementioned problem is a convex
optimization problem.

LINEAR PROGRAMMING: min
x

J = ‖y−Hx‖∞

min t,s.t.
yi−hix≤ t, yi−hix≥−t, ∀i
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
CONCEPT

MEASUREMENT MODEL: y = h(x)+ννν

Main idea: Maximize the posterior density function.

max
x

p(x/y)≡max
x

ln p(x/y)

Use Bayes’ Rule: max
x

ln p(x)+ ln p(y/x)

The first term acts like preconditioner or Regularization.

Depending upon p(x) and p(y/x), we get different optimization
problems.

LINEAR MEASUREMENT MODEL

y = Hx+ννν where

ννν ∼N (ννν : 0,R), p(x) = N (x : x̂ ,P)

min
x

J = (x− x̂)T P−1 (x− x̂)+(y−Hx)T R−1 (y−Hx)︸ ︷︷ ︸
Tikhonov Regularization
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR MEASUREMENT MODEL

SOME USEFUL EXAMPLES

Prior: Laplacian and Likelihood: Gaussian

min
x

J = ‖x− x̂‖1 +‖y−Hx‖2︸ ︷︷ ︸
Sparse Approximation

Prior: Uniform and Likelihood: Gaussian

min
x

J = ‖x− x̂‖∞ +‖y−Hx‖2
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR SYSTEM WITH GAUSSIAN UNCERTAINTY

MEASUREMENT UPDATE

Starting with the prior pdf,

p(x) = N (x : x̂ ,P)

the posterior pdf from Bayes’ rule is given by

p(x|y) = p(y|x)p(x)∫
p(y|x)p(x)dx

where the measurement likelihood pdf p(y|x) can be derived from the
measurement model equations as:

p(y|x) = N (y : Hx, R)
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR SYSTEM WITH GAUSSIAN UNCERTAINTY

Numerator of Bayes’ rule is simplified as:

p(y|x)p(x) = N (y : Hx, R)N (x : x̂ ,P)

=
1√
|2πR|

.
1√
|2πP|

. exp
[
− 1

2
(
y−Hx

)T R−1(y−Hx
)

− 1
2
(
x− x̂

)T P−1(x− x̂
)]

The exponent is:

⇒−1
2
(
y−Hx

)T R−1(y−Hx
)
− 1

2
(
x− x̂

)T P−1(x− x̂
)

⇒−1
2

[
yT R−1y+xT (P−1 +HT R−1H

)︸ ︷︷ ︸
A

x

−2
(
yT R−1H + x̂T P−1)︸ ︷︷ ︸

bT

x+ x̂T P−1x̂
]

⇒−1
2

[
yT R−1y+xT Ax−2bT x+ x̂T P−1x̂

]
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR SYSTEM WITH GAUSSIAN UNCERTAINTY

The denominator of Bayes’ rule is given as:

∫
p(y|x)p(x)dx =

1√
|2πR|

.
1√
|2πP|

.

∫
exp
[
− 1

2
yT R−1y− 1

2
xT Ax+bT x− 1

2
x̂T P−1x̂

]
dx

=
1√
|2πR|

.
1√
|2πP|

. exp
[
− 1

2
yT R−1y− 1

2
x̂T P−1x̂

]
.
∫

exp
[
− 1

2
xT Ax+bT x

]
dx

=

√
|2πA−1|√
|2πR||2πP|

. exp
[
− 1

2
yT R−1y− 1

2
x̂T P−1x̂+

1
2

bT A−T b
]

The posterior pdf from Bayes’ rule is given as:

p(x|y) = 1√
|2πA−1|

. exp
[
− 1

2
xT Ax+bT x− 1

2
bT A−T b

]
=

1√
|2πA−1|

. exp
[
− 1

2
(
x−A−1b

)T A
(
x−A−1b

)]
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR SYSTEM WITH GAUSSIAN UNCERTAINTY

p(x|y) = 1√
|2πA−1|

. exp
[
− 1

2
(
x−A−1b

)T A
(
x−A−1b

)]
bT =

(
yT R−1H + x̂T P−1), A = P−1 +HT R−1H

Useful Identities: (
I +PHT R−1H

)−1
= I−PHT (HPHT +R

)−1
H(

I +PHT R−1H
)−1

P = P− I−PHT (HPHT +R
)−1

H(
I +PHT R−1H

)−1
PHT R−1 = PHT (HPHT +R

)−1

A−1 = P−PHT (R+HPHT )−1︸ ︷︷ ︸
K

HP = P−KHP

A−1b =
(
P−KHP

)(
HT R−1y+P−1x̂

)
= x̂+K

(
y−Hx̂

)
Hence the posterior pdf still remains Gaussian even after Bayes’ Rule update, with mean and
covariance as

Posterior Mean: µ = A−1b = x̂+K
(
y−Hx̂

)
Posterior Covariance: ΣΣΣ = A−1 = P−KHP
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MAXIMUM A-POSTERIORI ESTIMATE (MAP)
LINEAR SYSTEM WITH GAUSSIAN UNCERTAINTY

This paves the way to sequentially process the measurement data.

After processing, one set of measurement data, the posterior
density serves as the prior for the next set of measurement data.

In summary, starting with prior p(x) = N (x : µµµ0 ΣΣΣ 0,) with
µµµ0 = x̂, ΣΣΣ 0 = P

MEASUREMENT UPDATE

After the kth iteration: p(x|Yk) = N (x : µk|k ,ΣΣΣ k|k)

µµµk+1|k+1 = µµµk|k +Kk
(
yk+1−Hµµµk|k

)
ΣΣΣ k+1|k+1 = ΣΣΣ k|k−KkHΣΣΣ k|k

Kk = ΣΣΣ k|kHT (R+HΣΣΣ k|kHT )−1

Yk is the measurement data up to the kth iteration.
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

MINIMUM VARIANCE ESTIMATE

min
x̂k+1/k+1

Tr
{

E[(xk+1−µµµ)(xk+1−µµµ)T ]
}

i.e. find an estimate that minimizes the posterior variance

ESTIMATOR: LINEAR UPDATE

µµµ = x̂k+1/k +K(yk+1− ŷk+1)

The assumed estimator is unbiased.
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

min
K

Tr
{

E[(xk+1−µµµ)(xk+1−µµµ)T ]
}

with µµµ = x̂k+1/k +K(yk+1− ŷk+1)

min
K

Tr
{

E[(xk+1− x̂k+1/k−K(yk+1− ŷk+1))(xk+1− x̂k+1/k−K(yk+1− ŷk+1))
T ]
}

min
K

Tr
{

E[
(
xk+1− x̂k+1/k

)(
xk+1− x̂k+1/k

)T
]+KE[(yk+1− ŷk+1)(yk+1− ŷk+1)

T ]KT

−KE[(yk+1− ŷk+1)(xk+1− x̂k+1/k)
T ]−E[

(
xk+1− x̂k+1/k

)
(yk+1− ŷk+1)

T ]KT
}

min
K

Tr
{

P+KPyKT −KPyx−PxyKT
}

The optimal gain K is given by

K = Pxy(Py)−1

no assumptions on the state pdf.

All the expectations are with respect to the prior pdf p(x).
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

ŷk+1 = E[y] = E[Hx+ν ] = HE[x] = Hx̂

Py = E[(yk+1− ŷk+1)(yk+1− ŷk+1)
T ]

= E[
(
Hx+ν−Hx̂

)(
Hx+ν−Hx̂

)T
]

= HE[
(
x− x̂

)(
x− x̂

)T
]HT +E[νν

T ]

= HPHT +R

Pxy = E[
(
xk+1− x̂k+1/k

)
(yk+1− ŷk+1)

T ]

= E[
(
xk+1− x̂k+1/k

)(
H(xk+1− x̂k+1/k)+ν

)T
]

= E[
(
x− x̂

)(
x− x̂

)T
]H = PHT

The gain matrix is then given as:

K = Pxy(Py)−1 = PHT (HPHT +R
)−1

Minimum variance estimator is same as the MAP and hence optimal for linear
system with Gaussian pdfs
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

Minimum variance estimator for Nonlinear Measurement model, y = h(x)+ννν :

min
K

Tr
{

E[(xk+1−µµµ)(xk+1−µµµ)T ]
}

with µµµ = x̂k+1/k +K(yk+1− ŷk+1)

min
K

Tr
{

P+KPyKT −KPyx−PxyKT
}

The optimal gain K is given by

K = Pxy(Py)−1

Using Taylor Series Expansion of h(x) about the current estimate at time k+1 i.e. x̂

h(x) = h(x̂)+H(x− x̂) where H ≡ ∂h
∂x
|x=x̂

ŷk+1 = E[y] = E[h(x)]+E[ν ]≈ h
(
x̂
)
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

Py = E[(yk+1− ŷk+1)(yk+1− ŷk+1)
T ]

≈ E[
(
h(x)+ν−h(x̂)

)(
h(x)+ν−h(x̂)

)T
]

= HE[
(
x− x̂

)(
x− x̂

)T
]HT +E[νν

T ]

= HPHT +R

Pxy = E[
(
xk+1− x̂k+1/k

)
(yk+1− ŷk+1)

T ]

≈ E[
(
xk+1− x̂k+1/k

)(
h(x)+ν−h(x̂)

)T
]

= E[
(
x− x̂

)(
x− x̂

)T
]H = PHT

The linear gain is then given as:

K = Pxy(Py)−1 = PHT (HPHT +R
)−1
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MINIMUM VARIANCE ESTIMATOR
A-PRIORI INFORMATION

In summary,

MEASUREMENT UPDATE

µµµ = x̂k+1/k +K(yk+1−h(x̂))

ΣΣΣ = P−KHP

K = PHT (HPHT +R
)−1

H ≡ ∂h
∂x
|x=x̂

Only mean and covariance are updated.

All expectation expression E[.] evaluated by linearizations⇒ analytical expressions

Estimates can quickly diverge due to linearizations involved.

MOTIVATION FOR UNSCENTED AND QUADRATURE RULES

⇒ Avoid linearization altogether and evaluate these expectation integrals directly using
appropriate quadrature scheme.

Unscented Transform, Gauss-hermite Quadratures or Conjugate Unscented Transform
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