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Introduction

In the context of magnetic and non-magnetic crystallographie
space groups, the symmetry of a three-dimensional incommensurate
crystal is not a three~dimensional group, but a group of lower
dimensionality. The symmetry group of the non-magnetic crystal
lT-TlSez, with its incommensurate structural distortibnl, is a one-~
dimensional space group. The symmetry group of the magnetic crystal
HnAuz, with its incommensurate spiral spin-arrangementz, and the
symmetry group of a - TbAuz, with its incommensurate linear trans-
verse-wvave upin.nrrlngement3, are two-d;nensional groups.

We introduce a new class of crystallographic groups, named
"wreath groups," based on the concept of wreath products of groups.
We show that the symmetry group of a three-dimensional incommensurate
crystal 1s a three-dimensional wreath group.

Wreath Products of Gtoupl4’5

Let P be a group, H a set, and 8 a group homomorphic onto a
subgroup Bc of the group of all permutations of H. Let | Ll PxPx..x¥
taken H times. Elements of PH are functions f on H whose values are
in P. T 1s homomorphic onto a group ‘C of automorphisms of P! vhere
oEm) = £(0. Mn). ‘

The wreath product of the groups P and & is denoted by P(:)C
and is the semi-direct product PHOC. Elements of this group are
denoted by (f || G), and the product of two elements is given by:

(£ || (£ || 6") = (£ £ || 66")

1

where f:¢.f'(h) = f(h)-f'(ec‘ h).

In



Wreath Groups
Let §(r) be a static spin arrangement defined on a crystal

C°(3). Let H be the subset Ca(3) of the three-dimensional euclidean
space 29(3)’ i.e. the subset consisting of all atomic positions r,

C the space group of the crystal, and P the vector space VI,
considered as a group under vector addition. We denote f(h) by v(r).
Elements of the wreath produﬁt are then denoted by (V(r) ]| G), and
the product of two elements is written, using an additive notation

for the product of functions 3(r), ag:
@) [l @ || 6 = (V) + ¥ te) || ce")
An element (V(r) |{ 6) of the wreath product is defined to transform
a spin arrangement §(r) into the spin arrangement denoted by
RICD) |1 6)8(r) and defined by:
Jr) ] &8 = S ey + Vo)
The subgroup of all elements of the wreath produect such that
-> .
Fey ] &%) = 3o
is called the "wreath group" of the spin arrangement.
The wreath group of a spin arrangement defined on a crystal
c'(3) of space group symmetry & is isomorphic to 8. The elements

of the wreath group are denoted by (Vc(r) |l 6) where:

Vo = 3(n) - $¢c™ 1)

Consequently, the symmetry group of an incommensurate spin arrangement

defined on a three~dimensional crystal is a three-dimensional wreath

group.
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Deacription of Matter

Example: a-TbAu2

The wreath group of the spin arrangement in a-TbAu, is a
three-dimensional wreath group of elements (W (r) || 6). ¢ 1s
an element of the space group & = I4/mam (D ) The functions
V (r) are defined by the above equation with

3(r) = 2Scos (3T + B)

where 6 = Q(% + $)v2, the wavelength A = 2W/Q being incommensurate
with the crystalline lattice, and B is a phase factor.
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