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ABSTRACT

1f a point group G of a space group &/ 1s Q-reducible,
then the group J has the following properties: (1) The
point group G 1is a direct or subdirect product of point
groups lll and H, which act on G-invariant subspaces V and
V. (2)'The t:znhtioa subgroup T, splits into a dtlcct or

irect product of its yrojoctloui T oand °
T, oato V) end V,. (3) The subgroups 17 = T. NV, and 10 -
1 Ny, ale ‘otél tan & and the cott*:pouﬁh. bactor
.ﬁoupa ¥ /T’ and M /1) have the structure of subperfodic
groups. (&) The group ﬁ itself is s direct or subdirect
product of space groups of lower dimensions. These
properties can be used either for the analysis of space
sroups vith Q-reducible point groups or for the construction
of space groups on the basis of the knowledge of lower
dimensional ones. These points are illustrated by an
sxsnple of groups of Laue class D‘.

The councept of reducibility plays a central role in the
theory of linesr operator groups. We will show here how an
saslogous concept, Q—uducibility(". works in the theory of
space groups and subperiodic groups, i.e. of groups with a
discrete translstional subgroup.

Any such group. § = (G;Tcgo;uc) is uniquely defined by
its point group G, translational subgroup T,., and a system
of non-primitive translations Us: 6 —*V(n). The point
group G 1s a group of linear operstors om V(n), the vector
Spece associated with the Euclidesn space. Let us assume

' that the point group G is Q-reducible. That is, that the
action of G on V(n) 1s reducible such that V(n)-Vl(nl) [

Vz(“z) is a splitting of V(n) fato G invariant subspaces.

In this case, every element (g t+u.) of ¥ can be written
as .

(it +up) = {(s,.8)) feyreyrug vu,}

{('l"z)' t1tug, } (o)) ‘2"'(;2}

vhere, for i.-l.2.'1 < O(nt). ti'“ci 6 Vi(ni) and O(m,).
Since the elements {(gl.cz)ltlmcl} and  {(e,,g,)f tyruc}
commute, the group f 1s & subgroup of €(nl) g2 (»)).

It follows that &/ 1s o subdirect products of subgroups
‘)‘fs(nl) and ), E(nz) of two lower-dimensional Buclidean
sroups. § can then he expressed as '

- 7‘: ] W; [(cl.cz)*(ffz). f;z))n..o(f{'),f;'))] a)

vhere
LA ~MWile, ’ffz) AT ff')l
Ho = Wple, + 75D o o A

WyWy e WNg = HnNe a2

2)

and

L ’f?) -} E (n.).

The poiat group G 1s a subgroup of o(nl) [ O(nz) and
hence 1s of the form of s subdirect product of subgroups
B, C O(n,), 1=1,2:
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vhere

B, = 6] e + g{z’ ‘s .f”]

*)
@, .,

L]
iy =8y [e; * 5 A
o (-] (-] (-]
lil/lll » llzlll2 2 GI[Ill ] nzl
Finally, the translation group 'rc is a subdirect sum of

its projections ‘l'l and ‘rz outo V(nl) and V(uz).
respectively:

0
‘rc-'roli'tz [04624...4qu 5
vhere
o .
'l'l - Tl[° + dz1 + ... 4 dq‘]

(6)
(-]
T, =Tloddy, +...44,]

o 0 (+] ;]
T)/T) e T,/Ty 2 T/(T) @ T,]

and 1': = Tg N V(n,), 1=1,2. The groups 'l"l' and 'l': are
aormel subgroups of the space group J and the
corresponding factor groups F ] I‘l': and o l'l'; have the
structure of subperiodic groups. _
Ve have applied the above concepts of Q~reducibility to
two~dimeasional space groups snd the subperiodic layer
groups with Q-reducible point groups. @) We shall
fllustrate thase points hers with the following tables for
space groups of the Lsue class n‘. Yor lack of space we

give only cases with primitive Bravais lnttléen. where the
subdirect sum, Equation 5, becomes a direct sum.

In Table | we give the point groups “1'“2'“: and ll; in
the decompositions equstions (3) sand (4), for all point
groups G of the Laue class D‘. The factor groups &f /‘l"l’ and
ﬂl‘l’; have the structure of a rod 3roup(3)
gtonp“). In Table 2 we list rod groups and the

and a layer

corresponding space groups ' where the factor

group 8 l‘l"l’ is isomerphic to the rod group. Lastly, in
Table 3, we list layer groups and the corresponding space
groups f where the factor group off l'l': is isomorphic to
the layer group.
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