
Lectures 3. Linear Combinations and Spans.

Math 220, Instructor: Alena Erchenko

Denote by Rm the set of m-vectors with entries being real numbers.

Let u =


a1
a2
...
am

 and v =


b1
b2
...
bm

 be m-vectors, where a1, . . . , am, b1, . . . , bm - numbers.

Basic Operations

1. u+ v =


a1 + b1
a2 + b2

...
am + bm



2. Let c be a number. cu =


ca1
ca2
...

cam


3. Dot product: u · v = a1b1 + a2b2 + · · ·+ ambm

There are three ways to present a linear system: equations, augmented matrices and vector
equations.

Definition 1. A vector u is a linear combination of vectors v1, v2, . . . , vk if there are numbers
x1, x2, . . . , xk such that u = x1v1 + x2v2 + · · ·+ xkvk.

Definition 2. A Span of m-vectors v1, v2, . . . , vk is a collection of all linear combinations of v1, v2, . . . , vk.

Lemma 3. A vector u =


u1

u2
...
um

 is in Span{v1 =


v11
v21
...
vm1

 , v2 =


v12
v22
...
vm2

 , . . . , vk =


v1k
v2k
...
vmk

} if and

only if 
v11 v12 . . . v1k u1

v21 v22 . . . v2k u2
...

...
...

...
...

vm1 vm2 . . . vmk um

 is consistent.

Definition 4. Vectors v1, v2, . . . , vk span Rm if Span{v1, v2, . . . , vk} = Rm, i.e., every vector in Rm

is a linear combination of v1, v2, . . . , vk.


