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ABSTRACT   

We discuss the novel frequency shift due to inhomogeneous excitations, particularly in the context of optical frequency 
lattice clocks. We analyze in detail the frequency shifts due to scattering-induced tunneling. These shifts have terms that 
are linear and non-linear in the atomic density. We show that they are small at moderate to high lattice depths. 
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1. INTRODUCTION  

Frequency shifts due to atom-atom interactions are often a difficult systematic frequency error in microwave and optical 
frequency atomic clocks that use ultracold atoms.1-4 For trapped bosons, the shift for homogeneous Ramsey excitations is 
well known. 
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Here we consider particles in trap states 1 and 2, we have included the shift for inhomogeneous excitations, the last term 
in (1),5 and we have defined g ≡(gPP+gSS)/2, Δg≡gPP−gSS, and  δg≡2gSP−gPP−gSS, where the g’s are the interactions 

strengths for the different  s-wave scattering lengths. In (1), the interactions are weak, the Ramsey fringe amplitude is Ac 
and the mean and difference of tipping angles are the θ’s. The first term describes the frequency shift due to the 
interactions between two ground state and two excited state atoms. The second term is proportional to the difference of 
ground and excited state partial densities, cos(

1θ ) = (nS−nP)/(nS+nP), for the interstate scattering. Note that (1) also 

describes the p-wave shift for fermions, which was recently shown to dominate the frequency shifts in an Yb lattice 
clock.4 The s-wave shift for fermions (p-wave for bosons) is: 
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This shift is depicted in Fig. 1. For bosons, the conventional wisdom has been that interstate frequency shifts are 
proportional to the difference of partial densities of the clock states. The shifts for fermions have also been analyzed and 
discussed in terms of the difference of partial densities.3,6-789 Here we wish to emphasize that the s-wave fermion 
frequency shift (2) behaves differently; it is not proportional to cos(

1θ ) as for s-waves and bosons in (1).  As we describe 

next, the origin of the shift and its explicit dependence on cos(
2θ ) is from the readout sensitivity of the collisional phase 

shifts. 

In the collision of two fermions in non-identical superpositions, one fermion gets a positive frequency shift and the other 
a negative frequency shift.5 This can be understood in terms of the energy shifts of pair-wise singlet states5 or identical 
spin rotation.10,11 When the second Ramsey pulse is a π/2 pulse, 

2θ =π/2 in Fig. 1 and (2), the frequency shift of both 

atoms is probed with the same sensitivity and there is no shift.5 For other pulse strengths, the two shifts largely cancel. 
For a single Rabi excitation pulse, the calculations showed that the behavior is essentially identical to Ramsey 
spectroscopy. 

Strong interactions can suppress the collision shifts and also preserve spin coherence, as was demonstrated in an 87Rb 
chip-scale atomic clock.11 The collision shifts are doubly suppressed for strong interactions in Ramsey spectroscopy 
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Figure 1. Frequency shift due to fermions collisions as a function of the Ramsey pulse tipping angles, 1θ  and 2θ . The 

shift is not proportional to the difference of partial densities nP−nS, which would imply a strong dependence on 1θ . The 
shift does vary strongly with the second Ramsey pulse area, going to zero if the second pulse is on average a π/2 pulse. 
The solid line is the shift for the usual case of identical Ramsey pulses. 

 

Figure 2. Example of a non-zero fermion collision shift even when the ground and excited state partial 
densities are equal. Two fermions are identically coupled to the clock field and have excited state populations 
of ¾. The third fermion has no coupling to the clocks field. This is a counterexample to predictions from 
treatments based on the difference of chemical potentials.  

because the singlet state is detuned during the Rabi pulses and it gets a random phase shift during the interrogation 
time.12 An experimental observation of the collision shift suppression has been reported for Rabi excitation, where the 
singlet state detuning inhibits the collision shift.7 

In [5] we pointed out that collision shifts can be non-linear in density due to scattering induced tunneling between lattice 
traps. In this paper, we analyze those processes and show that they are small, with the same level of suppression as the 
tunneling probability. Before doing that, we first give a simple physical example12 that shows a non-zero collision shift 
for fermions when the ground and excited state partial densities are the same, in contrast to the often-used difference of 
chemical potentials, which predicts no shift. 

2. EXAMPLE OF A SHIFT THAT IS NOT ZERO FOR EQUAL PARTIAL 
POPULATIONS 

Several treatments have adapted a principle equating frequency shifts to the differences of chemical potentials.3,6,7,9 This 
principle has not been derived from first principles but it does give the correct answer for homogeneous excitations of 
Bosons, and also no shift for the simpler case of Fermions. A formal treatment analyzing Rabi excitations found the 
behavior to be consistent with the answer from chemical potentials.8 Our model disagrees with this concept for 
inhomogeneous excitations.  Here we give a clear counterexample.12 

We consider three fermions in a single lattice pancake or tube trap. We can imagine a clock laser and trap for which two 
atoms have identical couplings and a third atom has no coupling.  We perform Ramsey spectroscopy and apply a first 
Ramsey pulse of 2π/3 to the two coupled atoms as depicted in Fig. 2. Thus, while collisions occur, both atoms have 
nP=3/4 and, for all 3 atoms, the total populations are, nP= nS=1.5. Thus, any treatment that concludes that the collision 
shift is proportional to nP−nS yields no shift. 
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Figure 3. To understand frequency shifts due to scattering-induced tunneling, we consider a system of three 
fermions in which only one scattering process is energetically resonant, ABF ñ ACD. The potential is magic, 
the same for both internal pseudo-spin states. 

For the second pulse, we can drive a π/2 pulse or less for the two coupled atoms, and the third atom remains uncoupled 
(

2θ ≤(2/3)π/2). The two fermions mostly in the excited state P are not identical to the fermion that remains in the ground 

state S and therefore collisions occur. The two atoms mostly in P clearly acquire a collisional phase shift and this is read-
out by the second Ramsey pulse.  The atom in S will also acquire a phase shift, which is opposite, but it is not coupled to 
the clock field and therefore cannot cancel the non-zero frequency shift that the other two atoms contribute. 

To understand the origin of the shift, and specifically to see how it is different than intrastate scattering in bosons, 
Ramsey spectroscopy offer a particularly helpful physical picture. The ground and excited state population differences, 
due to the first Ramsey pulses, due not play a role but the read-out of the phase shifts, by the second Ramsey pulse is 
crucial. In the treatments of Rabi excitations,3,6-9 it requires more work to formally show the origin of the shift. The 
approach in [10], for example, could be used to show this. 

3. TUNNELLING AND THEN SCATTERING, SCATTERING-INDUCED TUNNELLING, 
AND NON-LINEAR DENSITY SHIFTS 

In this section we discuss an interesting collisional frequency shift associated with tunneling between lattice sites. Many 
lattice clocks use a lattice formed by a pair of counterpropagating laser beams, which are co-linear with the clock laser. 
Since the clock and magic wavelengths are not too different for all current lattice clocks, the laser phase between 
adjacent traps is nearly π. This gives a maximum singlet amplitude for the scattering of atoms in different lattice sites. 
Therefore, if an atom tunnels into an adjacent site, via ordinary single particle tunneling, it will collide vigorously with 
all the atoms in those sites since it has the “wrong” phase. The resulting frequency shift has two components – a 
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“Doppler shift” that is independent of density and a collisional shift from the scattering in the adjacent wells that is linear 
density. Both of these effects are included in the current systematic evaluations of lattice clocks by observing the 
changes in clock frequency versus lattice depth and atomic density. 

The atom-atom interactions can also lead to atomic motion in the lattice. In Fig. 3, the wave function in the left trap site, 
state F, extends into the adjacent site. This amplitude gives a scattering off of an atom in state B that can transfer 
population to states C and D, both in the right well.  Note that this can happen in vertical lattices – the gravitational 
potential energy plays an important role in determining the allowed final scattered states. In Fig. 3 a), we simplify the 
problem by considering a trap with only two lattice sites, one possible final scattering state, and no resonant tunneling, 
since there are no near degeneracies with state F. In general, there are lattice sites on both the left and right of any site 
and, in three dimensions, there could be many possible final states. The matrix element for this scattering process is not 
so small – it’s the overlap of the wavefunctions B, C, and D with the tail of F. Therefore, the matrix element is of order 
of the tunneling amplitude and not its square, the tunneling probability. The simple picture here is that, after scattering, 
the atom initially on the left now has the wrong phase for the right trap site, and therefore interacts with all the atoms in 
this trap, including the atom in state A in Fig. 3 a). This process is expected to have a non-linear density dependence 
because at least two scattering events must occur – first the scattering between sites and second, the scattering within a 
site. Thus, the minimum number of particles for a treatment to see this effect is three. The scattering-induced tunneling 
can also have a contribution that scales linearly with the density – the scattering induces tunneling to a different lattice 
site, which gives a Doppler shift. 

The s-wave collision shifts are more subtle than the above, almost classical, description. When scattering of fermions 
occurs, between sites or within one site, the entire atom does not scatter. If the fermion in state F is in a superposition of 
the clock states and the fermion in B is in the ground state, the ground states do not scatter off of one another. Rather, in 
general, only the entangled combination of the ground and excited states of both atoms, the singlet state, scatters as an s-
wave. For scattering within a single site, it is the interference of this entangled s-wave of the ground and excited state 
with the unscattered atoms that yields the frequency shift. When the atoms change trap sites, or even change eigenstates 
within a given site, there can be no interference with the unscattered component of the wavefunction.13 We next give the 
solution to the problem in Fig. 3 and find that the frequency shifts from scattering-induced tunneling are suppressed, as 
can be expected because there is no interference with the unscattered part of the atom’s wavefunction. 

We begin with a Hamiltonian for the trap, the interaction with the clock laser light, and the atomic interactions for three 
fermions. 
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Here H0 describes the applied potential, neglecting the particle interactions and atom-light coupling, and φk is the phase 
difference of the clock laser between the left and right wells. The Ramsey pulses of the clock laser are long enough to be 
in the resolved sideband limit and for clarity we neglect the atomic interactions during the short light pulses. We can 
develop an understanding of the scattering and the tunneling frequency shifts in the limit of weak atomic interactions, 
where the singlet phase shift is small. We use a basis of unperturbed trap states Ψη and then solve the atomic interactions 
up to order T3, neglecting cubically small interaction terms between state F and the states in the right well, A through D. 
We get: 
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Here the εηF’s and gij’s are the interactions,5,8,10 ε is the scattering matrix element from ABF to ACD, and the Ramsey 
fringe contrast Ac is the average of sin(θ1)sin(θ2). 

If the semi-classical picture above for nonlinear density dependent frequency shifts due to scattering induced tunneling 
were correct, the shift in (4) would be proportional to εΣgij. Instead, ε only enters as ε2, multiplied by gij’s. This is a 
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Figure 4. Scattering-induced tunneling with resonant single particle tunneling. Here, Wannier state F and C 
have a tunneling coupling. For three fermions, the only scattering process that is energetically resonant is ABF 
ñ ABC. Only the particle in state F changes state. As we show in Eqs (5) and (6), there is nonetheless no 
interference that produces a large frequency shift. 

singlet s-wave being scattered into the right well, interacting with the two particles in the right well, one in state A and 
the scattered s-wave in C and D, scattering back to F, and finally interfering with the unscattered amplitude in F. As the 
number of particles increases, there will be more terms gAC and gAD in (4), and more ε’s as well. Thus, we expect a 
quadratic density dependence for the frequency shift from scattering-induced tunneling. We note that this shift has the 
same dependence on pulse areas as the shift for interactions in the same site,5 and is proportional to the singlet 
amplitude, sin2(φk/2). Since ε2 is of order of the single-particle tunneling populations, this term should be comparably 
small and suppressed for larger lattice depths. 

The first term in (4), independent of T, is the usual fermion frequency shift,5 which is small because there is not much 
overlap of the wavefunctions between the right and left sites. The last term, proportional to T, is odd in φk so the 
contribution from adjacent sites in a lattice will very nearly cancel. 

The scattering-induced tunneling frequency shift in (4) is small because two tunneling collisions are required to produce 
an interference with the unscattered part of the atoms and thus a frequency shift. Alternatively, in an actual lattice clock 
a state in the left site (F) could be nearly resonant with a state in the right site (C), as depicted in Fig. 4. In this case, 
scattering from an initial state ABF to final state ABC is energetically allowed, along with the usual single particle 
tunneling. Here, can the s-wave that scatters from B and F to B and C interfere with the unscattered amplitude in state B, 
and consequently produce a shift first order in ε? We get: 
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Here, 4J is the tunneling energy splitting, the scattering rates are εΑ (εΒ) for AF to AC (BF to BC). The second term in (5) 
is the Doppler shift from single-particle tunneling, which averages to zero when the tunneling in the lattice is symmetric. 
If we imagine that the two scattering rates are the same, εΑ = εΒ = ε, (5) simplifies to look much like (4) above, but 
includes tunneling contributions. 
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Again we see that there are no terms proportional to εA or εB; all terms are of order ε2 or smaller. The T2 terms are third 
order terms, involving two tunneling’s J, or two scatterings, εA or εB, and an interaction with the atoms in the right well. 
Thus we expect the contributions from scattering-induced tunneling to be easily controllable with lattices that are deep 
enough to suppress single particle tunneling. Recent measurements with a strontium lattice clock show that moderately 
deep lattices will not limit the clock accuracy.14 

4. SUMMARY 

Inhomogeneous excitations in clocks using trapped atoms lead to novel frequency shift that do not depend on ground and 
excited state partial densities, for both fermions and bosons. We use a simple example of three fermions to illustrate that 
the s-wave fermion shift must be non-zero even when the ground and excited state densities are equal. We analyze the 
frequency shifts from scattering-induced tunneling and find that they are well-suppressed for moderately deep lattices. 
These shifts have contributions that are linear and non-linear in the atomic density. 
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