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Abstract Non-autonomous first order difference equation of the form xn+1 = xn +
an f (xn), n ∈ N0, is consideredwhere f : R → R is a continuous function satisfying
the negative feedback assumption x f (x) < 0, x �= 0, and an ≥ 0 is a non-negative
sequence. Sufficient conditions for the global asymptotic stability of the zero solution
are derived in terms of the attractivity of the fixed point x∗ = 0 under the iterations
of distinct maps of the family of one-dimensional maps Fλ(x) = x + λ f (x),λ ≥
0. The principal motivation for consideration of the difference equation and the
corresponding family of interval maps comes from a problem of asymptotic behavior
in differential equations with piece-wise constant argument (DEPCA).

Keywords Parametric family of interval maps · Successive iterations under
distinct maps · Global attractivity of fixed points · DEPCA · Reduction to
difference equations

1 Introduction

This paper studies the global asymptotic stability in a class of non-autonomous first
order difference equations. The problem is equivalent to the global attractivity of
a fixed point under the iterations of distinct maps within a fixed family of interval
maps. Both the difference equations and the family of interval maps appear as exact
reductions from certain differential equations with piece-wise constant argument
(DEPCA). The theoretical basics are developed here for a class of parameter depen-
dent interval maps that are unimodal, have a single fixed point which domain of
immediate attraction is the entire real axis R. Others and more general possibilities
require modifications and expansions of the approaches and techniques of the current
paper; they are expected to be derived in the forthcoming paper [1].
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The structure of this paper is as follows. Section 2 describes a formal statement of
the principal problem under study. Section 3 is made up of two components. Section
3.1 provides amotivation and a background for us to consider difference equations of
the form (1). They naturally appear as reductions of solutions of initial value problems
for specific DEPCA. A brief exposition of well-known facts of such reductions is
given. Section 3.2 contains some basic facts on interval maps which are necessary
for related exposition in the paper. Section 4 contains several statements on global
asymptotic stability of thefixedpoint x = 0under the iterations of distinctmaps of the
family Fλ. They are Theorems 1–3. Those results are translated to the corresponding
global asymptotical stability result for a respective DEPCA (Corollary 1). Several
examples demonstrating the applicability of our results to both families of interval
maps and DEPCA are given. Section 5 contains a discussion of additional aspects
of this work, such as subcases not worked out in full detail in this paper, further
generalizations of obtained results, and conjectures. The current work initiates a
novel approach to study the global asymptotic stability in a class of DEPCA through
the reduction to the problem of global attractivity of a fixed point under the action
of a family of one-dimensional maps.

2 Statement of the Problem

Consider the scalar non-autonomous difference equation of the first order

xn+1 = xn + an f (xn), n ∈ N0 = N ∪ {0}, (1)

under the following assumptions:

(H1) Function f : R → R is continuous for all x ∈ R and satisfies the negative
feedback condition

x · f (x) < 0 for x �= 0; (2)

(H2) Sequence an, n ∈ N0, is non-negative, an ≥ 0;
(H3) Function f (x) is continuously differentiable in a neighborhood of x = 0 with

f ′(0) = f0 < 0;
(H4) For every λ > 0 each function of the family of interval maps

Fλ(x) = x + λ f (x), λ ≥ 0, (3)

is unimodal for x ∈ R;

Given arbitrary initial value x0 ∈ R the corresponding solution {xn, n ∈ N0}, to
Eq. (1) is found by successive iterations through the composite functionFn as follows

xn = Fan−1 ◦ Fan−2 ◦ . . . ◦ Fa1 ◦ Fa0(x0) := Fn(x0) = Fn(x0; a0, . . . , an−1). (4)
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In view of (H1) the difference Eq. (1) has the only constant (trivial) solution {xn ≡
0, n ∈ N0}. As usual the constant solution is called (locally) stable if for arbitrary
ε > 0 there exists δ > 0 such that for every initial value x0 with |x0| < δ one has that
the corresponding solution xn satisfies |xn| < ε for all n ∈ N0. The trivial solution
is called asymptotically stable if it is stable and limn→∞ xn = 0 for every solution
with |x0| < δ. In the case when the zero solution is not stable, it is called unstable.
When the zero solution is asymptotically stable, and there is a set D ⊆ R, 0 ∈ D,

independent of ε, δ, such that limn→∞ xn = 0 for all x ∈ D then we shall call the
zero solution to be globally asymptotically stable (on set D).

We are interested in sufficient conditions when the zero solution of difference
Eq. (1) is globally asymptotically stable. Such criteria are derived in Sect. 4 it terms
of iterations Fn of distinct maps Fλ of the family (3) as n → ∞.

3 Preliminaries

In this section we provide a motivation and a justification for consideration of fam-
ilies of difference equations of the form (1). Such difference equations appear as
exact reduction for solutions of initial value problems for a particular type of dif-
ferential equations with piece-wise constant argument (DEPCA). More background
information on DEPCA and on the procedure of reduction are given in Sect. 3.1. A
comprehensive description of fundamental properties of DEPCA can be found in e.g.
[2, 3]. Section 3.2 contains necessary definitions and basic knowledge on interval
maps that are used in the remainder of the paper. A complete theory of the interval
maps can be found in multiple sources including the monographs [4, 5].

3.1 DEPCA: Reduction to Discrete Maps

The principalmotivation for consideration of difference Eq. (1) is the study of asymp-
totic behavior of solutions of scalar first order differential equations with piecewise
continuous argument (DEPCA) of the form

x ′(t) = f (t, x(t), x([t − N ]), (5)

where f is a continuous function, f (t, u, v) ∈ C(R+ × R2,R), and the [·] stands
for the greatest integer value function.

We briefly describe here some well-known basics about DEPCA as they relate to
Eq. (5). Those facts as well as comprehensive additional information on the subject
can be found in multiple sources, see e.g. [2, 3, 6–8] and further references therein.
In order to solve Eq. (5) for t ≥ t0 = 0 one needs an initial function defined on the
interval [−N , 0]. The set X := C([−N , 0],R), N ≥ 1 can be chosen as the formal
phase space for Eq. (5) (when it is viewed as a non-autonomous dynamical system).
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Given arbitrary ϕ(s) ∈ X Eq. (5) is solved for t ≥ 0 by the step method. On the
interval [0, 1) the solution x(t,ϕ) is found by solving the initial value problem for
an ordinary differential equation:

x ′(t) = f (t, x(t),ϕ(−N )), x(0) = ϕ(0), t ∈ [0, 1)

By the continuity, one sets x(1) := limt→1− x(t,ϕ) =: x1. It is also clear that the
value x(1) = x1 only depends on x(−N ) = ϕ(−N ) and does not depend on the
valuesϕ(s)when s ∈ (−N ,−N + 1). On the interval t ∈ [1, 2] the above integration
procedure is repeated so to obtain the solution x(t) by using the value ϕ(−N + 1)
only, and so on:

x ′(t) = f (t, x(t), x(−N + 1)), x(1) = x1, t ∈ [1, 2),

with x(2) = limt→2− x(t) =: x2. Thus, the asymptotic behavior of solutions toEq. (5)
at t → ∞ is determined by that for the successive iterations of the following family
of non-autonomous maps:

Fn : (u0, u1, . . . , uN−1, uN ) → (v0, v1, . . . , vN−1, vN ),

where u0 = x(n), u1 = x(n − 1), . . . , uN−1 = x(n − N + 1), uN=x(n − N ), vk =
uk−1, 1 ≤ k ≤ N , and v0 := x(n + 1)with x(t) being the solution of the initial value
problem

x ′(t) = f (t, x(t), x(n − N )), x(n) = u0, t ∈ [n, n + 1), (6)

x(n + 1) = lim
t→(n+1)−

x(t).

Consider now the case of Eq. (5) when function f (t, u, v) does not depend on u
and has the form:

x ′(t) = a(t) f (x([t − N ])), t ≥ 0. (7)

The asymptotic behavior of its solutions as t → ∞ is reduced to the successive
iterations of the family of maps Fn, n ∈ N, on the (N + 1)-dimensional Euclidean
space RN+1:

Fn : (x0, x1, . . . , xN−1, xN ) → (x0 + an f (xN ), x0, . . . , xN−2, xN−1),

where an = ∫ n+1
n a(t) dt . Of particular interest is the case of N = 0 when Eq. (7)

becomes
x ′(t) = a(t) f (x([t])), t ≥ 0. (8)

The family Fn then becomes a family of one dimensional maps of the form Fn(x) =
x + an f (x), n ∈ N. Several specific cases of Eq. (8) were studied by others, see e.g.
[8, 9] and further references therein.
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Another special case of Eq. (5) is the following DEPCA

x ′(t) = a(t) x(t) f (x([t − N ])), t ≥ 0. (9)

If the range of x(t) is in R+, x(t) > 0, ∀t ≥ 0, then the substitution z(t) = ln[x(t)]
reduces it to the form

z ′(t) = a(t) f (exp{z([t − N ])}), t ≥ 0,

which is Eq. (8).
As it is transparent from the reasoning above, the asymptotic properties of the

solution as t → ∞ of the initial value problem

x ′(t) = a(t) f (x([t]), x(0) = x0, (10)

are equivalent to the asymptotic properties of the solution of the iterative sequence

xn+1 = Fan (xn) =: xn + an f (xn), an =
∫ n+1

n
a(t) dt, n ∈ N0. (11)

Asymptotic properties of solutions of Eq. (11) as n → ∞ are determined by the
iterative properties of the family of one-dimensional maps

Fλ(x) : x → x + λ f (x), λ ∈ R, (12)

when successive iterations are applied for generally different values of the parameter
λ. This way iterations on R under the family (12) are viewed as a non-autonomous
dynamical system.

In the prior studies of autonomous DEPCA of the form (8) the nonlinearity f is
assumed to satisfy the negative feedback assumption with respect to the unique equi-
librium [8, 9]. This is a fairly standard assumption for many systemswith delaymod-
eling biological applications among others. Therefore, the assumption (2) appears
naturally in this context for both differential equation (8) and the family of maps
(12). In particular, for an extension of the well-known Wright equation [10] to the
case of DEPCA the nonlinearity f has the form f (x) = 1 − ex (see Example 1 in
Sect. 4.4).

3.2 Related Interval Maps

In this subsection we recall some basic notions and definitions related to interval
maps. Comprehensive expositions on the theory of one-dimensional maps can be
found in monographs [4, 5].
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Definition 1 (i) A fixed point x = x∗ of a continuous map F of an interval I ⊆ R
into itself is called attracting if there exists an open interval J ⊆ I such that x∗ ∈ J ,
f (J ) ⊆ J , and for every point x ∈ J one has that limn→∞ Fn(x) = x∗ holds.
(ii) The largest connected interval J ⊆ I with this property is called the domain of
immediate attraction of the fixed point x∗.

As customary Fn stand for the nth iteration of F , Fn = F ◦ · · · ◦ F.

The following statement is a well-known simple fact in the theory of interval
maps. Its proof easily follows from related facts of Sect. 2.4 in [5].

Proposition 1 For arbitrary point x ∈ J in the domain of immediate attraction of
the fixed point x∗ there always exists a closed finite interval I0 = I0(x) ⊂ J such
that x ∈ I0, F(I0) ⊆ I0, and ∩n≥0Fn(I0) = x∗.

Definition 2 Let x∗ be an attracting fixed point of a continuous map F . An infinite
set of intervals {In, n ∈ N0}will be called a squeezing sequence of imbedded intervals
if the following holds:

Ik+1 ⊆ Ik, F(Ik) ⊆ Ik+1, and ∩k≥0 Ik = x∗.

It is evident that the sequence of intervals Ik = Fk(I0), n ∈ N0, in Proposition 1 is
a squeezing imbedded sequence. Given an initial point x0 in the domain of immediate
attracting it is also clear that a squeezing imbedded sequence containing its iterations
in not uniquely defined in general.

For C3-smooth interval maps an important role is played by the Schwartz deriva-
tive:

SF(x) = F ′′′(x)
F ′(x)

− 3

2

[
F ′′(x)
F ′(x)

]2

. (13)

The Schwartz derivative exists everywhere in the phase space I ⊆ R except the
critical points xcr where the first derivative is zero, F ′(xcr ) = 0. The following state-
ment is a well-known fact for unimodal interval maps that relates local and global
attractivity of a fixed point. It follows from [11].

Proposition 2 Suppose that a unimodal map F ∈ C3(I, I ) has a unique attract-
ing fixed point x∗ ∈ I . If the Schwartz derivative satisfies SF(x) < 0 for all x ∈
I, x �= xcr , then the fixed point x∗ is also globally attracting on I : limn→∞ Fn(x) =
x∗, ∀x ∈ I.

4 Main Results

We assume throughout this section that the hypotheses (H1)–(H4) are satisfied. Since
f ′(0) = f0 < 0 holds the unique fixed point x = 0 of each of the maps Fλ(x) =
x + λ f (x) is locally attracting for every 0 < λ < −2/ f0, and it is repelling for any
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λ > −2/ f0. The value λcr = −2/ f0 > 0 is critical as the derivative is F ′
λcr

(0) = −1.
The fixed point x∗ = 0 at this parameter value can typically be either attracting
or repelling, depending on further local properties of function f (x) in the vicinity
of x = 0. An important subcase for us will be when it is attracting; this happens in
particular when SF(x) < 0 in some neighborhood of x = 0. Throughout this section
we always assume that the parameter λ belongs to the interval Λ∗ = [0,−2/ f0] =
[0,λcr ].

We further assume that for each λ ∈ Λ∗ \ {0} the map Fλ is unimodal with the
following additional specification:

(H5) Fλ(x) has a unique critical point x = cλ; it is increasing on (−∞, cλ) and
decreasing on (cλ,+∞) with

lim
x→−∞ Fλ(x) = lim

x→+∞ Fλ(x) = −∞. (14)

Note that the symmetric case of the unimodality, when the limits in (14) are +∞,
or when one or both of the limits are finite, is completely analogous to the case of
(14) for corresponding mathematical reasoning of this section; its details are not
given in this paper, due to space considerations; however, they are presented in the
forthcoming paper [1]. Example 3 in Sect. 4.4 deals with such particular case.

4.1 Squeezing Sequences of Imbedded Intervals

In this subsection we shall construct and describe related properties for specific
squeezing sequences of imbedded intervals for unimodal interval maps satisfying
the hypothesis (H5). We also assume that the domain of immediate attraction of the
fixed point x∗ = 0 for each of the maps Fλ is the entire real axis R.

Let F stand for an arbitrary representative of the family Fλ for which x = 0 is an
attractive fixed point, and let x = c = cλ be its critical point. We shall distinguish
between two possibilities how the critical point c is located with respect to the fixed
point x∗ = 0. If it is to the right of the fixed point, c ≥ 0, we call the respective map
F to be of type I . If it is to the left, c < 0, then the map F is said to be of type I I .
This distinction by the type is important for the structure of the squeezing sequences
of imbedded intervals that we describe next.

(A). Suppose first that map F is of type I , i.e. the corresponding c = cλ satisfies
c ≥ 0. This is the case when the parameter λ satisfies 0 < λ ≤ −1/ f0 = λcr/2, since
1 > F ′(0) ≥ 0 then. There is a unique value z0 ≥ c such that F(z0) = 0. The func-
tion F(x) is monotone increasing on (−∞, c] � 0 with 0 > F(x) > x ∀x < 0 and
0 < F(x) < x ∀x ∈ (0, z0). Therefore, every interval I of the form [a, b], a < 0 <

b ≤ z0, is mapped into itself, F(I ) ⊂ I , with the following properties Fn+1(I ) ⊂
Fn(I ), n ∈ N, and ∩n≥0 Fn(I ) = {0} satisfied. Given an initial point x0 a squeez-
ing sequence {In, n ∈ N0} of imbedded intervals now can be chosen accordingly as
follows:
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(i) If x0 ≤ 0 set I0 = [x0, 0] and In = Fn(I0);
(ii) If x0 ∈ (0, c] set I0 = [0, c] and In = Fn(I0);
(iii) If x0 ∈ (c, z0] set I0 = [0, z0] and In = Fn(I0);
(iv) If x0 > z0 set I0 = [F(x0), x0] and In = Fn(I0).

(B). Suppose next that F is of type I I , i.e. c = cλ < 0. This is the case when the
parameter λ satisfies−1/ f0 = λcr/2 < λ ≤ −2/ f0 = λcr since then−1 ≤ F ′(0) <

0 holds. Then one also has that the inequalities 0 < F(c) and 0 > F2(c) > c are
satisfied. Indeed, if one assumes that the opposite F2(c) ≥ c holds then the map F
has a periodic point of period 2 on the interval [c, F(c)]. This contradicts the global
attractivity of the fixed point x = 0. Therefore, the interval [c, F(c)] := I0 is mapped
into itself, and the sequence of intervals In = Fn(I0) forms a squeezing sequence of
imbedded intervals for every initial point x0 ∈ I0:

I0 ⊃ F(I0) ⊃ F2(I0) ⊃ · · · ⊃ Fn(I0) ⊃ Fn+1(I0) ⊃ . . . ,
⋂

n≥0

Fn(I0) = 0.

Since F(x) is increasing and F(x) > x on (−∞, c] there is a unique value c1 < c
such that F(c1) = c. Likewise, there is a unique value c2 < c1 such that F(c2) = c1.
By induction, one builds a sequence of pre-images of the critical point c by setting
cn+1 < cn and F(cn+1) = cn, n ∈ N. One easily concludes that limn→∞ cn = −∞.
Otherwise x∗ = limn→∞ cn would be an additional fixed point of themap F . Set Jn =
[cn+1, cn], n ∈ N0 (with c0 := c). Given an initial point x0, a squeezing sequence
In, n ∈ N, of imbedded intervals now can be chosen as follows:

(i) For x0 ∈ I0 set In = Fn(I0);
(ii) For x0 ∈ Jm for some m ≥ 0 set I0 = [cm+1, F(c)] and In = Fn(I0);
(iii) For x0 > F(c) let m ∈ N be such that F(x0) ∈ Jm . Set I0 = [cm+1, x0] and

In = Fn(I0);

4.2 Global Attractivity Under Unimodal Families

The followingTheorems 1–3 represent the principal results of this paper on the global
attractivity of the zero fixed point under the iterations of the entire family of maps Fλ.

Given λ ∈ Λ∗ let Dλ denote the domain of immediate attraction of the fixed
point x∗ = 0 under the map Fλ. Let parameter values α,β with 0 < α < β ≤ λcr be
arbitrary but fixed, and let Λαβ stands for the closed interval [α,β] ⊂ Λ∗.

Theorem 1 For arbitrary sequence {λn, n ∈ N0} ⊆ Λαβ and for any initial point
x0 ∈ D := ∩λ∈Λαβ

Dλ one has that limn→∞ Fn(x0) = 0 holds.

Here we provide an outline of the proof for the case when the domain Dλ of
immediate attraction of the fixed point x∗ = 0 for each of the maps Fλ is the entire
real axis R. Therefore D = R. The general case involving other possibilities for Dλ

will be treated in paper [1].
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We first make several simple general observations about the family Fλ which are
due to the negative feedback assumption (2) on function f (x) and the unimodality
of the entire family Fλ. The following holds:

(a)
x < Fα(x) < Fλ(x) < Fβ(x) for all x < 0 and every λ ∈ (α,β);

(b)
x > Fα(x) > Fλ(x) > Fβ(x) for all x > 0 and every λ ∈ (α,β);

(c) For every λ ∈ [0,λcr/2] function Fλ(x) is increasing for x ∈ (−∞, 0];
(d) For every λ ∈ [λcr/2,λcr ] function Fλ(x) is decreasing for x ∈ [0,∞);

These properties will be used multiple times in the remainder of the proof, without
repeated mentioning.

In order to prove Theorem 1 we need to establish first the following result.

Lemma 1 Assume hypotheses of Theorem 1. There exists a finite closed interval I∗,
independent of the sequence {λn}, such that it is mapped into itself under each map
of the family: Fλ(I∗) ⊆ I∗,λ ∈ Λ∗. Moreover, for arbitrary sequence {λn, n ∈ N0}
and any initial point x0 ∈ R there exists a finite positive integer N0 = N0(x0, {λn)})
such that Fn(x0) ∈ I∗ for all n ≥ N0.

Proof We shall construct the interval I∗ explicitly. The function u(x,λ) = Fλ(x) =
x + λ f (x) is continuous for all x ∈ R,λ ∈ Λ∗, and it is uniformly bounded from
above. It achieves its absolute maximum value at some finite point (x∗

0 ,λ
∗
0):

sup{u(x,λ); x ∈ R,λ ∈ Λ∗} = u∗ = u(x∗
0 ,λ

∗
0) = x∗

0 + λ∗
0 f (x

∗
0 ). Since Fλ is a uni-

modal family, x∗
0 is the critical point of the map Fλ∗

0
; it is actually the point

of absolute maximum for the function y = Fβ(x) = x + λβ f (x), x∗
0 = cβ . Define

b∗ = u∗ = Fβ(cβ) to be the right endpoint of the interval I∗. Consider next the
function y = Fβ(x) = x + β f (x) and define a∗ = Fβ(b∗) = Fβ(cβ). Since f (x) <

0 ∀x > 0, this implies that Fλ(x) ≥ a∗ for all x ∈ [0, b∗] and every λ ∈ Λ∗. On the
other hand, Fλ(x) > x ∀x ∈ [a∗, 0] and every λ ∈ Λ∗ since f (x) > 0 ∀x < 0. This
shows that the interval [a∗, b∗] := I∗ = [cβ, Fβ(cβ)] is invariant under any of the
maps Fλ: Fλ(I∗) ⊆ I∗,λ ∈ Λ∗.

Suppose now that x0 /∈ I∗. There are two possibilities, either x0 < 0 or x0 > 0.
Assume first that x0 < 0 holds.We shall show next that the point x0 gets mapped into
the invariant interval I∗ after a finite number of iterations of themap Fα, FN0

α (x0) ∈ I∗
for some positive integer N0. Indeed, if FN0

α (x0) ≥ 0 is satisfied for some N0 then the
claim is true. Suppose on the contrary that Fn

α (x0) < 0 ∀n ∈ N0. Then xn = Fn
α (x0) is

an increasing sequence with the finite limit limn→∞ xn = x̄ ≤ 0. If one assumes that
x̄ < 0 then it is a fixed point of Fα different from x = 0, a contradiction. Therefore,
x̄ = 0. This means that there exists N0 such that FN0

α (x0) ∈ I∗. Now note that for
any other map Fλ,λ ∈ Λ∗,λ > α, of the family one has that the inequality Fλ(x) >

Fα(x) holds for all x < 0. Therefore,Fn(x0) = Fλn−1 ◦ Fλn−2 ◦ · · · ◦ Fλ1 ◦ Fλ0(x0) ≥
Fn

α (x0) holds as long as both Fn(x0) < 0 and Fn
α (x0) < 0 are satisfied. Thus, there
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exists N̂0 ≤ N0 such that FN̂0
(x0) ∈ I∗. The considerations in the case x0 > 0 are

analogous, and details are left out. This completes the proof of the lemma.

Outline of the proof of Theorem 1. Let the sequence {λn, n ∈ N0} ⊆ Λαβ and
the initial value x0 ∈ R be given. Lemma 1 allows us to assume that x0 ∈ I ∗

0 is
satisfied. We consider several different possibilities depending on how the com-
posite map Fn = Fλn−1 ◦ Fλn−1 ◦ · · · ◦ Fλ1 ◦ Fλ0 is made up. We shall show that
limn→∞ Fn(x0) = 0 in all cases.

(i) Assume first that all the maps Fλn , n ∈ N0, have their critical point cλn on the
right from the fixed point x∗ = 0, cλn ≥ 0,∀n ∈ N0 (type I ).

Proposition 3 Suppose that x0 < 0. Then the sequence xn = Fn(x0), n ∈ N0, is
increasing with limn→∞ xn = 0.

Indeed, this is easily seen from the inequalities Fα(x) < Fλ(x) < Fλcr /2(x) valid
for all x < 0 and the fact that every function Fλ(x),α ≤ λ ≤ λcr/2 is strictly
increasing on (−∞, 0]. It is straightforward to see that the double inequalities
Fn

α (x0) ≤ Fn(x0) ≤ Fn
λcr /2

(x0) hold for all n ∈ N. Since limn→∞ Fn
α (x0) =

limn→∞ Fn
λcr /2

(x0) = 0 the claim of the proposition follows.
Proposition 3 can also be proved by means of a squeezing sequence of imbed-

ded intervals. Indeed, one can build the sequence following the standard steps by
setting I0 = [x0, 0] and In = Fn

α (I0), n ∈ N0 (see part (A) above). Then in view of
properties (a) and (c) one has that the inclusion Fn(I0) ⊆ FN

α (I0) holds, implying
limn→∞ Fn(x0) = 0.

Proposition 4 Suppose that x0 > 0 and the sequence xn = Fn(x0) > 0 is positive
for all n ∈ N0. Then xn is necessarily decreasing with lim xn = 0.

Indeed, since f (x) < 0, ∀x > 0 and λcr/2 ≥ λ0 ≥ α then 0 < x1 = Fλ0(x0) ≤
Fα(x0) holds. By induction, one concludes 0 < xn = Fn(x0) ≤ Fn

α (x0). However,
Fn

α (x0) → 0 as n → ∞ for any x0 > 0 such that Fα(x0) > 0. Again, an associated
squeezing sequence of imbedded intervals can be constructed here as I0 = [0, x0]
and In = Fn

α (I0), n ∈ N.

The remaining possibility for the subcase (i) is that x0 > 0, xn > 0 for all 1 ≤ n ≤
N0, and xN0+1 < 0 for some N0 ≥ 1. Then xn < 0 holds for all n ≥ N0 + 1, and this
situation is reduced to the subcase ofProposition3.Anassociated squeezing sequence
of imbedded intervals can be chosen here as I0 = [xN0 , x0] and In = Fn

α (I0), n ∈ N.

(i i)Assume next that all the maps Fλn have their critical point cλn on the left from
the fixed point x∗ = 0, cλn < 0 (type I I ).

For any λ ∈ (λcr/2,λcr ] let cλ be the critical point of the map Fλ. Denote the
interval [cλ, Fλ(cλ)] = Iλ.

It is readily seen from the proof of Lemma 1 that for arbitrary x0 ∈ R there exists a
positive integer N0 such thatFn(x0) ∈ I β

0 = [cβ, Fβ(cβ)] for all n ≥ N0. Indeed, for
every λ0 ∈ [λcr/2,λcr ] if x0 > 0 then x1 = Fλ0(x0) < 0. Therefore, one can assume
that the initial point satisfies x0 < 0. If the corresponding sequence xn is such that
xn < 0 ∀n ∈ N then limn→∞ xn = 0.Therefore, in the latter case 0 > xN0 ≥ cβ holds
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for some N0 (and then for all n ≥ N0). If there exists positive integer N0 such that
xn < 0 ∀ 1 ≤ n ≤ N0 and xN0+1 > 0 then xN0+1 = Fλn (xN0) ≤ Fβ(xN0) ≤ Fβ(cβ).
In either case, cβ ≤ xN0+1 ≤ Fβ(cβ).

The interval Iβ is mapped into itself under any map Fλ,λ ∈ [λcr/2,β.]. This is
easily seen from two facts: (i) each Fλ(x) is decreasing for x > 0with the inequalities
0 > Fλ(x) > Fβ(x) satisfied, and (ii) Fβ(x) > Fλ(x) > x for all x ∈ (cβ, 0). This
means that the inclusion Fλn (x0) ∈ Iβ holds for all n ∈ N provided x0 ∈ Iβ .

In view of the above we can assume that the initial point satisfies x0 ∈ Iβ .
We shall construct now a squeezing sequence of imbedded intervals associated

with the interval Iβ and the entire family of maps Fλ for λ ∈ [λcr/2,β] (type I I ).
Note that the following inequalities hold for each such λ:

Fβ(x) ≥ Fλ(x) ≥ Fλcr /2(x) for all x ∈ [cβ, 0] (15)

and
Fβ(x) ≤ Fλ(x) ≤ Fλcr /2(x) for all x ∈ [0,∞). (16)

Lemma 2 There exists a squeezing sequence of imbedded intervals {In, n ∈ N0}
such that for every map Fλ,λ ∈ [λcr/2,β], one has:

Fλ(In) ⊆ In+1, In+1 ⊆ In, and
⋂

n≥0

In = {0}.

Proof Consider the image of the interval Iβ := I0 =: [a0, b0] under any representa-
tive Fλ,λ ∈ [λcr/2,β], of the family. In view of the inequalities (15) and (16) it is
easily seen that for any x0 ∈ (cβ, 0) one has Fλ(x0) ≤ F(cβ). Also the other inequal-
ity holds for such x0: Fλ(x0) ≥ Fλcr /2(x0) ≥ Fλcr /2(cβ). Since all Fλ(x) are decreas-
ing for x ≥ cλ, one has that for every initial value x0 ∈ [0, Fβ(cβ)] the inequality
holds Fβ(cβ) ≤ Fλ(x0) ≤ 0. Therefore, Fλ(I0) ⊆ Fβ(I0) for every λ ∈ [λcr/2,β].
Note that more generally, in view of inequalities (15) and (16), the following holds:
for every subinterval J = [ξ, η] ⊆ Iβ such that J � 0 the inclusion Fλ(J ) ⊆ Fβ(J )

is valid for every parameter value λ ∈ [λcr/2,β].
Next we shall compare the values Fλcr /2(cβ) and F2

β (cβ) and construct two inter-
vals I1 and I2 accordingly.

(1) If Fλcr /2(cβ) ≥ F2
β (cβ) we set I1 := Fβ(I0) = [F2

β (cβ), Fβ(cβ)] =: [a1, b1]
and I2 := Fβ(I1) = [F2

β (cβ), F3
β (cβ)] =: [a2, b2]. Due to the inequalities (15) and

(16) one sees that the inclusions hold: Fλ(Ik) ⊆ Ik+1, k = 0, 1, for every λ ∈
[λcr/2,β].

(2) If Fλcr /2(cβ) < F2
β (cβ) we set I1 := [Fλcr /2(cβ), Fβ(cβ)] =: [a1, b1] and

I2 := [a1, Fβ(a1)] =: [a2, b2] ⊆ I1. Then one easily derives the inclusion Fβ(I1) =
[F2

β (cβ), Fβ(a1)] ⊆ I2 since F2
β (cβ) > a1 = Fλcr /2(cβ). Due to the construction of

intervals I0, I1, I2 in this subcase one sees that the inclusions hold: I0 ⊃ I1 ⊃ I2 and
Fβ(I0) ⊂ I1, Fβ(I1) ⊂ I2. It is also an immediate conclusion that in this subcase the
inclusions Fλ(Ik) ⊆ Ik+1, k = 0, 1, hold for every λ ∈ [λcr/2,β].
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We proceed now iteratively by using the interval I2 as the initial interval and
repeat the above construction. In either subcase (1) and (2) above b2 = Fβ(a2)
holds. Consider the value F2

β (a2) and compare it with Fλcr /2(a2). If the inequal-
ity Fλcr /2(a2) ≥ F2

β (a2) holds, then we build intervals I3 and I4 exactly as in
part (1) above: I3 = Fβ(I2) and I4 = Fβ(I3). If the opposite inequality holds,
Fλcr /2(a2) < F2

β (a2), then we proceed to build intervals I3 and I4 exactly as in part
(2) above: I3 = [Fλcr /2(a2), Fβ(a2)] =: [a3, b3] and I4 = [a3, Fβ(a3)] ⊆ I3. In both
cases the inclusions I2 ⊇ I3 ⊇ I4 and Fβ(I2) ⊆ I3, Fβ(I3) ⊆ I4 hold.

By continuing this procedure by induction indefinitely we will have built a
sequence of imbedded intervals {In, n ∈ N0} such that In+1 ⊆ In and Fβ(In) ⊆ In+1

for all n ∈ N0. This is also a squeezing sequence of intervals with
⋂

k≥0 Ik = {0}.
The latter is seen from the fact that each left end point a2n, n ∈ N, of the interval I2n
is defined as a minimum of two functions on the previous values, Fλcr /2(a2n−2) and
F2

β (a2n−2). More precisely, it follows from the following proposition.

Proposition 5 Suppose two continuous maps G1,G2 of the negative semi-axis
R− = (−∞, 0] into itself are increasing and satisfying the following additional
conditions: Gi (0) = 0 and 0 > Gi (x) > x for all x < 0, i = 1, 2. Then any solu-
tion of the difference equation xn+1 = min{G1(xn),G2(xn)}, x0 ∈ R−, satisfies
limn→∞ xn = 0.

Proof Define two continuous functions H1, H2 by H1(x) = max{G1(x),G2(x)},
H2(x) = min{G1(x),G2(x)}. Since both are increasing with 0 > Hi (x) > x ∀x <

0, then Hn
i (x0) → 0 as n → ∞ for every x0 > 0 (i = 1, 2). On the other hand, the

inequalities Hn
2 (x0) ≤ xn ≤ Hn

1 (x0) hold for all n ∈ N, which proves the proposition.

Note that in the symmetric case when functions G1,G2 are defined on the positive
semi-axis R+ = [0,∞), are monotone increasing and satisfying the assumptions
Gi (0) = 0 and 0 < Gi (x) < x, i = 1, 2, for all x > 0, the conclusion of Proposition
5 is also valid for the following difference equation: xn+1 = max{G1(xn),G2(xn)},
x0 ∈ R+,

An immediate implication of Lemma 2 is the following

Corollary 1 For arbitrary sequence λn ∈ [λcr ,β], n ∈ N0, and for any initial value
x0 ∈ Iβ, one has that Fn(x0) ∈ In holds. Therefore, limn→∞ Fn(x0) = 0.

The corollary follows from the fact that xn = Fn(x0) ⊆ Fn(I0) ⊆ Fn
β (I0) ⊆ In since

the inclusions Fλ(Ik) ⊆ Fβ(Ik) ⊆ Ik+1 hold for every λ ∈ [λcr/2,β] and all k ∈ N0.
This completes the proof for subcase (i i).

(i i i) In the case when the composite map Fn is such that all its components are
either of type I or type I I eventually is easily reducible to one of the subcases (i)
or (i i) above. One has simply to choose FN0(x0) as a new initial value for some
sufficiently large N0.

(iv)Assume finally thatFn has unbounded numbers of components of both types
(I ) and (I I ) as n → ∞.

Proposition 6 For arbitrary x0 ∈ I0 one of the following two possibilities can hap-
pen:
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(i) The iterative sequence xn = Fn(x0) is eventually monotone with lim xn = 0;
(ii) For any iterative sequence {xn} that is not eventually monotone there exists a

positive integer N0 such that Fn(x0) ∈ [cβ, Fβ(cβ)] for all n ≥ N0.

This proposition is similar to Propositions 3 and 5with the following two differences.
(1) The lower bound for the iterative sequence xn with a negative initial value x0
is given by the map Fα. If x0 < 0 then Fλ(x0) ≥ Fα(x0) for every λ ∈ Λαβ . This
results in the estimate xn = Fn(x0) ≥ Fn

α (x0) as long as xk < 0, ∀ 0 ≤ k ≤ n. (2)
The sequence xn does not have to be monotone. Therefore, either xn < 0 ∀n ∈ N0

with limn→∞ xn = 0 holds, as in Proposition 3; or there exists first positive integer
N0 ≥ 1 such that xN0 > 0. In both cases xn ∈ Iβ ∀n ≥ N0.

Proposition 6 allows us to start with initial points x0 from the interval Iβ .
We shall build next a squeezing sequence of imbedded intervals similar to that in

Lemma 2 for the subcase (ii).

Lemma 3 There exists a squeezing sequence of imbedded intervals {In, n ∈ N0}
such that for the map Fβ one has:

Fβ(In) ⊆ In+1, In+1 ⊆ In, and
⋂

n≥0

In = {0}.

Proof The construction of the sequence {In, n ∈ N0} is very similar to that in the
proof of Lemma 2. We start with I0 = Iβ = [cβ, Fβ(cβ)] and proceed with relevant
step (1) or (2) to construct I1 and I2. The major difference now is that in step (2)
we use the function Fα rather than Fλcr /2, since it is now the lower bound for the
entire family Fλ consisting of both types (I ) and (I I ). We repeat the procedure
to get intervals I3 and I4, and apply it inductively to have the entire sequence of
intervals {In = [an, bn], n ∈ N0}. The fact that {In} is a squeezing sequence follows
from Proposition 5 for which Fα and Fβ are now used as the lower and upper bound
functions, respectively: a2n = min{Fα(a2n−2), F2

β (a2n−2)}, n ∈ N.

Finally, consider the iterative maps Fn, n ∈ N0, applied to the interval I0,
Fn(I0) = Fλn−1 ◦ Fλn−2 ◦ · · · ◦ Fλ1 ◦ Fλ0(I0). For the given sequenceλn of the param-
eter values let {λn1 ,λn2 ,λn3 , . . . ,λnk , . . .} be its complete subsequence correspond-
ing to all the maps of type I I in the composition Fn as n → ∞. In view of the
inequalities (15)–(16) for any interval In of the squeezing sequence the inclusion Fλ ◦
Fλnk

(In) ⊆ Fλnk
(In) holds for any map Fλ of type I . This is because any such Fλ sat-

isfies: x < Fα(x) ≤ Fλ(x) < Fccr /2(x) for x ∈ I0 ∩ R− and x > Fα(x) ≥ Fλ(x) >

Fccr /2(x) for x ∈ I0 ∩ R+. Therefore, Fn(I0) ⊆ Fλn1
◦ Fλn2

◦ · · · ◦ Fλnk
(I0) ⊆ Ik ,

where nk is the largest positive integer of the subsequence such that nk ≤ n. Since
k → ∞ as n → ∞ this implies that limn→∞ Fn(x0) = 0 for every x0 ∈ I0.

This completes the proof of Theorem 1.
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4.3 Critical Case λ = 0

Wenowconsider the iterativemapsFn = Fλn−1 ◦ Fλn−2 ◦ · · · ◦ Fλ1 ◦ Fλ0 for the range
of the parameter values λk, k ∈ N0, that are close to zero.

Lemma 4 Given an arbitrary initial point x0 ∈ R, there exists a parameter value
λ = μ0 = μ0(x0) such that the family of maps Fλ(x) = x + λ f (x) satisfies one of
the following two statements:

(1) Fλ(x) > 0 for all x ∈ (0, x0) and for every λ ∈ (0,μ0] in the case when x0 > 0,
or

(2) Fλ(x) < 0 for all x ∈ (x0, 0) and for every λ ∈ (0,μ0] in the case when x0 < 0.

Proof Consider first the case when x0 > 0. Since f (x) is continuously differentiable
in some neighborhood of x = 0 with f ′(0) = f0 < 0 there exists δ0 > 0 and μ1

0 > 0
such that Fλ(x) satisfies x > Fλ(x) > 0 for all x ∈ (0, δ0] and every λ ∈ (0,μ1

0].
Since f (x) is continuous on the closed interval [δ0, x0] and it is negative there one
has the two-sided estimate −M ≤ f (x) ≤ −m for all [δ0, x0]. If one chooses μ0

such that μ0 > δ0/M then the inequality Gλ(x) > 0 holds for all x ∈ (0, x0] and
arbitrary 0 < λ ≤ μ0. Since Gλ(x) < x for all x > 0 this complete the proof when
x0 > 0. The symmetric case x0 < 0 is proved analogously.

An easy implication of Lemma 4 is the following

Corollary 2 Given arbitrary initial point x0 there exists μ0 > 0 such that the itera-
tive sequence xn defined by (1) is monotone for arbitrary sequence of the coefficients
{λ0,λ1,λ2, . . .} ⊂ [0,μ0]. Moreover, xn is decreasingwhen x0 > 0, and it is increas-
ing when x0 < 0.

The corollary is obvious, since the inequality 0 < Fλ(x) < x,∀x ∈ (0, x0] is satisfied
in the case x0 > 0, implying xn > xn+1 > 0,∀n ∈ N0. The other case x0 < 0 yields
xn < xn+1 < 0,∀n ∈ N0.

Theorem 2 Suppose the sequence {λn} ⊂ Λ∗ of parameter values satisfies
limn→∞ λn = 0. Then the iterative sequence {xn} defined by difference Eq. (1) is
monotone for large n, and the limit limn→∞ xn = x∗ is finite. Moreover, x∗ = 0 if
and only if the following series diverges:

∑∞
n=0 λn = +∞.

Proof Note that Dλ = R for all λ ∈ (0,λcr/2). This follows from the fact that Fλ is
unimodal, 0 < F ′

λ(0) < 1, and that the critical point is to the right from the unique
fixed point, cλ > 0.

Since limn→∞ λn = 0 we can assume without loosing a generality that all the
values λn ∈ N are sufficiently small, so that we are under the assumptions of Lemma
1. To be definite let x0 > 0. Then the sequence xn is monotone decreasing with
limn→∞ xn = x∗ ≥ 0.

Assume first that x∗ > 0. Then the following quantities are well defined on the
interval [x∗, x0]:
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max
x∈[x∗,x0]

{ f (x)} = −m, min
x∈[x∗,x0]

{ f (x)} = −M, with 0 < m ≤ M.

Therefore, one has the following estimate: x1 = x0 + a0 f (x0) ≤ x0 − ma0. Like-
wise, x2 ≤ x1 − a1m ≤ x0 − a0m − a1m. By induction, one derives the estimate
xn ≤ x0 − m

∑n
k=0 ak . The latter leads to a contradiction xn → −∞ when the series∑∞

n=0 an = ∞ diverges.
Suppose next that x∗ = 0. One can also assume that in this case all members of the

sequence xn are sufficiently small (this is true for large n). By using the Taylor expan-
sion f (t) = f (t0) + f ′(θ)(t − t0), θ ∈ (t0, t), in a small neighborhood of t0 = 0,
one derives the following two sided estimate: −k1x ≤ f (x) ≤ −k2x, ∀x ∈ (−δ, δ)
for some0 < k2 < k1 and δ > 0. This in turn implies that x1 = x0 + a0 f (x0) satisfies
x0(1 − k1a0) ≤ x1 ≤ x0(1 − k2a0). Likewise, the second iteration x2 satisfies:

x0(1 − k1a0)(1 − k1a1) ≤ x1 ≤ x0(1 − k2a0)(1 − k2a1).

By induction, one derives the following two-sided inequalities:

x0

n∏

i=0

(1 − aik1) ≤ xn ≤ x0

n∏

i=0

(1 − aik2), n ∈ N. (17)

By applying the natural logarithmic function to the latter one arrives at

ln x0 +
n∑

i=0

ln(1 − aik1) ≤ ln xn ≤ ln x0 +
n∑

i=0

ln(1 − aik2). (18)

By the limit comparison test both series
∑∞

i=0 ln(1 − aik1) and
∑∞

i=0 ln(1 − aik2)
converge if and only if the series

∑∞
i=0 ai converges. Since limn→∞ ln(xn) = −∞

holds, by taking the limit on both sides of the inequalities (18) one sees that the
series

∑∞
i=0 ai is necessarily divergent. This completes the proof when x0 > 0. The

reasoning and details of the other case x0 < 0 are completely analogous and are left
out.

Let an initial point x0 < 0 be arbitrary but fixed, and let x∗ be any other given num-
ber such that 0 > x∗ > x0.We shall show that there exists a sequence of the parameter
values μn, n ∈ N0, such that the recursive sequence xn+1 = xn + μn f (xn), n ∈ N0,

is monotone increasing and lim xn = x∗. Indeed, this follows from the fact that
the value x1 = x1(μ) = x0 + μ f (x0) is continuously dependent on μ, and satis-
fies x1(0) = x0 and x1(μ) > x0 for all small μ > 0. Therefore, the value x1 can
be assigned arbitrarily to some small right neighborhood of x = x0, by appropri-
ately choosing the parameter value μ0 > 0. Likewise, x2 can be put arbitrarily in
its sufficiently small but fixed right neighborhood, by an appropriate choice of μ2.
By induction, a sequence {xn} can be constructed, by an appropriate choice of the
corresponding sequence {μn}, such that



246 A. F. Ivanov

x0 < x1 < x2 < x3 < · · · < xn < xn+1 < · · · −→ x∗.

Theorems 1 and 2 yield the following result:

Theorem 3 Let λ∗, 0 < λ∗ ≤ −2/ f0, be a parameter value such that x = 0 is an
attracting fixed point for every map Fλ,λ ∈ (0,λ∗]. Set D := ∩λ∈(0,λ∗] Dλ where
Dλ is the domain of immediate attraction of x = 0 under Fλ. Then for any x ∈
D and for arbitrary sequence {λn} ∈ (0,λ∗] such that

∑∞
0 λn = ∞ one has that

limn→∞ Fn(x) = 0 holds.

Proof If the sequence {λn, n ∈ N0} contains an infinite subsequence λnk such that
λnk ≥ α for someα > 0 then the reasoning of Theorem 1 applies. Otherwise λn → 0
as n → ∞, thus Theorem 2 invokes.

Corollary 3 Assume the hypotheses of Theorem3. Any solution of the corresponding
initial value problem for the DEPCA:

x ′(t) = a(t) f (x([t])), x(0) = x0 ∈ D

converges to zero as t → ∞, limt→∞ x(t) = 0, in the case when 0 ≤ a(t) ≤ λ∗ and∫ ∞
0 a(t) dt = ∞ are satisfied.

This immediately follows from the relationship between the initial value problem
(10) and the family of maps (12) through the difference Eq. (11).

4.4 Examples

Example 1 The following differential equation

x ′(t) = −a(t)x([t])[1 + x(t)], a(t) ≥ 0, (19)

can be viewed as amodification for the case ofDEPCAof thewell-known continuous
time differential delay equation introduced by E. M. Wright. Similarly to the rea-
soning in [10] it can be shown that its solutions satisfy x(t) > −1 ∀t ≥ 0 provided
x(0) > −1. The equation is reducible to the form

x ′(t) = a(t) (1 − exp{x([t]))], t ≥ 0, (20)

through the substitution 1 + x = ez (in the latter we revert back to the x-notation
from z).

The family Fλ of the maps has the form

Fλ(x) = x + λ f (x) = x + λ
(
1 − ex

)
, λ > 0.
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It is easily verifiable that the following statements are true:

(1) For any λ > 0 map Fλ has unique fixed point x = 0;
(2) Function f (x) = 1 − ex satisfies the negative feedback condition x · f (x) <

0, ∀x �= 0;
(3) Fλ(x),λ > 0, is a family of unimodal maps with the critical point cλ = − ln λ.

Fλ is increasing for x ∈ (−∞, cλ) and Fλ is decreasing for x ∈ (cλ,∞) with
limx→−∞ Fλ(x) = limx→+∞ Fλ(x) = −∞;

(4) The Schwartzian derivative is negative outside the critical point:

(S Fλ)(x) = −λex − 1
2 λ2 e2x

(1 − λ ex )2
< 0 ∀x ∈ R, x �= cλ.

(5) Derivative at zero is F ′
λ(0) = 1 − λ. Fixed point x = 0 is globally attracting for

0 < λ ≤ 2; it is repelling for λ > 2.

Theorem 3 applies to conclude the following

Proposition 7 Suppose that the coefficient a(t) of Eq. (19) satisfies a(t) ≥ 0,∫ n+1
n a(t) dt ≤ 2, n ∈ N, and

∫ ∞
0 a(t) dt = ∞. Then its constant solution x(t) ≡ 0

is globally asymptotically stable: limt→∞ x(t) = 0 for any solution x(t) with the
initial condition satisfying x(0) > −1.

Paper [9] considers DEPCAof the form y′(t) = r(t)y(t){1 − y([t])/K },which is
an equivalent form toEq. (19) in Example 1. It is shown that any solution y(t)with the
initial condition y(0) = y0 > 0 satisfies limt→∞ y(t) = K provided 0 ≤ r(t) ≤ 2
and

∫ ∞
0 r(t) dt = ∞. This result is largely overlapping with our Proposition 7. The

methods and techniques used in [9], however, are completely different from those
developed in this work.

Example 2 Consider the following equation

x ′(t) = a(t) arctan(x([t])), where a(t) ≤ 0. (21)

The corresponding family of maps in this example is given by Fλ(x) = x −
λ arctan x,λ > 0. For 0 < λ ≤ 1 all functions are monotone increasing on R. For
every λ > 1 the corresponding map Fλ has two critical points, c1 = −√

λ − 1 and
c2 = √

λ − 1 with Fλ(x) increasing on (−∞, c1) ∪ (c2,+∞) and decreasing on
(c1, c2). The only fixed point x = 0 is globally attracting onR for every λ ∈ [−2, 0),
and it is repelling for λ < −2.

Though the structure of the family of maps Fλ in this case does not formally fit
the unimodality assumption (H5) their dynamics are very similar to those described
by Theorems 1–3. This is due to the symmetric shape of the maps with respect to the
diagonal y = x , since y = arctan(x) is an odd function.

In the case 0 < λ ≤ 1 the dynamics of Fλ are very simple since it is a monotone
increasing function for all x ∈ R. The sequence xn = Fn

λ (x0) converges to zero as
n → ∞ for every initial point x0. The rate of convergence is fasterwhen the parameter
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value λ is larger. This is easily seen from the fact that when 0 < λ1 < λ2 ≤ 1 then the
inequalities hold x < Fλ1(x) < Fλ2(x) < 0 for x < 0, and x > Fλ1(x) > Fλ2(x) >

0 for x > 0. Therefore, if the parameter sequence {λn, n ∈ R} is such that 1 ≥ λn ≥
α > 0 holds for all n then the inequalities 0 > Fn(x0) ≥ Fn

α (x0) are valid for x0 < 0,
and 0 < Fn(x0) ≤ Fn

α (x0) are satisfied for x0 > 0. Thus, limn→∞ Fn(x0) = 0 in
either case.

In the case of the parametric values 1 < λ ≤ 2 the dominant map for the family is
F2(x) = x − 2 arctan(x), in the sense that it provides the slowest convergence to zero
for the entire family Fλ, 1 < λ ≤ 2. Indeed, in this case the following inequalities
hold F2(x) ≥ Fλ(x) ≥ F1(x) for x < 0, and F2(x) ≤ Fλ(x) ≤ F1(x) for x > 0.

We first note that the fixed point x∗ = 0 is globally attracting for F2(x) = x −
2 arctan(x). This follows from the fact that the following inequalities are satisfied
x < F2(x) < −x for x < 0, and x > F2(x) > −x for x > 0. There are no cycles
of period two, and the sequence F2n

2 (x0) is monotone and convergent to zero for
any initial point x0 ∈ [−1, 1]. Denote I0 = [−1, 1], the closed interval between two
critical points of the map F2(x). Exactly as in the proof of Lemma 1 it can be
shown that for arbitrary parameter sequence {λn, n ∈ N0} such that 1 < λn ≤ 2 and
every initial value x0 ∈ R there exists a finite positive integer N0 = N0(x0, {λn})
such that Fn(x0) ∈ I0, ∀n ≥ N0. This allows us to consider initial values x0 from
the interval I0 only. Finally, one can build the squeezing sequence of imbedded
intervals exactly the same way as in the proof of Theorem 1 in Sect. 4.2, to show that
limn→∞ Fn(x0) = 0 for every x0 ∈ I0. In essence, Theorems 1–3 hold for the family
of maps Fλ(x) = x − λ arctan(x), 0 < λ ≤ 2 with minor modifications and without
the assumption of unimodality.

The following statement holds true.

Proposition 8 Suppose that the coefficient a(t) of Eq. (21) satisfies a(t) ≤ 0,∫ n+1
n a(t) dt ≥ −2, n ∈ N, and

∫ ∞
0 a(t) dt = −∞. Then its zero solution is globally

asymptotically stable: limt→∞ x(t) = 0 for any initial condition x(0) = x0 ∈ R.

Example 3 The conclusions derived for DEPCA (20) can be easily generalized to
the equation

x ′(t) = a(t)g((x([t]))), x · g(x) < 0, x �= 0, a(t) ≥ 0,

where the resulting family of maps Fλ is unimodal, however, the opposite limits hold
to those in (14): limx→∞ Fλ(x) = limx→−∞ Fλ(x) = +∞. To achieve this type of
unimodality one has to choose the nonlinearity g(x) such that it grows to infinity
faster than a power |x |p, p > 1, when x → −∞, and it decays at positive infinity
not faster than say a linear function y = −mx, 0 < m < 1 (more precise conditions
for this type of unimodality can be stated). A symmetric case to that in Example
1 is given by the nonlinearity g(x) = exp{−γx} − 1, where γ > 0 is a constant.
Theorems 1–3 remain valid in this case as well. All the proofs need to be adjusted
accordingly due to the limits in (14) now being +∞. Therefore, for the DEPCA of
the form
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x ′(t) = a(t)
[
exp{−γx([t])} − 1

]
, γ > 0, a(t) ≥ 0, (22)

the following holds

Proposition 9 Suppose that coefficient a(t) of Eq. (22) satisfies 0 ≤ a(t) ≤ 2 and∫ ∞
0 a(t) dt = ∞. Then its constant solution x(t) ≡ 0 is globally asymptotically sta-
ble: limt→∞ x(t) = 0 for any solution x with arbitrary initial condition x(0) =
x0∈ R.

5 Discussion

The unimodal case of the family of maps Fλ subject to condition (14) considered in
this paper is just one special case possible for the general Eq. (1). The approaches
and techniques developed in Sect. 4 can be generalized and applied to many other
cases. For example, it is a straightforward adaptation of the developed techniques and
reasoning for the case when the family Fλ consists of monotone maps only (either
increasing, or decreasing, or a combination of both). In factmost of the considerations
of this paper would become simpler for the monotone cases. Thus, Theorems 1–3
are valid when the family Fλ consists of all monotone maps.

Another easy carry-over is the case of a unimodal family when the limits in
(14) are +∞. Example 3 of Sect. 4.4 demonstrates exactly this situation. One other
distinct possibility iswhen the commondomain of immediate attraction for the family
Fλ,λ ∈ Λ∗, is a finite closed interval D∗ = [c, d], not the entire real axis R. The
considerations and reasoning in this subcase may be even simpler in some instances
than those in the current paper; however, they need to be considered and worked out
in detail, which requires additional efforts.

Amore complex case is when the family Fλ is not unimodal, but such that its maps
have more than one critical points. Example 2 deals with such a situation, where the
family Fλ of maps consists of representatives of two types: monotone maps, and
maps with exactly two critical points. The simplifying factor there is that each map
of the family is symmetric with respect to the bisector y = x , which allows us to
essentially use the same techniques and reasoning as in the case of unimodal maps.

We believe that the unimodality of the family Fλ is not the crucial hypothesis that
makes the main results of this paper valid. However, the techniques we use in the
proofs rely heavily on many essential properties of unimodal maps. We think Theo-
rems 1–3 are valid in a more general case, without the unimodality or monotonicity
assumptions. However, we do not currently have clear ideas about possible path how
to prove this.
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