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1. INTRODUCTION 

This paper has been motivated by a recent publication [l] where some “discrete delay difference 
equations” are considered. The equations themselves are taken as discrete analogs of 
well-known models described by nonlinear differential delay equations (see, for example, [2]). 

As shown in [3, 41, the global stability of such differential delay equations can be 
characterized in some cases via the global attractivity of fixed points of underlying interval 
maps. Therefore, it is quite natural to expect the same relationship to the interval maps for the 
discrete analogs of these equations. In the present paper we establish such relationships. This 
shows that the global stability of the discrete delay difference equations is determined to a large 
extent by the global attractivity in corresponding interval maps. 

Consider the nonlinear difference equation 

P Ax,, = -xn+l + f(x,-,), (1) 

where Ax, = x,,+~ - x,, n E Z, = N U (O), ,u is a positive parameter, f: R + IR is a continuous 
function, and m is a fixed positive integer. 

We assume that the corresponding one dimensional map 

f: x + f(x) (2) 

has an invariant closed interval 1, i.e. f(x) E I for all x E I(1 = R or I = R, is allowed). 
Equation (1) can be rewritten in the equivalent form as 

where 
x,+1 = Lx, + F(X”_,), (3) 

~.=-.L 
,u+ 1’ 

F(x) = - 
p:lf(J 

X. 

Equation (3) has been considered recently in [l]. 
Given x0,x-l, . . . . x_, E R the solution x,, n > 0, is determined by successive iterations of 

equation (3). We show that the dynamical behaviour of x,, as n + 00 can be described in some 
cases by the corresponding properties of the interval map (2). In particular, it is shown that 
XiEI,i=O,..., -m, implies x,, E I for all n > 0 (invariance property). If, in addition, a fixed 
point x, E I of the map (2) is globally attracting then every solution x,, of equation (1) satisfies 
limn,, x, = x, (global stability). The latter gives a simple sufficient condition for the global 
stability in models like (1) and (3) (compare with [l]). 
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Invariance and global stability properties hold true for all positive values of the parameter ,u. 
They are a direct extension of our earlier results obtained for the differential delay equation 
pi(t) + x(t) = f(x(t - 1)) (see [3], and a survey paper [4] for an English language version). 

Some necessary conditions for global stability in models (1) and (3) have been established. 
For small values of fl and J they are close to our sufficient condition. 

Finally, we apply the results to particular models which have also been considered in [l]. It 
follows that some earlier conditions for the global stability are in fact the consequence of the 
global attractivity of the corresponding mapf. It was also possible to obtain sharper conditions 
for the global stability. 

2. MAIN RESULTS 

Before stating our main results we briefly recall some notions from the theory of interval 
maps (for more details see, e.g. [5, 61, or any other monograph on the theory). 

Let a continuous functionf: R + R be given. A closed interval Z C k? is said to be invariant 
if f(x) E Z for all x E I. A point x0 E Z such that fk(xo) = x0 and f’(x,,) # x0 for 0 < i < k, is 
called periodic of period k. Here f k stands for kth iterate of the map f. The corresponding set 
P = ixo,f(xo), ***, fk-‘(x0)) is defined as the cycle of period k. A cycle p is called attracting if 
there exists a neighborhood U of fl such that for arbitrary x E U the corresponding trajectory 
(f”(x)), n 2 0, is attracted by the cycle p. 

The domain of immediate attraction of the attracting cycle /3 is defined as a maximal open 
(with respect to I) subset of the whole domain of attraction, each component of which contains 
a point of the cycle p. If the domain of immediate attraction of a fixed point x* E Z contains 
the interior part int Z of the whole invariant interval Z we shall call such a point globally 
attracting. A map f of a closed interval Z into itself which has a globally attracting fixed point 
will be called globally attractive. 

Consider the difference equation (1) (or its equivalent form (3)). A constant sequence x, = c 
satisfying (1) will be called the equilibrium or steady state. An equilibrium x,, = X,(E I) will be 
called globally stable (on Z) if lim,,, = x, for every solution x,,(E int I). Obviously, global 
stability assumes the existence of a unique equilibrium of equation (1) (belonging to int I). 
Equilibria of equation (1) coincide with fixed points of the map f. From now on we shall always 
assume that the map f has exactly one fixed point (belonging to int I). In the case of equation 
(1) having a globally stable equilibrium (on I) it itself will be called globally stable (on I). 

We describe next a property of solutions of equation (1) which is caused by the existence of 
an invariant interval for the map f. 

Invariance property. Suppose a closed interval Z is invariant under the map f and Xi E I, 
i = 0, . . . . -m. Then x,, E Z for all n E Kl and every ,U > 0. 

Proof. Let n = N + 1 be the first natural number such that x~+~ $ I. Assume first 
x,,,+r > sup(Z). Then ZJ Ax, > 0 and -x~+~ + f(xN+r_+J < 0, a contradiction. 

In the case xN+r < infll) one has P Ax, < 0, -xlv+i + f(xN+ I_m) > 0, a contradiction. 

THEOREM 1 (global stability). Suppose a closed interval Z is invariant under f and the map f 
possesses a globally attracting fixed point x, E I. Then x, -+ x, as n -+ 00 for every solution of 
equation (1) with Xi E int I, i = 0, . . . , -m, and arbitrary ,u > 0. 
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Proof. Consider the minimal closed invariant subinterval J C I such that xi E J, 
i = 0, . . . . -m (minimal means that any other interval J’ c I with the same property satisfies 
J’ 3 J). The invariance property implies x, E J for all n L 0. We claim that there exists a 
positive integer Ni such that x,, Ed for all n > Ni . 

Observe first that x, ef(J) for some k 1 0 implies xl Ed for all I 2 k. This is shown 
exactly the same way as the proof of the invariance property. 

Therefore, we may assume x,, @f(J) for all n > 0. To be definite suppose x, > sup(f(J)), 
n > 0. Then equation (1) implies Ax,, < 0, and x,, decreases. Set a = lim,,,x,, 1 sup(f(J)]. 
Since a is not a fixed point one has 6 = a - f(a) > 0. Therefore, P Ax,, = -x,+~ + f(x,_,) 5 
-6/2 for sufficiently large n. This gives a contradiction x,, -+ --co as n + 00. The case 
x,, < inf(f(J)), n 2 0, is treated similarly. 

In a similar way one can show x,, ef’(J) = f(f(J)) for all n 1 Nz. In general, using 
induction arguments, one has x, Ebb for all n 2 Nk, and some positive integer Nk, 
k E N. Sincef(J) 3f2(J) > ... 3fk(J) 3fk”(J) > .a. and nkr 1 fk(J) = x, , the conclusion 
lim n+mXn = x, follows. 

Next we shall apply theorem 1 to some classes of nonlinearitiesf(x). Letf(x) be a monotone 
or a unimodal map of the interval Z = [a, b] on to itself. Unimodal means that there exists 
c E int Z such that f(x) is monotone on each subinterval [a, c] and [c, b]. As is well known (see, 
for example, [5, 61) the global attractivity of cycles can be described in terms of Schwarz 
derivative Sf = f “‘/f’ - t[f “/f ‘12. Applied to our model it gives the following corollary. 

COROLLARY 1. Suppose f (x) is a monotone or a unimodal map of the closed interval Z in to itself 
with the negative Schwarz derivative Sf < 0 in Z\ (cl. Suppose in addition that the unique fixed 
point x, E int Z of the map f is locally attracting. Then equation (1) is globally stable in int I. 

Remark. The case f(x) being increasing and the fixed point x, E int Z being locally attracting 
does not require a negative Schwarz derivative. In this case the map f is always globally 
attractive, so the corresponding equation (1) is globally stable. 

Proof. Let x, E int Z be an attracting fixed point of the map f and there is no other fixed 
point off in int I. The result by Singer (see [7, lemma 2.51) implies that it attracts all points from 
int I. Theorem 1 applies to obtain the conclusion. 

With respect to the model (3) corollary 1 gives the following corollary. 

COROLLARY 2. Suppose f = l/(1 - A) F satisfies the conditions of corollary 1. Then equation 
(3) is globally stable in int I. 

Now we describe the case when large values of the parameter ,u force equation (1) to be 
globally stable. 

THEOREM 2. Suppose the map f has an invariant interval Z and satisfies for x E int I: f(x*) = x, , 
for some x, E int Z, f(x) c x for x > x, , f(x) > x for x < x, . Then there exists ZQ, > 0 such 
that for all P 2 p. equation (1) is globally stable. 
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Remark. The opposite case to the one stated in theorem 2, f(x) > x for x > x, , implies that x, 
is a repelling fixed point of the mapf. Invariancef(l) c I and the uniqueness of the fixed point 
x, in int 1 give in turn that b = sup{l) is an attracting fixed point of the map f. Therefore, 
equation (1) is globally stable in [x, , b] for all p > 0. Similarly, casef(x) < x for x < x, implies 
global stability of equation (1) in [a, x,] for arbitrary p > 0, where a = inf(l]. 

Proof of theorem 2. Let x, E int 1, n L 0, be a solution of equation (1). As usual, it is said 
to be nonoscillatory with respect to x, if the sequence (x,, - x,) is of constant sign eventually. 
Otherwise, it is called oscillatory. 

Suppose first, x, is nonoscillatory with respect to x, . To be definite assume a < x, < x* for 
n 2 N1 > 0 and some N1 E N. Set L, = min(x,, n 2 NJ, L, = inf(f(x), L, I x I x,) > L,. 
Equation (1) implies the existence of a sequence Nk + 00 such that p AxNk 1 (L2 - L,)/2 > 0. 
This gives a contradiction x, -+ 05, n -+ 00. Case x, < x,, , n L A$ is similar. 

Suppose next yn = x, - x, oscillates. Let Xi < xj be two consecutive members of the solution 
such that xi I X* < Xi+l, Xj > X* 2 Xj+ly x, > x, for i + 1 5 n 5 j. Sincef(x) 5 b = sup(l), 
the summation of (1) gives y, 5 (b - x,)[l - (P/(,u + l))*] for all i + 1 I n I j. For the 
symmetrical case Xi 2 X, > Xi+1 , Xj I X* < Xj+l, X, <X*3 i+llnsj one has 
y, 2 (x, - a)[1 - (P/(P + l))m], a = inf(1). By choosing p in such a way that 
(b - a)[1 - (p/(p + l))m] < 1 and using induction arguments, the conclusion lim,,, Yn = 0 
follows. 

Next we shall describe some necessary conditions for the models (1) and (3) to be globally 
stable. 

THEOREM 3. Suppose the map F(x) has a hyperbolic cycle of period 2 or a cycle of period greater 
than 2. Then there exists positive &, such that for every 0 < 1 I & equation (3) with even m 
is not globally stable. 

Proof. We first make use of the following observation. Suppose the map h(x) = Ax + F(x) 
is not globally attracting in I. Then equation (3) is not globally stable in I for arbitrary even m. 
Indeed, h(x) not being globally attracting implies the existence of a pair of points a, b E I such 
that h(a) = b, h(b) = a. Define a, = a_2 = ..e = a_, = a, a_, = a_3 = ... = a_,+, = b. The 
solution x,, , n > 0, is periodic with x2k = a, x2k+l = 6, k = 0, 1,. . . . 

For small positive il the map h(x) = Ax + F(x) is a perturbation of the fixed map F(x). 
Therefore, under conditions of the theorem it has a periodic point of period 2 [6]. The above 
remark applies to complete the proof. 

COROLLARY 3. Suppose that the map f has a hyperbolic cycle of period 2 or a cycle of period 
greater than 2. Then there exists a positive p,, such that for every 0 < ,u 5 &, equation (1) with 
even m is not globally stable. 

Proof. Apply the proof of theorem 2 to 

F(x) = -&f(x) with h(x) = Lx + 
p+l 

-&f(x). 
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THEOREM 4. Suppose the map F(x) has an attracting cycle different from a fixed point. Then 
there exists a positive A,, such that for every 0 < 1 5 & equation (3) is not globally stable. 

Proof. Let /? = (zi, . . . . Q), k > 1, be an attracting cycle of the map F with Vi, i = 1, . . . , k, 

being respective components of the domain of the immediate attraction. This means that for 
arbitrary closed interval V, c U, one has f-l,,, fki( Vi) = zi . Therefore, we may choose a 
closed interval Vi of the component U, such that Fk(VI) c int Vi. This means that 
dist(Fk( Vi), a Vi) > 0, where dist( , ) is the linear distance between sets in R, a( ) stands for the 
boundary of the set. It is obvious that the property Fk(VI) C int Vi is preserved under small 
perturbations of F(x). 

Set q = F’-‘(Vi), i = 1, . . . . k, and let y be open intervals containing I$ and contained in 
Uj, j = 1, . . . . k. Consider the difference equation (3) and take Xi E V, , i = 1, . . . , k. It follows 
that there exists positive Lo such that for all 0 < I I &, one has Xi E W,, i = 1,2, . . . , m, 
m+l, XiEW3, i=m+2, m+3 ,..., 2m+2 ,...) X~EW~, i=(k-2)m+(k-1) ,..., 

(k - 1)m + (k - l), Xi E V,, i = (k - 1)m + k, . . . . km + k. This shows that the solution x, is 
not attracted by a steady state. 

3. APPLICATIONS AND DISCUSSION 

In this section we shall apply our results to some particular models in the form of equation 
(3) (see equations (ZQ-(Ed) below) for which f(x) = (l/l - A) F(x) has the property f(x) > 0 
for x > 0 andf(0) z 0. 

The assumption f(0) = 0 implies x, = 0 is an equilibrium of equation (1). According to 
theorem 1 it is globally attracting if x = 0 is the globally attracting fixed point of the map f. 
This is the case iff f(x) < x for all x > 0. 

If there exists another equilibrium x = x, > 0 the necessary condition for its global stability 
is f(x) > x for all x E (0, x,). Its local stability and the condition Sf < 0 are sufficient for the 
global stability. The necessary condition for the local stability (under the uniqueness condition) 
is f(x) < x for x > x, . 

Note in addition that the condition f(x) < x for x > x* (which is generic for the case of a 
unique positive equilibrium and smooth f(x)) implies the existence of an invariant interval 
Z = [a, b] with a > 0, b > 0. In the case f(x) 5 x, , x E [0,x,] it may be chosen as Z = [a, A] 
for arbitrary 0 < 6 < x, < A. In the case B = max[f(x), x E [0, x,]) > x, it may be defined, 
for example, as [a, B], where 0 < 6 < inf(f(x), x E [x*, B]). In both cases it may be easily 
shown that x, E Z eventually for an arbitrary solution of equation (1) ((3)). 

Now consider the following models 

X n+l = Ax, + oLy,-m 
1 + kt-m)’ 

(E,) 

= Ax, + 
P 

Xn+l 
1 + kl-m)” 

6%) 

X n+l = Ax, + px,_, exp(-qx,_,) 6%) 

Xn+l = lx, + P exp(-qx,-A (Ed 

where 0 c 1 < 1, CY, fl, r, s,p, q are positive constants, and m is a positive integer. They were 
also discussed in [l]. 
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We are interested in the behaviour of nonnegative solutions of equations (El)-(Q) as n + 00. 
As above, we will refer to the nonlinearities containing the term x,_, in models (El)-(EJ as 
F(x). 

It is an easy exercise to verify that the corresponding interval maps f = l/(1 - 2) F have 
negative Schwarz derivative for x > 0 in models (Z&) and (&) for all values of parameters and 
in model (E2) for 0 c s < 1. There exists r* > 1 such that Sf(x) < 0 for r > r* in model (E,) 
(our calculations show that r* < 1.25). 

Nonlinearityf(x) is positive and strictly decreasing for equations (E2) and (EJ. Therefore, 
there exists the unique equilibrium x, given by x = f(x). 

Nonlinearity f(x) in equation (E,) is strictly increasing for 0 < r 5 1 and is unimodal for 
r > 1. In every case there exists the unique fixed point x, = 0 provided o/(1 - A) 5 1. 
Therefore, in this case all solutions of equation (E,) satisfy lim,,, x, = 0. In the case 
o/(1 - A) > 1 equation (E,) admits the unique positive equilibrium x, given by 
x, = (o/(1 - n) - 1)“‘. For r > 1 the critical point x,, (at which f’(x) = 0) is given by 
X’ = l/Q - 1)“‘. In both cases x,, L x, or 0 < r d 1 the map f(x) is monotone on [0,x,] 
implying the global stability of equation (1). 

Nonlinearityf(x) of equation (E,) is unimodal with exactly one fixed point x, = 0 provided 
p/(1 - A) % 1. In this case all its solutions satisfy lim,,, x, = 0. There exists a unique positive 
equilibrium x, = (l/q) log[p/(l - A)] when p/(1 - A) > 1. 

Now assume that each of equations (El)-(&) has a different from zero equilibrium x = x, . 
In the case Sf(x) < 0, corollary 2 implies that it is globally stable provided x = x, is an 
attracting fixed point of the mapf = l/(1 - A) F. Solving the systemf(x,) = x* , f’(x*) > -1 
one obtains the conditions for the global stability. In the case S’(x) is not negative andf(x) is 
not increasing in [0, x,] the sufficient conditions for the global attraction of the fixed point x, 
can be given as inf, Z 0 f’(x) L - 1. Summing up we give the following conditions for the global 
stability of positive equilibrium: 

(i) 0 < r 5 1 and o/(1 - A) > 1, or r > 1 and (y/(1 - a) < T/(T - l), or r > 1 and 
a/(1 - J.) 5 4r/(r - 1)2, or r 2 r* and (1 - A)/cY > (r - 2)/r for equation (E,); 

(ii)O<s<landarbitraryP>O,O<~<l,ors>land 

for equation (&); 

(s - l)‘-“s(s + 1) l+ ““fl/4S( 1 - A) < 1 

(iii) 1 < p/(1 - 1) < e2 for equation (E,); 
(iv) pq/(l - A) < e for equation (EJ. 
Applying now theorem 4 to the models (El)-(E4) we can provide some conditions on the 

absence of the global stability. 
Suppose that the following conditions are satisfied: 
(a) r > 2 and cy > T/(T - 2) for equation (El); 
(b) s > 1 and p > s/Q - l)i+“’ for equation (E2); 
(c) p > e2 for equation (E,); 
(d) pq > e for equation (Ed). 

Then there exists a positive A,, such that for all 0 < I I I, a positive equilibrium of each of the 
equations (El)-(Ed) is unstable. 

It is easy to prove that the above instability of the positive equilibrium implies the 
existence of nontrivial periodic solutions. Moreover, in the case when the map f has hyperbolic 
attracting cycles and I > 0 is small it is possible to prove the existence of stable periodic 
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solutions for equations (E&-(Q) which are close (in a sense to be specified) to the attracting 
cycles. 

Finally, we would like to remark that conditions on global stability in [l, theorem 11 imply 
in fact the existence of an attracting fixed point x* > 0 of the map f = l/(1 - A) F, moreover, 
f is increasing in [0, x,]. This shows that x = x* is a globally attracting fixed point of the map 
f, and global stability follows. 
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