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Abstract

We study solutions of the 2D Ginzburg-Landau equation
1
—Au+ 6—2u(\u]2 -1)=0

subject to “semi-stiff” boundary conditions: Dirichlet conditions for the mo-
dulus, |u| = 1, and homogeneous Neumann conditions for the phase. The
principal result of this work shows that there are stable solutions of this pro-
blem with zeros (vortices), which are located near the boundary and have
bounded energy in the limit of small . For the Dirichlet boundary condi-
tion (“stiff” problem), the existence of stable solutions with vortices, whose
energy blows up as € — 0, is well known. By contrast, stable solutions with
vortices are not established in the case of the homogeneous Neumann (“soft”)
boundary condition.

In this work, we develop a variational method which allows one to construct
local minimizers of the corresponding Ginzburg-Landau energy functional. We
introduce an approximate bulk degree as the key ingredient of this method,
and, unlike the standard degree over the curve, it is preserved in the weak
H'-limit.
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1 Introduction and Main Results

In this work, we study solutions of the Ginzburg-Landau (GL) equation
1 .
—Au + 5—2u(\u\2 —1)=0 in A, (1.1)

where ¢ is a positive parameter (the inverse of the GL parameter k = 1/¢), u is a
complex-valued (R2-valued) map, and A is a smooth, bounded, multiply connected
domain in R? For simplicity, hereafter we assume A is an annular type (doubly
connected) domain of the form A = Q \ @, where Q) and w are simply connected
smooth domains and @ C Q C R2.

Equation (1.1) is the Euler-Lagrange PDE corresponding to the energy functional

1 1
E.(u) = 5[4‘Vu|2dx+ 4—62/4(\u\2 — 1)*da. (1.2)

Equations of this type arise, e.g., in models of superconductivity and superfluidity.
Additionally, (1.1) is viewed as a complex-valued version of the Allen-Cahn model
for phase transitions [31].

Solutions of (1.1) subject to Dirichlet boundary conditions, u = g on 0A with
fixed S'-valued boundary data g, have been extensively studied in the past de-
cade. Special attention has been paid to solutions with isolated zeros (vortices).
In contrast with the Dirichlet problem, in the case of the homogeneous Neumann
boundary condition, solutions are typically vortexless; in particular, stable solutions
with vortices have not been established.

This work is devoted to finding the solutions of (1.1) subject to the “semi-stiff”
boundary conditions

ou
Y 0 on 0A. (1.3)

These boundary conditions are intermediate between Dirichlet and Neumann in the

lu| =1 and u x

following sense: any solution u € H'(A;R?) of (1.1, 1.3) is sufficiently regular [7],
so it can be written as u = |ule® (locally) near the boundary. Then (1.3) means
that Dirichlet boundary conditions are prescribed for the modulus, |u| = 1 on 0A,
and Neumann conditions are prescribed for the phase, g—i’ =0 on 0A.

Problem (1.1, 1.3) is equivalent to finding critical points of the energy functional

(1.2) in the space
J ={uec H' (A;R?); |u| =1 a.e. on OA}. (1.4)
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Our main objective is to study the existence of stable solutions of (1.1, 1.3) with
vortices. Since the problem is time independent, stable solutions are defined as
(local) minimizers of (1.2) in J. In other words, we are interested in whether the
model (1.1, 1.3) stabilizes vortices similarly to the Dirichlet problem or does not
stabilize vortices analogously to the Neumann problem. The boundary conditions
(1.3) are not well studied, and this work, along with studies [7-10, 19] reveals their
distinct features, described later in the Introduction.

Let us briefly review the existing results for the Dirichlet and Neumann boun-
dary value problems for equation (1.1). The first results on the existence of stable
solutions with vortices for the Dirichlet problem were obtained in [17,18]. Stable
solutions of (1.1) with vortices were obtained and studied in [11] for star-shaped
domains and prescribed S'-valued boundary data with nonzero topological degree.
In [11], the limiting locations (as € — 0) of the vortices of the global minimizers and
other solutions with vortices (if they exist) are described by means of a renormalized
energy. Subsequently, these results were generalized for multiply connected domains
in [33]. The existence of locally minimizing and minmax solutions was established
first in [23] and [24], then in more detail and generality in [27] (see also [4,15]).
We refer the reader to [13], and references therein, for the various results on the
Dirichlet problem. As mentioned above, only vortexless stable solutions of (1.1)
with the homogeneous Neumann boundary condition in 2D are known. Moreover,
all locally minimizing solutions are constant maps if A is convex [20], or simply
connected and ¢ is small [32]. The existence of nonconstant (but vortexless) locally
minimizing solutions is established in [21] and [3]. In the recent work [15], a general
result for the existence of (nonminimizing) solutions with vortices have been found.
Similarly to the Dirichlet problem, these solutions with vortices have energy that
blows up as € — 0.

Equation (1.1) (functional (1.2)) is usually referred to as a simplified GL model
(without magnetic field). There is a large body of mathematical literature on the
general GL model with a magnetic field (e.g., [2, 5,22, 28,29]). Since (1.1) is obtained
from the general GL energy by setting the magnetic field equal to zero, it describes
the persistent currents in a 2D cross-section of a cylindrical superconductor (or in a
2D film). It was observed in [11] that the degree of the boundary data on connected

components of A creates the same type of ”quantized vortices” as a magnetic field



in type II superconductors or as angular rotation in superfluids. Despite a relatively
simple form of equation (1.1), it leads to a deep analysis of properties of its solutions
similar to other fundamental PDE’s in mathematical physics.

The boundary conditions (1.3) model, e.g., the surface of a superconductor coa-
ted with a high temperature superconducting thin film. Generating a mathematical
model of persistent currents in such a superconductor, then amounts to finding cri-
tical points of functional (1.2) in the space J, when u = |u|e®¥ on the boundary and
|u| = 1, while the phase 1 is "free”.

Boundary conditions (1.3) appeared in recent studies [8,10,19] of the minimi-
zation problem for the GL functional (1.2) among maps from J with prescribed
degrees on the connected components of the boundary. The minimization of the
energy (1.2) in J produces only constant solutions of (1.1, 1.3), similar to the case
of the Neumann problem, which corresponds to finding critical points of (1.2) in the
entire space H'(A;R?). An obvious way of producing critical points with vortices
is to impose two different degrees ¢ # p on 02 and Ow. That is, to consider the

minimization of E.(u) in the set J,, C J, where
qu = {u S \77 deg(uv &u) =D deg(uv aQ) = Q} (15)

Recall that the degree (winding number) of a map u € H'?(v, S) on v (where 7 is
either dw or Jf2) is an integer given by the classical formula (cf., e.g., [12])

ou

1
d = — —d 1.
eaf) = 57 [ wx gram (1.6

where the integral is understood via H'/? — H~'/2 duality, and 2 is the tangential
derivative with respect to the counterclockwise orientation of . (Throughout the
paper we assume the same orientation of dw and 0f2.) Note that J,, are connected
components of J (see [12]).

Simple topological considerations imply that critical points from 7, must have
at least |p — ¢| (with multiplicity) vortices. We emphasize that the existence of
such critical points is far from obvious. For example (see Section 2), there are no
global minimizers of E.(u) in Jy; and the weak limits of minimizing sequences do
not belong to Jy;. This simple example illustrates an important property of the
sets Jpq, which is crucial for our consideration: these sets are not weakly H'-closed,

since the degree at the boundary may change in the weak H' limit. Thus the direct
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methods of calculus of variations can not be used. On the other hand, the results
of this work show that when p = ¢ and there is no topological reason for vortices to
appear, local minimizers typically do have vortices.

As mentioned above, the vortex structure of solutions of (1.1) with Dirichlet and
Neumann boundary conditions is well studied. In contrast, only vortexless solutions
of the semi-stiff problem (1.1), (1.3) were found [8,19]. In [8], it was shown that
minimizing sequences for the corresponding minimization problem develop a novel
type of so-called "near-boundary” vortices, which approach the boundary and have
finite GL energy in the limit of small €. However, such minimizing sequences do
not converge to actual minimizers [9]. These studies lead to the natural question of
whether there exist true solutions of (1.1, 1.3) with near-boundary vortices. Unlike
the minimizing sequences such solutions may model observable states of a physical
system (e.g., persistent currents with vortices and superfluids between rotating cy-
linders [16]). The following theorem, which is the main result of this work, provides

the answer to this question.

Theorem 1 (Existence of solutions with vortices of problem (1.1, 1.3)). For any
integer M > 0, there exist at least M distinct stable solutions of (1.1, 1.3) with
(nearboundary) vortices when € < &1 (e = e1(M) > 0). The vortices of these
solutions are at distance o(g) from the boundary and have bounded GL energy in the

limit ¢ — 0. The solutions are stable in the sense that they are (local) minimizers

of (1.2) in J.

To construct local minimizers of (1.2) in J, we represent J as the union of
subsets oy (defined in (1.8) below), J = Up7q7dez\7p(§l), and study the existence of
global minimizers in J»,S?. Furthermore, we show that each minimizer lies in J»,fg )
with its open neighborhood. Therefore, the minimizers in jp(;” are distinct local
minimizers in J.

Thus, the construction of solutions of (1.1, 1.3) is based on the study of the

following constrained minimization problem:
me(p,q,d) = inf{E.(u); u € J\}, (1.7)

where
Tpy) = {u € Tpgyd — 1/2 < abdeg(u) < d +1/2}, (1.8)



p,q and d are given integers, and abdeg(u) is the approximate bulk degree, introduced

as follows. Consider the boundary value problem

AV =0 inA
V=1 onodf (1.9)
V=0 ondw.

Introduce abdeg( - ) : H'(A;R?) — R by the formula

1
abdeg(u) = gy /Au X (0, V Opyut — Oy, V Oy u) dz, (1.10)
where V' solves (1.9). In the particular case where A is a circular annulus, Ag, g, =
{z; Ry < |z| < Ry}, abdeg(u) is expressed by

B 1 21 du ., \ d¢

For S'-valued maps, abdeg(u) becomes integer valued and the representation
(1.11) clarifies its interpretation as an average value of the standard degree. The
definition (1.10) is motivated by the following intuitive consideration: represent the
standard degree over the boundary 02 via a “bulk” integral over the area of A for
S1-valued maps and notice that if E.(u) < A for some finite A and sufficiently small
g, then u is “almost” S'-valued.

It was observed in [3] that for S'-valued maps in an annulus A, one can define the
topological degree deg(u, A) that classifies maps u € H'(A; S1) according to their 1-
homotopy type [34] (1-homotopy type is completely determined by the degree of the
restriction to a nontrivial contour). This definition was relaxed in [3] for maps that
are not necessarily S'-valued by considering u/|u| in a subdomain A, C A, which is
obtained by removing neighborhoods of the boundary 0A and zeros (vortices) of w.
Definition (1.11) does not require the removal of vortices from A, and abdeg(u) is
obtained by a simple formula (unlike deg(u, A) in [3], where the domain of integration
depends on u). Note that in general abdeg(u) is not an integer. The most important
fact for our consideration is that abdeg(u) is continuous with respect to weak H!-
convergence, unlike the standard degree in (1.6) (this issue for deg(u, A) was not
addressed in [3]).

The minimization in problem (1.7) is taken over jp(;l ), which is not an open set,

and therefore minimizers of (1.7) (if they exist) are not necessarily local minimizers
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of (1.2) in J. Indeed, while J,, is an open subset of J (hereafter we assume the
topology and convergence in J to be the strong H' unless otherwise is specified),
the constraint abdeg(u) € [d—1/2,d+1/2] defines a closed set with respect to both
strong and weak H!-convergences. However, if we further consider a subset of maps
with bounded energy and choose € small enough, then the constraint abdeg(u) €

[d—1/2,d + 1/2] becomes open due to the following proposition:

Proposition 2. Fiz A > 0. There exists g = £o(A) > 0 such that if 0 < € < e,
then for any integer d and any u € H'(A;R?) satisfying E.(u) < A the closed
constraint abdeg(u) € [d — 1/2,d + 1/2] is equivalent to an open one that is,

d—1/2 <abdeg(u) <d+1/2 <= d—1/2 < abdeg(u) <d+ 1/2. (1.12)

(Actually, it will be shown that abdeg(u) is close to integers uniformly in u satisfying
E.(u) < A when ¢ is sufficiently small.) The following theorem is the main tool in

proving the existence of local minimizers.

Theorem 3 (Existence of minimizers of the constrained problem). For any integers
p, g and d > 0 (d < 0) with d > max{p,q} (d < min{p,q}) there exists e =
e1(p,q,d) > 0 such that the infimum in (1.7) is always attained, when ¢ < &;.
Moreover

me(p, ¢, d) < Io(d, A) + w(|d = p| + [d — q]), (1.13)

where

1
Iy(d, A) :min{§/ |Vul*dz, uEHl(A,Sl)ﬂjdd}. (1.14)
A

The value Io(d, A) is expressed by Io(d, A) = 2(wd)?/cap(A) via the H'-capacity
cap(A) of the domain A.

The key difficulty is to establish the attainability of the infimum in (1.7), which
is highly nontrivial since the degree on 02 and Ow is not preserved in the weak
H'-limit [8,9]. We show that the solutions of (1.1, 1.3), which are the minimizers
of (1.7) (local minimizers of (1.2) in J) with p # d and any ¢ (or ¢ # d and any
p) must have vortices. For fixed e, these vortices are located at a positive distance
from 0A and approach 0A as ¢ — 0.

Without loss of generality, throughout this work we always assume that d > 0

(otherwise one can reverse the orientation of R?).
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Theorem 1 follows from Theorem 3 and Proposition 2. The asymptotic behavior

of the local minimizers is established in

Theorem 4 (Asymptotic behavior of minimizers and their energies). Assume that
the integers p, q and d satisfy the assumptions of Theorem 3. Then as ¢ — 0 the
manimizers u. of (1.7) converge weakly in H'(A), up to a subsequence, to a harmonic

map u which minimizes (1.14). Additionally,
E.(u.) = Io(d,A) +n(|d —p| +|d—q|) +0o(1), ase— 0, and (1.15)
E.(u.) = %/ |Vue|*dz +o(1), ase— 0. (1.16)
A

In particular, it follows from (1.15, 1.16) that there is no strong convergence
of the minimizers of (1.7) in H'(A) as ¢ — 0 unless 7(]d — p| + |d — q|) = 0.
For p = ¢ = d = 1, the minimizers of problem (1.7) actually coincide with local
minimizers of (1.2) in Jj; established in [7]. While work [8] is primarily concerned
with global minimizers in J1, in its preprint version [7] the issue of local minimizers
was raised. Namely it was observed that the vortexless local minimizers of (1.2)
in J1; can be obtained by adapting the method of [28], that is by seeking local
minimizers that are H!'-close as ¢ — 0 to those of the problem (1.14) for S'-valued
maps. This method, however, does not allow to find local minimizers with vortices.

The techniques of finding local minimizers and other critical points with vor-
tices for GL functional (with and without magnetic field) are developed, e.g., in
[4,15,23,24,27,30]. These works establish solutions with vortices distanced from
the boundary (inner vortices) and use the reduction to an appropriate renormalized
energy function of finitely many variables. For instance, in [30] local minimizers
with n vortices are obtained for the full GL energy functional by restricting the mi-
nimization to some open sets of the type U,, = {(u, A);m(n—1)|loge| < G%(u, A) <
m(n+1)|logel}, where G%(u, A) is the energy without external magnetic field. Then
the “hard” part of the analysis is to show that the infimum is attained inside U,,.
Similarly, the main difficulty in establishing local minimizers of (1.2) in J is to show
the attainability of the infimum in (1.7). Note that in (1.7) we impose constraints
on the approximate bulk degree abdeg(u) rather than the energy constraints and
also prescribe degrees on the connected components of the boundary.

The method proposed in our work does not use the renormalized energy. In-

deed, the asymptotic expansion of energy (1.15) (at least to the leading order as it
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is used for the inner vortices) does not provide enough information on the location
of vortices that approach the boundary. Same difficulty was observed in [8] in the
study of the existence/nonexistence of minimizers. We avoid the hard problem of
construction of next order renormalized energy (or equivalently next order in the ex-
pansion (1.15)) by a direct costruction of test functions with nearboundary vortices
that approximate actual minimizers. Our approach in the analysis of problem (1.7)
involves such tools as the Price Lemma [8] and its “uniform” version (see Lemma
18) together with tight upper bounds explicitly constructed for fixed (sufficiently
small) €.

Next, we summarize the distinct features of the GL boundary value problem
with semi-stiff boundary conditions. The first interesting feature is the existence of
solutions with a new type of vortices called near-boundary vortices. Unlike the inner
vortices, whose energy blows up at the rate of |loge|, the energy of near-boundary
vortices is bounded as ¢ — 0 and they are located at a distance o(e) from the
boundary.

Secondly, the semi-stiff boundary conditions result in a lack of compactness.
Namely, as of now, the only way to find nonconstant minimizers is by searching for
minimizers in subsets jp(j ) J. These subsets, however, are not weakly H!'-closed
and therefore a weak H'-limit of a minimizing sequence {u®} € \7;,,(5 ) may not lie in
ﬁ:f ). but rather in jp(f?, with p’ # p or (and) ¢’ # p. Theorem 3 shows that if d > 0
and d > max{p, q}, then (for small €) any weak H'-limit of a minimizing sequence
{u® c jp(j ) always belongs to jp(j ), despite the lack of weak H'-closeness of jp(;l ),
In contrast, if d > 0 and d < max{p, ¢} we have

Conjecture 5. Let d > 0, d < max{p, ¢} (or d <0, d > min{p, ¢}) and let u be a
weak limit of a minimizing sequence for problem (1.7) (such a minimizing sequence
exists and bound (1.13) holds for any integer p, ¢, d). Then u ¢ T when ¢ is

sufficiently small.

In the simplest case, when d = 0 and either p=1and ¢g=0orp=0and g =1,
this conjecture is demonstrated by an argument quite similar to the nonexistence
proof in [7] for simply connected domains (see Sec.2 below).

A more interesting example, which supports the conjecture above, follows from

the previously studied (global) minimization problem m. = inf{FE.(u), u € Ji1}. It



was shown in [7,9] that if cap(A) > 7 (subcritical /critical cases), then m, is always
attained, whereas if cap(A) < 7 (supercritical case), then m. is never attained
for small €. One can see that the elements of minimizing sequences lie in jl(ll )
in subcritical/critical cases and in jl(f ) in the supercritical case. Moreover, the
nonexistence of minimizers in problem (1.7) for d = 0, p = ¢ = 1 and small ¢ holds
for any doubly connected domain (with any capacity). (For cap(A) < 7 the proof
is presented in [9], this proof can be easily generalized for cap(A4) > 7.)

We conclude the introduction by outlining the scheme of the proof of Theorem 3,
which employs a comparison argument. Fix an integer d > 0. First, we establish the
existence of minimizers in problem (1.7) for p = ¢ = d by using the so-called Price
Lemma [8] (see Lemma 9 below), the uniform lower energy bound from Lemma 18
and the upper bound from Lemma 16, which is obtained by considering S*-valued
testing maps. We show that these minimizers (which belong to J, d(j)) are vortexless.
Next, we argue by induction in the parameter &(p,q) = |d — p| + |d — ¢q|. This
parameter is naturally associated with the number of vortices — for example, for the
above minimizers in J, d(;l), we have &(d, d) = 0. Given an integer K > 0, we assume
the existence of minimizers in problem (1.7) for p, ¢ such that &(p,q) < K and
p < d, ¢ < d (the induction hypothesis) and prove the existence of minimizers for
p, q such that &(p,q) = K + 1 and p < d, ¢ < d. The first step in the induction
procedure (when K = 0) is shown in Section 5. The key technical point there is to

construct a testing map v € J d((d [1)—1) such that
E.(v) < Ec(uo) +m, (1.17)

where ug is a minimizer of (1.2) in jd(j). This map v is constructed by using the
minimizer uy and Mobius conformal maps on the unit disk with a prescribed single
zero near the boundary. Then, given a minimizing sequence {u®} c J d((dd)_l) of
problem (1.7) for p =d, ¢ = d — 1, we have, by (2.7) from Lemma 9 and (1.17),

E.(u)+7(|d—deg(u, Ow)|+|d—1—deg(u, 0Q)]) < klim E.(u™) < E.(ug)+m, (1.18)
where u is a weak H'-limit of {u®} (possibly a subsequence). Then we estimate

the left hand side of (1.18) by the lower energy bound from Lemma 18 and the right
hand side of (1.18) by the upper energy bound from Lemma 16. Thus

Io(d, A)+m(2|d—deg(u, Ow)|+|d—1—deg(u, 0Q)|+|d—deg(u, 0N)|) < Io(d, A)"—;ﬂ'.
(1.19)
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This implies that deg(u, Ow) = d, and either deg(u, 02) = d—1 or deg(u, Q) = d. In
view of (1.18), the only possible case is actually deg(u, 92) = d — 1 since, otherwise,
u € jd(j) and therefore F.(u) > E.(ug) which contradicts (1.18). Thus u € jd(fld)_l)
and v is a minimizer in jd((dcg—l)' The proof of the existence of minimizers for p = d—1,
q = d is quite similar. So we have shown that the existence of minimizers for
#(p, q) = 0 implies the existence of minimizers for &(p,q) = 1. In the general case,
when passing from &(p, ¢) < K to &(p,q) < K+1 in problem (1.7), we use the same
idea but it is technically much more involved. It requires the asymptotic analysis as
¢ — 0 of minimizers wu,, of (1.7) with &(p, ¢) = K, which is carried out in Section 6.
Based on the results of this asymptotic analysis, we construct testing maps v € JP(Z),
(p=p,d =q—1orp =p, ¢ =q—1), such that E.(v) < E.(up,) + 7. This
allows us to employ the arguments similar to the reasoning in the first step of the

induction procedure to show the attainability of the infimum in (1.7).

2 Preliminaries

Throughout the paper we use the following notations:
e The vectors a = (ay, az) are identified with complex numbers a = a; + ias.
e a - b stands for the scalar product a - b = a1b; + asby = %(al_) + ab).
e a x b stands for the vector product a x b = a1by — asb; = %(al; —ab).

e The orientation of simple (without self intersecting) curves in R? (in particular
Ow and 0f2) is assumed to be counterclockwise. If £ is such curve, 7 stands for
the unit tangent vector pointing counterclockwise, v is the outer unit normal

vector such that (v, 7) is direct.
e If h is a scalar function, then V+h = (=0,,h, 0., h).

e B,(y) is the open disk of radius r centered at y, B,(y) = {x € R* |z —y| < r}.

2.1 Properties of the solutions of (1.1, 1.3)

As shown in [7] by a bootstrap argument, any solution v € H'(A;R?) of problem
(1.1, 1.3) is sufficiently regular (e.g., u € C2?(A) if A has a C? boundary). By the

11



maximum principle we also have
Lemma 6. The function p(x) = |u(x)| satisfies p < 1 in A.

Locally, away from its zeros, u can be written as u = pe’® with real-valued phase
¢. We will also frequently make use of the current potential h related to the solution
wof (1.1, 1.3) by

V4ih = (u X Opu,u X Opyu) in A
h=1 on Jf.

(2.1)

Unlike the phase ¢, the function h is defined globally on A (V1¢ is also defined
globally), and
Vh=—p?V*+¢ when p> 0. (2.2)

The existence of the unique solution of the problem (2.1) and its elementary pro-

perties are established in the following

Lemma 7. There exists a unique solution h of the problem (2.1). Moreover h =
Const on dw, and
Ah = 20,,u X Op,u in A, (2.3)
div(%w) — 0 whenp> 0. (2.4)
Proof. The vector field F' = (u X O, u,u X Oy,u) is divergence free. Indeed,
since u is a smooth solution of (1.1), we have divF = u x Au = 0 in A. It follows
that for any simply connected domain W C A there is a unique (up to an additive
constant) function ® solving V4 ® = F in W (this is well known Poincaré’s lemma).
Such a local solution ® can be extended to a (possibly multi-valued) solution on A.
Thanks to the fact that u satisfies (1.3) we have 22 = —F-v = 0 on 04, i.e. ¢ takes
constant values on every connected component of the boundary. Thus ® is actually
a single valued function. Then, h(z) = ®(z) — ®(0Q2) + 1 is the unique solution of
(2.1).
The verification of (2.3) is straightforward, and (2.4) follows directly from (2.2).
O

We also use the following result, which is valid for any solution of the GL equation

(1.1) (not necessarily satisfying (1.3)).
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Lemma 8 ([26]). Let u be a solution of the GL equation (1.1) such that |u] < 1,
E.(u) < A, where A is independent of €. Then

2
C
1— 2 < v 2.5
(@)l < dist?(z, 0A)’ (2:5)
and o
| D*u(x) b (2.6)

< =
dist”(x, 0A)

where C, Cy, are independent of ¢.

2.2 Minimization among maps from [J with prescribed de-

grees

Any minimizer of (1.2) in the set J,, with prescribed integer degrees p and ¢ is
clearly a solution of (1.1), (1.3). However, the existence of minimizers is a nontrivial
problem. In [7-10, 19] the minimization problem for the Ginzburg-Landau functional
(1.2) in Jp1 was considered. In the case when A is a circular annulus, it was observed
in [10] that minimizers, if they exist, brake the symmetry when the ratio of the outer
and inner radii of the annulus exceeds certain threshold. By contrast, in the case
when this ratio is sufficiently close to 1, the existence of a unique minimizer and its
symmetry is shown in [19]. The techniques in both [10] and [19] relied on the circular
symmetry of the domain. A more general approach based on the Price Lemma was

proposed in [7,8].

Lemma 9. (Price Lemma [8]) Let {u®} C J,, be a sequence that converges to u
weakly in H*'(A,R?). Then

limkinf %/ \Vu®|2dx > %/ |Vul?dz + 7 (|p — deg(u, Ow)| + |q — deg(u, 9Q)]),
A A
or, equivalently (by Sobolev embeddings),
limkinf E.(u®) > E.(u) + n(|p — deg(u, 0w)| + |q — deg(u, dQ)|). (2.7)

Several proofs in this work are based on this Lemma. With the help of Lemma
9, it was shown in [8] that the infimum of (1.2) in Jj; is always attained when
cap(A) > m. It was also conjectured in [8] that when cap(A) < 7 and ¢ is sufficiently

small the weak limit of any minimizing sequence is not in the class of admissible
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maps, i.e. the global minimizer does not exist. In [9] this nonexistence conjecture
was proved by a contradiction argument based on explicit energy bounds.

While the existence/nonexistence of minimizers in J,, for p = ¢ = 1 is nontrivial
and the answer depends on cap(A) and also on &, the case p =0, ¢ =1 (p = 1,
q = 0) is simple. Arguing as in [7] we can show that inf{E.(u);u € Jn} is never
attained. Indeed, using the pointwise equality |Vu.|> = 20,,u. X O,u. + 4|0;u.|*

and the Jacobian degree formula we have

1
—/ |Vul*dr >
2Ja

whenever u € [Jp;. On the other hand, by constructing an explicit minimizing

= |deg(u, 0N) — deg(u, Ow)| =7

/ O, X Oy, udx
A

sequence in the spirit of [10] (see also [7]), we have inf{E.(u);u € Jp} = m. Thus,
if there exists a minimizer u € Jy;, then u € H'(A; S') and u solves the GL equation

(1.1). Then u must be a constant map, which contradicts that u € Jo;.

3 Properties of the Approximate Bulk Degree

The degree of the restriction of maps from H'(A, S') to any smooth closed curve,
in particular 952, is preserved by the weak H'-convergence. This follows from [34],
or can be shown directly using integration by parts as in (3.2) below (note that, for
any Sl-valued map u, deg(u, 99) = deg(u, dw) = deg(u, L), where L is an arbitrary

smooth simple curve in A enclosing w). Thus we have the decomposition

H'(A,S") = | J{u e H'(A,S"), deg(u,d09) = d} (3.1)

deZ

into disjoint sets, each of them being closed in weak H'-topology of H*(A, S').
Fix A > 0. In this section we consider maps u € H'(A,R?) in the level set

B = {u; Eo(u) < A}.

We show that the approximate bulk degree abdeg(u) classifies maps u € E? similarly
to the above classification (3.1) of S'-valued maps. We now establish the following

basic properties of abdeg(u):

a) abdeg(u, A) = deg(u, 90) if u € H'(A, S1),
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b) |abdeg(u) — abdeg(v)| < 2||V|lc1ayAY?||u — v||r2(a) if u,v € EX, where V is
defined in (1.9).

The property b) plays the key role in our consideration. It implies that, inlike
deg(u,09Q), abdeg(u, A) is preserved with respect to weak H' convergence in the

following sense:
c) If u, — uin H'(A;R?), abdeg(u,, A) — abdeg(u, A).

The first property follows directly from the definition (1.10) of abdeg(u). Indeed,
integrating by parts in (1.10), we get

abdeg(u) = ! /89 u X %ds 21 /Aamlu X Op,uVdr = deg(u, 09), (3.2)

T or or T

for any u € H' (A, S') (0,,u X O,,u = 0 a.e. in A since |u| = 1 a.e.). The property
b) of abdeg(u) is proved in the following

Lemma 10. For any u,v € H'(A;R?) we have
1 1/2 1/2
jabdes(u) — abdeg(v)] < = |V llora((B=(w) 2 + (Eo(0) )l — vl 200
Proof. Integrating by parts, we get
27 (abdeg(u) — abdeg(v)) = /(u — ) X (Opu Oz, V — Opyu 0, V)d
A
+/ U X (Opy (U —v) 0y, V — O, (u —v) 0, V)d
A
= /(u — ) X (Ot Oy, V — Opyu 0y, V)dx
A
+ / (U —v) X (0,0 0, V — Opyv 0, V)dx.
A

Then the statement of the lemma follows from the Cauchy-Schwarz inequality. [

The main consequence of properties a) and b) of the function abdeg(u) is

Proposition 11. For sufficiently small €, abdeg(u) is close to integers uniformly

inu € EX. More presicely,

d) sup dist(abdeg(u),Z) — 0 as e — 0.

ueEM
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Remark 12. This proposition implies that, for small €, J,, N E* admits the de-

composition into disjoit sets parametrized by d:

Tpe N B2 = (T 0 ED)
deZ
Before proving this fact note that Proposition 11 immediately implies Proposition
2 stated in the Introduction.

Proof of Proposition 11. According to (3.2) and Lemma 10 we have

2
sup dist(abdeg(u),Z) < sup inf |abdeg(u) — abdeg(v)| < —||V||01A%5€, (3.3)
m

ucEA ue EA vEE]

where 6. is the following (nonsymmetric) distance

6. = sup distz2(a)(u, Ey) (3.4)

uEEA

between E? and
1
B} = {ue a8 B = 3 [ [VaPar<a)
A

We now show that §. — 0 as ¢ — 0. In view of (3.3) this yields the desired
result. Assume by contradiction that d., > ¢ > 0 for a sequence ¢, — 0. By
virtue of the Sobolev embeddings, the supremum in (3.4) is attained on E*, i.e.
0. = distz2(a(ue, Ef), where E.(u.) < A. We can extract a subsequence of {u.,},
still denoted by {u., }, that converges to a map u weakly in H'(A, R?). Thanks to
Sobolev embeddings u., — u strongly in L?(A) and we have u € H'(A, S'), since
Ja(ue> = 1)%dx < 4A<* . Moreover, Eg(u) < A by the lower weak semicontinuity
of the Dirichlet integral. Thus u € E and 6., < |lu — ue, || 7204y — 0. O

The following lemma illustrates the relation of abdeg(u), which is not necessarily
an integer, with the standard notion of the degree over a closed curve. It provides
a simple criterion whether the constraint abdeg(u) € [d — 1/2,d 4+ 1/2] in (1.7) is

satisfied in a particular case when u is a solution of equation (1.1).

Lemma 13. Let L = {x € A;V(x) = 1/2} denote the 1/2 level set of V', where V
is the solution of (1.9). (L is a smooth curve enclosing w.) Then if a solution u of
the GL equation (1.1) satisfies |u| <1 in A and E-.(u) < A, then
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(i) |u| > 1/2 on L and

(i) we have

abdeg(u) € [d—1/2,d + 1/2] <= deg(%,ﬁ):d, (3.5)

when & < g1, where 1 = £1(A) > 0 does not depend on u.

Remark 14. Choice of £ in the Lemma 13 is not unique. In fact, £ can be any
smooth curve that encloses w and lies strictly inside the domain. It is natural to call
L an “attainability” contour, since, in the limit of small e, the bulk degree abdeg

becomes a standard degree over L.

Proof. Consider the domain
As={r €A < V(x)<1-56}, (3.6)
where 0 < § < 1/2. Lemma 8 implies that u satisfies
|lu| >1/2 on As, (3.7)

when € < &} (¢ = €}(§) > 0). This proves (i). We can now write u = pe'
(p=|u| > 1/2) on As, and find an extension of 1) onto the entire domain A. To this
end we will consider a conformal image of A.

It is well known (see,e.g. [1]) that there is a conformal mapping G of A onto

the annulus O with R = exp(mw/cap(A)) and 1/R as the outer and inner radii,

correspondingly. Moreover, G is explicitly given by G = exp(cai’(r T (V —1/2+i¥)),
where ¥ is a (multivalued) harmonic conjugate of V. G maps A onto the annulus
G(As) C O whose outer and inner radii are R’ = exp(caf)’(rA)(l/Q —0)) and 1/R/,
correspondingly.

Now consider 1h(z) = (G(x)) on G(As). We can extend 1 to the entire domain
O by reflections 1(z) := ¥ (z(R)?/|z|?) when |z| > R’ and ¥(z) := ¥ (z/(R'|z|)?)
when |z| < 1/R'. Thus

/|v1;|2dx§/ \vzm?der/ \vzm?dxgz/ V)| 2d, (3.8)
o G(As) O\G(As) G(As)
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when 0 < § < 1/4. Then (3.8), the conformal invariance of the Dirichlet integral
and (3.7) imply

/ V|2 dx < 2/ IV2dz =2 [ |Vo|2dz
o G(As) As
< 8/ P?|Vy|’dr < 16E.(u) < 16A. (3.9)
As

The desired extension of ¥ onto A is now given by ¢ (z) = 1 (G(x)). Using the
conformal invariance of the Dirichlet integral again, we see by (3.9) that E.(e®) =
L[ IVYPde = 1 [ [Vi)2de < 8A. Moreover, since ¢ = ¢ on A; and p = |u| < 1,
we obtain

= = [ e Pde [ o1
A\Ag As

§4\A\A5\+/ (0% — 1)z < A(JA\ As| + Ae?). (3.10)

Then, by choosing small 0 and €; = £1(0) > 0( £1(0) < €}), in view of Lemma 10,
bounds E.(e) < 8A, E.(u) < A and (3.10), we get |abdeg(u) — abdeg(e®)| < 1/2,
when € < £,. But abdeg(e?) = deg(e”,dQ) = deg(e™, £) = deg (7, £), due to
(3.2). Therefore if deg(ps, £) = d, then abdeg(u) € [d —1/2,d +1/2], and vice

versa. Thus (ii) is proved. O

4 Minimization among S'-valued maps. Upper

and lower bounds for problem (1.7)

Consider the minimization problem
Io(d, A") == inf{Ey(u); u € H'(A'; S"), deg(u, 0w') = deg(u, ) =d},  (4.1)

where Ey(u) = [, |Vul’dz, A= Q' \ &/, and o', @ are arbitrary smooth bounded
simply connected domains in R?, such that w’ C 2. This problem is a particular

case of the minimization problem considered in [11](Chapter I).

Proposition 15. [11] There exists a unique (up to multiplication by constants with
unit modulus) solution u of the minimization problem (4.1), and u is a regqular
harmonic map in A’ (i.e. —Au =u|Vu|? in A', u € H'(A")) satisfying u x 94 =0
on 0A’.

18



If A~ = A, then any minimizer u of (4.1) belongs to Ju. By (3.2) we also
have abdeg(u) = d. This yields the following (optimal) bound for (1.7), in the case

p=q=d
Lemma 16. For any € > 0 we have m.(d,d,d) < Iy(d, A).

It is shown in [11] (Chapter I) that Io(d, A) can be expressed by

1
In(d, 4) = 3 / Vho|2dz, (4.2)
A

where hy is the unique solution of the linear problem

Aho =0 inA
ho=1 on 09Q, hy=Const on Jw (4.3)
Ohyg

——do = 2nd.
a0 al/

The solution V of (1.9) and hg are related via hg = 1 + 2xd(V — 1)/cap(A), where
cap(A) stands for H'-capacity of A (see, e.g., [25]). Thus Io(d, A) = 2(7d)?*/cap(A),
and this clearly holds for any doubly connected domain A’ in place of A. Therefore

we have
Lemma 17. Iy(d, A’) depends continuously on cap(A’).

Using this simple result, we obtain the following lower bound for the GL energy

of solutions u € J of the equation (1.1).

Lemma 18. There exists €5 > 0 such that for any solution u € Jp,, of GL equation
(1.1) satisfying E.(u) < A and abdeg(u) € (d —1/2,d+ 1/2), we have

Ex(u) > Io(d, A) = 5 +w(|d — 1| +]d — m]). (44)
whenever € < g9 (g9 depends only on A).

Proof. Maximum principle implies that |u| < 1 on A. Asin Lemma 13 we consider
the domain A; defined by (3.6) where 6 < 1/2 is a positive parameter to be chosen
later. Since |u| < 1 on A we can apply Lemma 8 to get the bound

lul| >1—¢ in As, (4.5)
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for e < &b (¢, = €4(5,A) > 0). We introduce the map

1 w ifjul<1l—c¢
1—¢

(4.6)

U=
(1-— 5)& otherwise.

By (4.5) we have |a] = 1 on As and, according to Lemma 13, deg(@, £) = d when
e < min{ey, e, }. Consequently, the degrees of @ on both connected components of
0A; are equal to d, so that 3 [, |Va[’dz > Io(d, As) (cf. (4.1)). Therefore, using
the obvious pointwise inequality |Va|? > 2]0,,% X O,,1| and integration by parts,

we get
1 I 1 19
— [ |Va|*dz > = |Va|“dx
2 Ja 2 Ja,

s \/ Oyt X Oy | > To(d, Ag) + 7(|d — 1] + |d — m]), (4.7)
k=12 A

where Agk) (k = 1,2) are the outer and the inner connected components of A\ As.
On the other hand, it follows from (4.6) that |u| < |u| < 1. Therefore,

1
E.(u) < —E.(u). 4.
(@) < TPl (4.9
Bounds (4.7) and (4.8) yield (4.4) when ¢ is such that Iy(d, As) > Io(d, A) —7/4 (cf.
Lemma 17) and ¢ is sufficiently small. O

5 From a vortexless minimizer to one with a

single vortex

The main Theorem 3 is proved by induction on the “number of vortices” in mini-
mizers. More precisely, given an integer d > 0, we show the existence of minimizers
of (1.7) for p = ¢ = d, then move on to the case p = d —1, ¢ = d and p = d,
q = d—1, etc. The key point of the proof is the induction step, when the degree
changes by one on dw or 0f2. This change in the degree results in the rise of an
additional vortex in a minimizer. For arbitrary p and ¢, satisfying the conditions of
Theorem 3, this step is quite technical. This is why we consider here a particular
case of transition from p = ¢ = d (no vortices) top = d, ¢ = d —1 (one vortex). The

transition from p =g =d to p =d — 1 and ¢ = d is quite similar. We first establish
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Lemma 19. Fiz an integer d > 0. Then for sufficiently small e, € < e3 with €3 > 0,
the infimum m.(d,d,d) in (1.7) is always attained, and m.(d,d,d) < Iy(d, A).

Proof. Let u be a weak H'-limit of a minimizing sequence {u®} c jd(j). Since
any minimizer v of problem (1.14) is an admissible testing map for problem (1.7),

such a minimizing sequence exists and by using Lemma 9 we obtain
1
E.(u) + (|l = d| + [m — d]) < lim inf E.(u®) < 5/ \Vo|?dz = Io(d, 4), (5.1)
—0o0 A

where [ = deg(u, 0w)), m = deg(u, d2). Due to Proposition 2, we have abdeg(u) €
(d—1/2,d+1/2) when € < g, therefore the first variation of (1.2) at u vanishes,
i.e. u is a solution of equation (1.1). Indeed, thanks to Lemma 10, we have that for
any w € H}(A;R?) with sufficiently small H'-norm, u®) +w is an admissible testing
map when k is large. Hence E.(u+w)— E.(u) = lim_oo (B (u® +w) — E.(u®) > 0
(where limj,_,, denotes any subsequential limit), and we are done. Now, since u is
a solution of (1.1), we can apply Lemma 18. Namely, we substitute (4.4) in (5.1)
and get

d— 1| +|d—m| gi, (5.2)
for e < min{eg, ey}, i.e. [ = m = d (since [, m and d are integers). Thus the infimum
in (1.7) for p = ¢ = d is always attained for sufficiently smalle. Lemma is proved.[]

Next, we perform the transition from the minimization problem (1.7) for p =
q = d to that for p = d, ¢ = d — 1 and show that m.(d,d — 1,d) is always attained
when ¢ is sufficiently small. This is done by a comparison argument of m.(d,d—1, d)
with the energy E.(u) of a minimizer u of (1.7) for p = ¢ = d. We first describe the
properties of such minimizer.

In Section 6, it is shown that for small € any minimizer u of (1.7) for p = ¢ = d is
vortexless (see Remark 24), i.e. u = pe® with smooth p > 0 and ¢ : A — R\ 27dZ
(torus). It follows that we can write u = pe'® | where e and V@ are smooth maps
defined globally on A. Then the boundary value problem (1.1)-(1.3) can be rewritten
in terms of p and 6 as follows:

9 :
d@l;(p Vo) =0 inA (53)

520 on 0A,

1
—Ap+d|\VOPPp+ =p(p*—1)=0 in A

p IVo|“p 62/)(0 ) (5.4)
p=1 on 0A.
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In view of (2.2), we also have
Vh = —dp’V+0 in A, (5.5)

where h is the solution of (2.1). It follows that (h, ) defines orthogonal local coor-
dinates in a neighborhood of 0f2, thus straightening out the boundary. Indeed, it is
straightforward to verify that

1

1 — h(O0w) = cap(A)

/ Vh - VVdx = 2rabdeg(u)/cap(A),
A

while abdeg(u) > (d — 1/2) > 0. Then, by applying the maximum principle to
(2.4) we get 1 > h(x) > h(Ow) in A. This, in turn, implies, by Hopf’s lemma,
that 2% > 0 on 0€; i.e. the map (h,0) : A — R x R\ 27Z can be extended to a
C'-diffeomorphism of a one sided neighborhood of 9 onto its image. Thus, there
are some ¢ > 0 and a domain Gs C A such that

r€Gs—(h,0)elly=(1—-6,1) xR\ 27Z

is a one-to-one correspondence, which extends to a C'-diffeomorphism of G5 onto
[1—16,1] x R\ 27Z.

The following Proposition is crucial for the existence of minimizers of (1.7) for
p=d, ¢ =d— 1. In particular, if combined with Lemma 16, it provides a bound
for m.(d,d — 1,d) independent of ¢.

Proposition 20. Let u = pe'® p > 0, be a minimizer of (1.7) for p = q = d.
Assume that € is small enough that Proposition 2 holds with A = Iy(d, A). Then
there is a testing map v € Jyq—1) such that abdeg(u) € (d —1/2,d+1/2) and

E.(v) — E.(u) <. (5.6)

In Section 7, the generalized version of Proposition 20 is used to show the exis-
tence of minimizers with several vortices.

Proof of Proposition 20. We seek a testing map v of the form
v = pwy, (5.7)

where w; € Jg(4—1) will be defined below. The following Lemma allows us to compare

the energy F.(u) of u with that of v.

22



Lemma 21. [fw € H'(G',R?), G' C A, is such that |w| =1 on IG’, then

1 1
[ 19w + (il = 02)e = [ (Va4 2l = 17)de + 210w, @),
el 2e2 el 2e2

where

i 1 d2 1
LD (w,G) = 3 /G P*|Vw|*dz — 5 /G V0|20 |w|?dz + =) oM (|w]? = 1)%dz.
(5.8)

This result is a version of the factorization argument due to [14], its proof is presented
at the end of this section.

Note that if G = G5 we can rewrite the functional (5.8) by using local coordinates
(h,0) as (cf. (5.5))

d
L (w,Gs) = 5 [ |0ww]*p'dhdd
ILs
1

Yo,

dhdd
e

1
(|0gw|* — d*|w|*)dhdf + — P (Jw]? — 1)?

5.9
= (5.9)

Instead of dealing with L!” (w,Gs) we will make use of the simplified functional
with a quadratic penalty term and parameter A = A(e, d) to be determined in (5.14)
below

1

My(w) = By

/(fwﬂﬁﬂ@wmwmwnl (Mw—c 2 — @2[w])dhdd. (5.10)
1 2d Jn,

Note also that the integrand in the first term of L” (w, Gs) is changed by the factor
p~%t > 1. The functional (5.10) can be simplified using separation of variables.

Now consider the map w; that is given by w; = ¢ in A\ Gj, and, extended to
G, as a minimizer of the functional M, (w), with the following prescribed boundary
data:

w, = ¢ Fy(e”)  on 09, (5.11)

w; = e on 0G5\ 09, (5.12)

Here A > 2d?, Fi(z) := Ci(2) (where the bar stands for the complex conjugate),

Ci(2) = Z'Z(Iflt)__t)l is the classical Mobius conformal map from the unit disk onto itself,

and ¢t < 1 is a positive parameter to be determined later. Since deg(F;, S') = —1
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and deg(e??,9Q) = 1, the standard properties of the topological degree imply that
if v is defined by (5.7), then

deg(v,00) =d — 1, deg(v,dw) = d. (5.13)

The map w; is well defined, because the functional M) (w) with Dirichlet condition
on the boundary has a unique minimizer for A > 2d?. Moreover |w;| < 2. Otherwise
by taking w; = w; min{1,2/|uy|} in place of wy, the first term in (5.10) does not
increase while the second decreases, i.e. My(w;) < M)(w;); a contradiction.

Note that under the following choice of A,

9
= 2d° 14
A max{2€2 infg, [VO|?’ d } (5.14)

(V6| > 0 on the closure of Gj) we have
P (|we* = 1)* < (Jwe] = 1)*(Jwe] + 1) < |we — P (Jwe] +1)*
< 9w, — |2 < 282NV w, — )2 in Gy,

thanks to the bounds |w;| < 2 and p < 1. It follows that Lgd)(wt,G(;) < My (wy).

We now get, by virtue of Lemma 21, that v = pw, satisfies
E(v) < Ec(u) + Mx(w). (5.15)

We next obtain a representation for M, (w,;) through separation of variables.

Namely, expanding z%F;(2) on S as
AF(2) = (L= t)2" +t(t —2) Y (1—t)FzF
k=0
we seek w; as a Fourier series

wy = (1= tf_1(h)e™ +#(t —2) Y (1= t)F fi(h)e =17, (5.16)
k=0
where the coefficients fi(h) satisfy, according to (5.11, 5.12),

Sl =0)=0, fi(1) =1 (5.17)
We substitute (5.16) into (5.10) to obtain

2 2

My(we) = —=®-1(for) + — D (=2 (1= 1) e(f), (5.18)



where
Bh) = [ @UDE+ (= d+ 1A= ERWE)E. (519

Minimizing (5.19) under the conditions (5.17) we get

oot (h=1) ofi (h—1)
fe(h) = TR s R e (5.20)
1
where ky = :I:g V/(k—d+1)24 X\ — d2. Therefore, we have
A\ — d? 3
Oy (fr) =d(k—d+1)(1+ oTE + O(1/k%)), as k — oo. (5.21)
Finally, using (5.21) in (5.18), we obtain
My(wy) < 7((1—1)% = 1) i k(1 —t)* + 212 (N — d?) i w + Ct?
o k=0 e

= (1 — 2t — 2t3(A — d*) log(1 — (1 — t)?)) + (C + 7)t2. (5.22)

Observe that the right hand side of (5.22) is strictly less than 7 when ¢ > 0 is chosen
sufficiently small. By (5.15), for such ¢ the map v = pw;, satisfies (5.6).

It remains only to show that abdeg(v) € (d — 1/2,d 4+ 1/2). To this end note
that by (5.16) and (5.20), w; — €' pointwise in G5 as t — 0. Therefore pw; —
pe'® (= u) weakly in H'(A), so that abdeg(pw;) — abdeg(u). On the other hand,
by Proposition 2, we know that d — 1/2 < abdeg(u) < d+ 1/2. Thus, after possibly
passing to a smaller ¢, v = pw; satisfies the required property. 0J

Now we have that, under the conditions of Proposition 20, there exists a mi-
nimizing sequence {u®} C J d((d [1)—1) of testing maps from problem (1.7) for p = d,
q = d — 1 such that limy_, E.(u®) < m.(d,d,d) + 7 and u® weakly H'-converge
to a map v € J. Moreover, any minimizing sequence has a subsequence with the
same properties. We show that any weak limit u is also an admissible map. Let
| = deg(u, 0w), m = deg(u,0). By virtue of Lemma 18 (in the same way as in

Lemma 19 one shows that u satisfies (1.1)) and Lemma 9 we have

[O(d,A)—g+7r(2|d—l|+|d—1—m|+|d—m|)

<E.(u)+7(ld=1|+|d—1—-m|) <m.d,d,d)+m, (523)

25



since abdeg(u) = limy ., abdeg(u®) € [d — 1/2,d + 1/2]. Due to Lemma 19
me(d,d,d) < Iy(d,A) so that (5.23) implies that | = d and either m = d — 1 or
m = d. In the latter case, u becomes an admissible map in problem (1.7) for
p = q = d and therefore E.(u) > m.(d,d,d), which contradicts the last inequality in
(5.23). Thus, u € Ju-1), abdeg(u) € [d —1/2,d+1/2], i.e. u is in the set jd((dd)—l)
of admissible testing maps of problem (1.7) for p=4d, ¢ =d — 1.

Proof of Lemma 21. We have, using (5.4),

[ IVpu)Pds = [ (19l + Vo Vp(lul? = 1) + 97
1
— [ IVl + BRI + S~ 1))
1
= [ @FINOPIuf + S - Dluf - Vo
G/

Then simple algebraic manipulations yield the required result. O

6 Asymptotic behavior of local minimizers

In the previous section, we established the existence of minimizers of (1.2) in jd(j)
and demonstrated the first induction step of the proof of Theorem 3 that involves
a transition from p = ¢ =dtop =d, ¢ =d—11in (1.7). (In fact, modulo the
assumption that minimizers in jd(j) are vortexless, we actually proved the existence
of minimizers in J&dzl) 4 and jd((dd)_l

integer p < d and ¢ < d, we need to establish some properties of minimizers of the

).) In order to show the induction step for any

(1.7). We are especially interested in their behavior near the boundary. At this

point, we assume we are given a family {u.} of minimizers for (1.7) and
Ec(ue) < A= Io(d, A) + w(|d = p| + |d — q]). (6.1)

We suppose also that e < gy, where g9 = £9(A) > 0 as in Proposition 2. It follows
that maps u. are local minimizers of F.(u) in J and therefore they satisfy (1.1),
(1.3).

Throughout the section we will use the notation p.(x) = |uc(x)|, the function
h.(x) that is the unique solution of (2.1) (associated with u.), and the contour £ as

in Lemma 13. The contour £ separates the two open subdomains Q¥ in A, where
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Q" is the domain enclosed by 92 and £ and Q= = A\ (QT U L). We also set
QF = {r € Q% p2(x) <1-&'?},

6.1 Proof of Theorem 4

Since |Vh.| < |Vu.| (by Lemma 6), the family {h.} is bounded in H'(A), and

therefore there is a sequence €, — 0 such that
h., — h weakly in H'(A), as k — oo. (6.2)

In order to identify h, we make use of Lemma 8 to obtain that, up to a subsequence,
(A). Since 0, u X Op,u = 0
a.e. in A, we have Ah., = 20,,u., X Op,u., — 0 in C,

function. Moreover, h = 1 on 02 and h = Const on dw. On the other hand,

1 1 1 h
abdeg(u., ) = %/AVh% -VVdr — §/,4Vh -VVdz = 7 | %ds.

the maps u., converge to an S'-valued map u in C._

(A), thus h is a harmonic

According to property d) of abdeg( - ) (see Proposition 11 in Section 3), abdeg(u.) —
d, as € — 0. Therefore h = hy (where hy is the unique solution of (4.3)) and the
convergence in (6.2) holds for the whole family {h.}. Thus, applying Lemma 8

again, we obtain
h. — hy in CL (A) and weakly in H'(A), as ¢ — 0. (6.3)

By (6.1) and Lemma 8, the maps u. converge, up to a subsequence, tou € H*(A;S!)
in CL_(A) and weakly in H'(A). Moreover, abdeg(u) = d and in view of (6.3)
|Vu| = |Vhg| a.e. in A. Tt follows that w is the solution of the minimization
problem (1.14).

In order to demonstrate the energy expansion stated in Theorem 4, we argue as
follows: by using two pointwise equalities |Vu.|? = 20,,u. X Op,u. + 4|0zu.|* and
|Vu|* = —20,,u. X Op,u. + 4|0, u.|* and the pointwise inequality |Vu.| > |Vh.|, we

have

1
5/ |Vu*dr > —/ Oy Ue X Op,usdx + 2/ |0, u.|*dz
A Qf Qf

1
—i—/ Oy, Ue X Og,ucdx + 2/ |0zu.*dz + 5/ |Vh.|*dz. (6.4)
< Q

A\(QFuQ:)

£
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Let us estimate the right hand side of (6.4) from below. Introducing o.(x) =
max{p?(z),1 — c'/2}, we have (by (2.3) (2.4))

1 2 0 in A TUQD);
G- 2 V(@ UQ:) o5
o() —¢ Oy Ue X Op,u. otherwise.

div(

Integrating (6.5) over Q*, we get, for sufficiently small ¢,

2 Oh, Oh. ds
5 [ Onue x Opudr = | ZEds— | SE
1 — 81/2 /C;;r 8 1u X 8 2u t a0 al/ 5 L al/ pg(SL’)
:/ uexaueds— Ue xguads:%(q—d),
o0 or cluel 07 Jugl

where we have used Lemma 8 and Lemma 13. Thus, we have

/+ Oy iz X Opyuiedr = (1 — ) w(q — d). (6.6)
Similarly, integrating (6.5) over Q~ we obtain

/ Oy, e X Opyucdr = (1 —eY?)w(d — p). (6.7)

In order to estimate the last term in the right hand side of (6.4), we write it as

/ |Vh|*dz = / |Vh. — Vh|*dz
A\(QFUQ:) A\(QFUQ:)

+ / (2Vh. — Vhg) - Vhedz — / (2Vh. — Vhe) - Vhodz,
A Q

fuer

and note that by virtue of (6.1), the measure of QT U Q- vanishes as € — 0, so that

/ |Vh.|*dz = / |Vh., — Vhe|*dz + / |Vho|?dz + o(1).  (6.8)
A\(QFuQ:) A\(QFuR) A

Thus (6.6-6.8, 6.4, 6.1) imply E.(u.) — Eo(u) + w(|d — p| + |d — ql). O

As a byproduct of the above proof, by (6.6)-(6.8), (6.4) and (6.1), we get
/ (Juel? — 1)%dz = ofc?), (6.9)

A
/ |Vh, — Vho|*dz = o(1), (6.10)
A\(QFUQ2)
/ 10, u.|*dx = o(1) / |0zu.)*dx = o(1). (6.11)
QF Qs
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6.2 Properties of minimizers of (1.7) for small ¢

First, by using (6.9) and the following methods from [11] we get that p. converges

to 1 uniformly on compacts in A. Moreover, we have

Lemma 22. For any p > 0 we have

sup{dist(y, 0A); y € A, p2(y) < 1 — u} = o(¢). (6.12)

Proof. Assume by contradiction, that for a sequence ¢, — 0 and v > 0 we have
P2, (yx) < 1 — p and dist(y, A) > yeg. Due to (2.6), |V|u., |*| < a/ey in Bi, (Yi),
where 0 < A < 7 and o = () is independent of g;. It follows that |u, (2)]* <
1 — p+ da when x € By, (yx) and 6 < A\. Then By, (yx) C A and

1

- (Jue, | — 1)2da > 7(p — da)?6* > 0,
€k J Bse, (ur)

as soon as 0 < 6 < min{\, 1/(2c)}. This contradicts (6.9). O
Important properties of u. and h., in the vicinity of the boundary 0A, are esta-
blished in

Lemma 23. For any 0 < p <1 and k < 1 there are é1(u), a(p, k) > 0 such that if
p2(y) < 1—p, then

(a) fore < é1(u) we have: he(y) > 1+ /4 if dist(y, Q) < € and
he(y) < he(Ow) — /4 if dist(y, dw) < €;
(b) fore < éx(u, k) we have

1

—/ |Vu.|*dz > k. (6.13)
2 J anB.(y)

Proof. By contradiction, let us assume that either (a) or (b) is violated for a
sequence € — 0 and some y = y; such that p?k (yx) < 1 — p. According to Lemma

22, yr, — OA. For definiteness we suppose that y, — 0€2, then (by Lemma 22)

dist(yx, Q) = o(e). (6.14)
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Let u. be extended in w so that ||u.|| g1 ) < Cl|uc|| g4y and |us| < 1in Q, where C
is independent of . Extend h.(z) inside the domain w by h. = h.(0w). Following [§]
we rescale u., and h., by a conformal map that “moves” y;, away from the boundary.
Fix a conformal mapping 7 from 2 onto the unit disk B;(0). We introduce the
conformal map (x(z) = (z—n(yx))/((yr)z—1) from By (0) onto itself and set Uy (z) =
Ue, (071 (C(2))), Hi(2) = he(n™'(k(2))). It is easy to see that ||Uk|l (s o) < C
and ||Hy| g1 (o)) < C with some C independent of k. Therefore, without loss of
generality, we can assume that Uy, and Hy converge to limits U and H (respectively)
weakly in H', as k — oo.

Arguing as in [8] (Section 4), we can show that U, — U in CL_(B;(0)) and that
AU = 0 in By(0). Therefore, |U(0)* = limg_o0 [Ug(0) > = limp oo |te, (y£)]* < 1—p.
We also have that |U| =1 a.e. on S'. We now show that 9,U = 0 in B;(0). Indeed,
by the maximum principle |U| < 1 in B;(0), hence maxp, (o) |Uk(z)]* < 1 — 5,1{/2 for
any fixed 0 < t < 1 and sufficiently large k. It follows that for such k we have
(¢ (B:(0))) C QF. Then, in view of (6.11), we get, by using the conformality of
the maps n~! and (;:

/ 0, U |2dx = / |0 u., |*dr < / |0 u., |*dz — 0
B:(0) n~ k(B (0))) +

This implies that 0,U = 0 in By(0).
In order to show (b), we use the pointwise equalities 1|VU* = —0,,U x 0,,U +
2|0,U|* and 0.U = 0 to obtain
1

—/ |VU]*dx = —/ 0y, U x 0,,Udr = —7deg(U, S1).
2 /B0 B1(0)

As U # Const, we therefore have 3 [ o | VUI?dz = 7. It follows that there is
0 <t < 1 such that

1
—/ |VU2dx > k. (6.15)
2 /B0

The image (;(B;(0)) of the disk B;(0) is the disk By, (&) with radius ¢, = %

)
1=t2[n(yx)[**

1Y (B, (&) C Be, (yx)NA when k is sufficiently large. Then, by using the conformal

centered at &, = According to (6.14) t, = o(ex) for k — oo, hence

invariance and lower semicontinuity of the Dirichlet integral and bound (6.15), we

get

/ |Vue, |*dz > / |Vue, [*dz = / |VU|?dz > 2k as k — oo.
Bey (yx)NA 7~ (Ck(Bt(0))) B:(0)
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In order to show that h., (yx) = Hi(0) > 1+ p1/4 when k — oo we note that the

system (2.1) is conformally invariant, i.e.
VA Hy = (Ui % 05, Ur, U % 00,Ux) in G (n(A)).

Then, bearing in mind the convergence properties of Uy, we obtain that H, — H in
Cloc(B1(0)) and

VrH = (U x 0,,U,U x 0,,U) = —%vi(|U|2) in  B;(0),

where we have used the fact that 0,U = 0 in B1(0). Since H = |U| =1 on 9B;(0)
we have H = 3 — £|UJ* in By(0), therefore

: : 3 1 2 H
pum— p— > J—
Jim fe, () = lim H,(0) = 5 = [UO)" 21+ 3.
This competes the proof of the lemma. O

Remark 24. Lemma 23 implies that, in the case when p = ¢ = d minimizers of
(1.7) are vortexless for sufficiently small €. Indeed, by Theorem 4 they H!'-strongly
converge, up to a subsequence, as ¢ — 0 to a minimizing harmonic map u € jd(j).
On the other hand, (6.13) exhibits the energy concentration property near zeros of

minimizers, which is incompatible with the strong H!-convergence.

The following result, that describes the structure of the function h. for small ¢,

plays a crucial role in the proof of the main technical result (Lemma 27) in Section
7.

Lemma 25. For sufficiently small €, ¢ < g4 (¢4 > 0) we have

(i) p*(z) > 1/2 when h.(0w) —1/8 < h.(x) < 9/8 and h.(0w) < ming h.(z) <
max, he(x) < he(09).
If p?(x) < 1/2, then either

dist(z, 02) < dist(L, 0Q) and h.(x) > 9/8

or
dist(z, 0w) < dist(L, 0w) and h.(x) < h.(0w) — 1/8;

(ii) there exist x7 € O, x2* € Ow such that 9= (%) > 0 and 2=(xt*) > 0.

€
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Proof. (i) follows from Lemma 22, Lemma 23 and the convergence properties of h.
(as € — 0) established in the proof of Theorem 4. To prove (ii) we argue as follows.
Let £5(p, k) be the best (biggest) constant in Lemma 23. Then £;5(p, k) is increasing

in p and decreasing in k. For j =2,3... set

fi- =1/j when mln{eg(]H, ]+1) 1/(j+1)}<e< mlH{Eg(% ]T) 1/5}

(this defines ji. > 0 for all 0 < e < min{éy(1/2,1/2),1/2}). Then fi. — 0 ase — 0
and (6.13) is satisfied with k = 1 — fi. when p?(y) < 1 — fi.; the same is true
when fi. is replaced with p. = max{ji.,<'/?}. We pick a point 2" in A such that

p?(:cgl)) < 1—p1.; then we pick a point 2% in A\ Bo.(2") such that pi(z Y < 1—pe,

etc., unless for some K. we have p(z) > 1 — pu. on A\ Ukle%(:cf:k)). By the

construction of p., since disks Be(:cgk)) are disjoint,

Vu® d:)s>— / Vuf|Pde > K (1 — po)n.
5 [ vk Z o T (1 p)

Therefore, by (6.1), we have a uniform bound K. < C. Arguing as in [11] (Chapter
IV, Theorem IV.1) we can increase the radii of disks to e\ > 2¢ (with A independent
of €) and take a subset I of {1,..., K.} such that

Urer. Bex(2%) D UszslBgE(xf) and dlSt(l’ 2¥) > 4e)  for different k, k' € I..

g 1e

We also have
pE(x) > 1 —pein A\ UkelsBeA(I];)

Assume h. and hg are extended to the entire R* by h. = h.(0w), hg = ho(&u)
in w, andh:hozlinRz\Q Since p2(z) > 1 — e > 1 — Y2 in DI
BQ)\E(xg ) \ B,\a(at€ ) by (6.10) we have

/ Vh. 2z < 2/ (IV(he — ho)|2 + [Vho[2)dz — 0 as = — 0.
D) Dtk

Then, writing the integral over D in polar coordinates centered at 2P and, using

Fubini’s theorem, we can find )\ék), e < )\gk) < 2)e, such that

/| o |Vh.|*do = o(1/¢).
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Therefore, by the Cauchy-Schwarz inequality,
1/2
/ |Vhe|ds < (2rAk))1/2 / Vh|?ds} =o(1). (6.16)
o=l |=a) o=l |=a)

We now integrate (2.4) over QT \ Uper. B, (2™")) using (6.16) and Lemma 13 to

AP
obtain
Oh. oh.d
ds = 2nd + g / —s:2wd—o(1) when ¢ — 0.
v OO/
Te kel. | e |=Ae €

Here I. denotes the subset of indexes k € I. such that B,w (xé’“)) NQT # 0, and
[. = 00\ Urer B, (xgk)) Therefore, there is 27 € T'. such that 2=(27) > 0.

£

Similarly, we can show that on 7. = dw \ Uye IS\IéB/\(k)(:)sgk)) there is xX* such that

B (27%) > 0. O

7 Inductive proof of Theorem 3

Fix A > 0 and an integer d > 0 such that A > Iy(d, A), and let &, be the greatest
integer such that
]O(d, A) + ey < A.

Clearly, s&ep > 0. In this Section we show that, for small e, the infimum in problem

(1.7) is always attained, provided the integers p, ¢ satisfy
®(p,q) <& and p<d, ¢<d, (7.1)
where a(p, q) = |d — q| + |d — p|.

Proposition 26. Given an integer K < &g, let p < d, q < d be integers such that
®(p,q) < K. Then, for sufficiently small €, the infimum in problem (1.7) is always

attained and
me(p,q,d) < me(l,m,d)+7((l=p)+(m—q)) when p<Il<d g<m<d (72)
Moreover, the inequality in (7.2) is strict unless | = p and m = q.

Proof. The proof is by induction in K. The basis of induction (K=0) is established
in Section 5 (cf. Lemma 19). The demonstration of the induction step relies on the

following Lemma, whose proof is in the end of this section.
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Lemma 27. Assume the integers p and q satisfy (7.1), and for e < e5, e5 > 0,
there exists a minimizer u. of problem (1.7) whose GL energy E.(u.) satisfies (6.1).
Then for any € < min{ey,e5} (where ¢4 is as in Lemma 25) there exists v. € Jpq-1)
such that abdeg(v.) € (d —1/2,d+ 1/2) and

E.(v.) < me(p, ¢, d) + 7. (7.3)

Similarly, in Jp-1)q there exists a testing map (still denoted v, ) satisfying (7.3), and
such that abdeg(v.) € (d—1/2,d+1/2).

In view of Lemma 27, to prove the claim of Proposition 26 for K + 1 in place of

K, it suffices to show that m.(p,q — 1,d) is always attained for sufficiently small &

whenever p < d, ¢ < d and &(p, q) = K (the attainability of m.(p—1, ¢, d) is proved

analogously). Let u be a weak H'-limit of the minimizing sequence {u®} C j;éi;_l).

According to Lemma 27, such a minimizing sequence exists. Moreover, this lemma,
with the induction hypothesis, implies

limsup E.(u™) < m.(I',m',d) +7(I' —p) +x(m' — (¢ — 1)), (7.4)

k—o00

for any integers ', m’ satisfying p < I’ < d, ¢ —1 < m' < d and &(lI',m') < K.
We know that abdeg(u) = limy_.., abdeg(u®) € (d — 1/2,d 4+ 1/2) when ¢ < &
(where g9 = g¢(A) is as in Proposition 2), hence u is a solution of the GL equation
(1.1) (see arguments in Lemma 19). Therefore, if we write liminfy_., E.(u®) <
lim sup,, ., E.(u®) and apply Lemma 9 and Lemma 18 successively to the left hand

side, we get, using (7.4) with I’ = m’ = d, that for sufficiently small e
lo(d, A) = 5 + moe(l,m) + (|l = p| + [m = (q = 1)]) < m.(d,d,d) + 7e(p, g — 1),

where [ = deg(u, Ow), m = deg(u, 0f2). Thanks to Lemma 16, m.(d, d,d) < Iy(d, A).
Thus

[l=dl+[l=pl <lp—d[+1/2and [m —d|+|m — (¢ —=1)| < |(¢g—1) = d[+1/2.

Since [ and m are integers, it follows that p <1 < d, ¢—1 < m < d. Now, assuming
Il #porm+#q—1, we use Lemma 9 and (7.4) with I’ = [, m’ = m to obtain the
following

E.(u)+n(l—p+m—(qg—1)) <liminf E.(u®) < m.(I,m,d) +7(l—p+m—(g—1)),

k—oo
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ie. E.(u) < mc(l,m,d). On the other hand, u € jlgf?, implying that E.(u) >
m.(l,m,d): this is a contradiction. Therefore, | = p and m = ¢ — 1; ie., u is
an admissible testing map in problem (1.7) and thus the infimum m.(p,q — 1,d) is
always attained. 0
Proof of Lemma 27. For simplicity we drop the subscript €. The underlying idea
is to modify the minimizer u of (1.7) in a neighborhood of 02 as in Proposition 20
(see Section 5). In general, u may have zeros now. Thus, the arguments need to be
more delicate. Loosely speaking, we construct a testing map v with an additional
“vortex” located “near” z*, where z* is a point on 0f) such that %(z*) > 0 (cf.
Lemma 25).

Step 1: Domain decomposition. Let 1 —¢, where § > 0, be a regular value of
h (thanks to Stard’s lemma this holds for almost all §). Consider the subdomain of
A where h > 1—¢. There is a (unique) connected component Djs of this subdomain
such that 0Ds D 0. Since h(02) = 1 > h(0w), when ¢ is sufficiently small, the
boundary of Dy contains a connected component I's # 0f2 enclosing w. According
to Lemma 25, if we choose § < dg (69 > 0), then the domain enclosed by I's and 02
will lie away from the contour £; i.e. I'y also encloses £. Moreover, if p(z)(= |u(x)|)
vanishes at a point x in this domain, then h(x) > 1. Therefore, the minimum of h
over the closure of the aforementioned domain cannot be attained at any interior
point; otherwise, h satisfies div(p%Vh) = 0 in a neighborhood of this point, which
is impossible. In other words, h > 1 — § in the domain enclosed by I's and 0f; i.e.,
this domain coincides with Ds. Thus, the boundary of Dj consists of exactly the
two connected components 0€2 and I's. Also, possibly choosing a smaller §y, we have
that the set P = {z € Ds; h(x) > 1} is independent of § (recall that § < Jy and
1 — 9 is a regular value of h). Indeed, consider the set S5 = {z € A;h(z) > a} N Ds
(0 < 0 < dp), where « is a regular value of h and 1 < o < 9/8. S5 consists of a finite
number n(d) of connected components. Since Ds D Dy for § > ¢', the function n(J)
is nondecreasing, hence n(J) = limy_on(d’) when 0 < 6 < &y (for some 5y > 0)
and S5 = Sy for 6,0" € (0,09). It follows that 1 —d < h < «a in Ds \ Dsg when
0 < ¢ <6 < dy. Forsuch § and ¢ the function h satisfies div(p%Vh) =0in Ds\ Dy
(by Lemma 25), while & < 1 on the boundary of Ds\ Dy. Thus h < 1in Ds\ Dy. We
now see that {x € Ds;h(x) > 1} = P := Ngs5,Ds, when 0 < 6 < &y, as required.
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Thus we have, for § < dy,

1 Oh ds 1 0 u

u
d = — —— = — — X ——ds=d I's) >0
2m Jr, Ov p? 7r /Fa [ul " or |ul s = deg(u,T')

(1 — 4 is a regular value of h and h > 1 — ¢ in D;) and the integer d’ is independent
of 6. Therefore u admits the representation u = pe®? in G5 = Ds \ P, where
6 : Gs — R\ 27Z is a smooth function and p > 0 in Gjs.

Without loss of generality, we can assume that u(z*) = 1. Since Vh = —d'p*V+6
in Gs and 2%(z*) > 0, the map « — (h,6) from a neighborhood Gj of z* onto its
image h(G%) is a C'-diffeomorphism. Choosing § small enough, we can assume that
G is defined by

reG; < 1€Gs, 1—0 <h(zx) <1, 6(x) € (—0,6)(mod 27Z).

Now we have that A = G5 U G4 U (A \ Gs) (see Fig. 1), where G§ = G5 \ G5.

Figure 1: Domain decomposition.

Step 2: Construction of the testing map. We construct the testing map v,

which will have the form

v in A\ Gy,
v = \Cs (7.5)

pw; in Gy,

with w; = wy(h(z),0(x)) unknown for the moment. We impose the following boun-

dary conditions on 0Gj:

e e = (1 —tp(9))
wy =e 1= tp(0) — 1 on 0G5\ Ty, (7.6)

w, = e’ on Ty, (7.7)
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where 0 < ¢ <1 is a smooth 27-periodic cut-off function such that ¢(f) = 1 when

€ (—46/2,0/2) (mod 27Z) and ¢(0) =0 if 0 & (—0,0) + 27Z. Let w, = wy(h, d) be
a smooth 27 periodic in # map, defined in the strip 1 — § < h < 1, which satisfies
(7.6) and (7.7), when h = 1 and h = 1 — §, respectively. Then (7.5) defines a family
of maps v € H'(A;R?) for 0 < ¢ < 1 such that |[v| = 1 on A and

deg(v,00) =q¢—1, deg(v,0w) = p. (7.8)

We expand the right hand side of (7.6) into a series to get

ao € — (1—tp(0))
ezdee' ( — (1 —th_ zd0+t bio( e ilk=d'+1)0 79
e (1 —tp(d)) —1 ( k;1 R (7.9)
We next set
w(h, 0) = (1 —th_y (£) f1 ()™ ? + 1 Y~ by (t) fi(h)e "k +D0, (7.10)

k#—1

1
where the functions f; are defined by (5.20) with kL = ij \/(k‘ —d' +1)24+ N —d?
The positive parameters ¢t < 1 and A > 2d'* are to be specified below. The coeffi-
cients by (t) have the following property:

Ibe(t) — ()] < C(1+ [E])™, Vn >0, (7.11)

where C' = C(n) is independent of ¢, ¢;, = (t — 2)(1 — t)¥ for k > 0, c.; = 1, and
¢y = 0 for k < —1. The estimate (7.11) is obtained, in a standard way, by comparing
the Fourier coefficients in (7.9) with those of e*?(e=* — (1 —t))/(e=®(1 —t) — 1).

Step 3: Verification of (7.3). Thanks to Lemma 21, we have (since |w;| =1
on 0Gs due to (7.6 - 7.7))

E.(v) = E.(u) + Lgd/)(wt, Gs)

where the functional L (w) is defined as in (5.8). We now show that, for sufficiently
small ¢,
L (wy, Gs) < 7. (7.12)

To this end, as in the proof of Proposition 20, we consider the quadratic functional

/ 1 ! i /
M/\(wt):§/c(d2|8hwt|2+|89wt|2+)\|wt—ee|2—d2|wt|2)p2|V9|2dx. (7.13)
3
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(one can actually show that w; minimizes functional (7.13) under the boundary
conditions (7.6 - 7.7).) Since Vh = —d'p?V10 in G5 and p <1 in A, we have

/ P |Vw,|*dx g/ (d”|Owi|? + 9wy ?) p?| V0|2 dx. (7.14)
Gs Gs

Moreover, if we put

9 2
A= 2d’
e { 2e mingy VO[>’ } ’

then, under the additional assumption that |w;| < 2 in G, the pointwise inequality
2e2\|w; — €?)?|VO|? > p?(Jwe]? — 1) holds in G5 (see the proof of Proposition 20).
Thus,

/ 1
L, G) < M) + 13 / P (lwl? = 1)2de. (7.15)
Gy
To obtain (7.12) we first note that
/ t27T - 28/
My(we) = —- > Bk ()PRL(f), (7.16)
k=—o00

where functionals @} are defined as functionals @ in (5.19) with d’ in place of d.
While the representation (7.16) is analogous to (5.18), its justification is different
because of the fact that Vh vanishes at least at some points of the boundary of Gy
(and possibly somewhere in GY). We rely on the following Lemma, which directly
implies (7.16).

Lemma 28. Let f,g € C'([1 —6,1];C). Then for all integers n,m

£ (D) 2170 0, if n#m

e g(h)e™? p Tr = 1

Gs 2—7/ f(s)g(s)ds, if n=m.
d" Jis

Proof. By virtue of the pointwise equalities VA - VO = 0 and div(p?d) = 0 in G,
for any regular values «a, 3 of h such that 1 —d < o < # < 1 and any integer n # m,

/ femigam 2| Vo2dy — —— V0 - Vel 1524y
a<h<p nT M Jach<s
{

div(p*V8) fge!"™dz
n—=m Joach<p
! VO - Vh(fg+ f7)e™ ™0 2de =0, (7.17)

n—m a<h<pf
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where all the integrals are taken over subsets of Gs. If n = m we set F(h) =

f f(s)g(s)ds then, since |Vh| = d'p?|V8)|, we have
1 dx 1 Oh ds
F(R)g(h)p*| VO’ dz = — V(F(h)-Vh— = —F(8 ohds
L<h<ﬁ ( ) ( ) ‘ | d,2 a<h<ﬁ ( ( )) /)2 d/2 ( ) h= 581/ p2
1 / ) /
- —5 div(=Vh)F f(s ds. (7.18
d”? Jacnes (P (7.18)

Here we have also used the fact that div(#Vh) = 0 in G5. The statement of the

Lemma is then obtained by passing to the limits « — 1 —¢§ and § — 1 in (7.17 -

7.18). 0
Using (7.11) in (7.16), we compute

2 > [e'9)
M) = 37 Jel®Pf) + O(F) = w((1 = )2 = 17 3 k(1 1)
k=0

k=—o00
2 12 = 1 B t 2
+ 272 (X — d”) Z O(t?) = 7 — 2nt + o(t). (7.19)
k=1

Simple but tedious computations also show that

. , = . Nk A — (d')2
id'0 (1-d")((h—1)/d'—i0) § (h—1)/d'—i0
Wt ( ) p ( ) ( 2kd’ ( ))

+O0(t) = % 4 t(t — 2)eU= N B=1/d=0) y() _ (1 — 4)eh=D/d=0) L O(t),

uniformly in § and h € (1 — §,1). Here we have used (7.10), (7.11) and the explicit
form of the functions f;. This yields

jw; — €% < Ct when 0 & (—a, a) + 277, (7.20)

for any 0 < a < 27, where C is independent of ¢. From (7.20), we see that the
second term in (7.15) is of order O(t?) as t — 0. Combined with (7.19) this proves
(7.12).

Final step. The bound (7.15) is established under the assumption that |w,| <
2 in GY. Note that this inequality can always be achieved by replacing w; with
Wy := wymin{1,2/|wy|}. This change increases neither the first term in (7.15) nor
the second one. Thus, in order to complete the proof of the lemma, we need to show
only that the map v defined by (7.5) satisfies d — 1/2 < abdeg(v) < d + 1/2 when
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t is chosen sufficiently small. Indeed, due to (7.20) w; weakly H'-converges to ¢'@”.

Therefore the norm ||u —v||z2(4) tends to 0 when ¢ — 0. Then, according to Lemma,
10, for small ¢ abdeg(v) is close to abdeg(u), while d — 1/2 < abdeg(u) < d + 1/2
and we are done. O
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