
Emergent dynamics from network 
connectivity: a minimal model	

	
Carina	Curto	

Penn	State	Math	Dept	
ccurto@psu.edu	

Cosyne	2018		
Mar	3	Denver,	CO	



Dynamic attractors in the brain




Classical model – Hopfield networks


memory patterns fixed point attractors 

famous Hopfield result: guaranteed convergence

to a fixed point for symmetric interaction matrix 



Example: place cell activity in hippocampus


Tsodyks & Sejnowski 1995, 

Samsonovich & McNaughton 1997


McNaughton et. al., Nature Rev. Neurosci. 2006
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Example: place cell activity in hippocampus


memory patterns

(animal position) 

fixed point attractors

(“bump’’ attractors)


Individual positions do not correspond to fixed points, but sequences...


??




Example: place cell activity in hippocampus


memory patterns

(animal position) 

periodic/dynamic attractors ?


Individual positions do not correspond to fixed points, but sequences...




What other types of attractors are important for �
neural computation?
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Example: You want to remember Jenny’s phone # 867-5309 

projection 

of activity


Limit cycles are also useful for modeling central pattern generators (CPGs) 

that govern respiration, locomotion, etc. 



Evidence for memories as sequential attractors�
(and the dangers of an overly large basin of attraction)


https://www.youtube.com/watch?v=HNRNHgi1RzU 



What features of a network �
shape emergent dynamics?�

(e.g. dynamic attractors)
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complex synapses

intrinsic neuron dynamics (timescales, channel dynamics, etc.)

axonal delays

cell types

neuromodulators

dendrites

stochasticity of spikes

noise (other)

...

statistics of connectivity
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complex synapses

intrinsic neuron dynamics (timescales, channel dynamics, etc.)

axonal delays
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neuromodulators

dendrites

stochasticity of spikes

noise (other)
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statistics of connectivity

precise pattern of connectivity – an important biological detail!




Our goal: to understand how precise connectivity 
shapes emergent dynamics�

�
�

This is hard... mathematically, it’s quite challenging to predict how 
network structure affects dynamics unless the structure is: �

�
statistical/random or�

very regular/geometric�
�
�

Our approach: to develop a mathematical theory in a 
simple model�

�
Success means: a kind of graphical calculus, where we 

can analyze the underlying directed graph and 
predict emergent attractors and sequences
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Threshold-linear networks




Threshold-linear networks (TLNs)

Threshold-linear dynamics

xi

xj

Wij

same as ReLU (rectified linear unit) in deep learning networks



Threshold-linear dynamics

multistability
limit cycles
chaos
quasiperiodic attractors

xi

xj

Wij

same as ReLU (rectified linear unit) in deep learning networks

Threshold-linear networks (TLNs)



Threshold-linear networks (TLNs)

Threshold-linear dynamics

xi

xj

Wij

Q:  Given (W,b), what can we say about the dynamics?

      What are the static and dynamic attractors? 



Some things we already knew about TLNs . . .


•  For symmetric W, they generically 

    exhibit multistability. 



•  For each support 
 
   there can

    be at most one fixed point. 



•  The fixed point is stable if and only if 




                  is stable.



•  If W symmetric:

    - guaranteed convergence to a fixed pt

    - theory of permitted and forbidden sets 

� ✓ [n]

(�I +W )�



Results for TLNs with symmetric W �
(all about stable fixed points)


X. Xie, R. H. Hahnloser, and H.S. Seung. Selectively grouping neurons in recurrent networks of 
lateral inhibition. Neural Computation, 2002.


R. H. Hahnloser, H.S. Seung, and J.J. Slotine. Permitted and forbidden sets in symmetric threshold-
linear networks. Neural Computation, 2003.


C. Curto, A. Degeratu, and V. Itskov. Flexible memory networks. Bull. Math. Biol., 2012.


C. Curto, A. Degeratu, and V. Itskov. Encoding binary neural codes in networks of threshold-linear 
neurons. Neural Computation, 2013.


C. Curto and K. Morrison. Pattern completion in threshold-linear networks. Neural Comp., 2016.




We are bored with stable fixed point – �
where do we find other kinds of dynamics?




We are bored with stable fixed point – �
where do we find other kinds of dynamics?


Idea: look for networks that have NO stable fixed points!




Combinatorial threshold-linear networks




Idea: network of excitatory  
and inhibitory cells 

Graph	G	determines	the	matrix	W	

Combinatorial Threshold-Linear Networks (CTLNs)


parameter constraints:

Same TLN dynamics:Directed graph G  



CTLNs with no stable fixed points


Thm	1.		If	G	is	an	oriented	graph	with	no	sinks,	then	the	network	has	
no	stable	fixed	points	(but	bounded	acMvity).	



CTLNs with no stable fixed points
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Thm	1.		If	G	is	an	oriented	graph	with	no	sinks,	then	the	network	has	
no	stable	fixed	points	(but	bounded	acMvity).	

Parameter constraints:

TLN dynamics:

Example:
3-cycle



A single network can display multiple attractors of 
different types

time

limit cycle

chaotic attractor

projection
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Spontaneous state transitions in large random networks�
with no stable fixed points
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spontaneous state transition

0 40 80 120 160 200



Important Facts about CTLNs

•  display a rich variety of nonlinear dynamics

•  mathematically tractable

•  all nodes are identical

•  for fixed parameters           , only the graph changes 
between networks – isolates the role of connectivity

•  many aspects of dynamics are invariant under 
parameter changes

•  non-local properties of connectivity may matter 
more than local features 

", �, ✓



Embedding of motif matters
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Embedding of motif matters
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Example:
3-cycle

Is this a general principle, that added sources drop out of the dynamics? 
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Math	Puzzle	#1:	
Which	3-cycles	of	the	graph	give	rise	to	limit	cycles	in	the	dynamics?	
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Math	Puzzle	#1:	
Which	3-cycles	of	the	graph	give	rise	to	limit	cycles	in	the	dynamics?	
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4	neural	networks	with	matching	degree	sequence	
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A	 B	 C	 D	

all graphs have the same 
in/out-degree sequence:
(1,2), (1,2), (2,1), (2,1), (2,2)

The four networks are locally identical. 



examples	of	nonlinear	network	dynamics:	limit	cycles	
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examples	of	nonlinear	network	dynamics:	limit	cycles	
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examples	of	nonlinear	network	dynamics:	chaos	
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Math	Puzzle	#2:	
Why	does	the	sequence	176345	emerge?	Why	does	neuron	2	drop	out?	
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Fixed points (stable and unstable) of CTLNs
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unstable	fixed	points	in	chaoMc	a[ractors	

baby chaos: 4 attractors Lorenz attractor 
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Which 3-cycles of the graph have  

surviving fixed points? 
 



Graphical	analysis	of	fixed	points	of	CTLNs	

GOAL: Analyze the graph to predict the 
stable and unstable fixed points

(This gives insight into the dynamics.)

FP(G) = {� ✓ [n] | � is a fixed point support }



Fixed points of CTLNs
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Fixed points of CTLNs

for all 

Different linear system
of ODEs for each

Each linear system has a unique fixed point 

This is a fixed point of the CTLN when
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Graph Rules




TECHNICAL RESULTS �
for fixed points of TLNs


2.2. Index and stability

For each fixed point, labeled by its support � 2 FP(W, b), we define the index as

idx(�)
def
= sgn det(I �W

�

).

Since we assume our TLNs are nondegenerate, det(I � W
�

) 6= 0 and thus idx(�) 2 {±1}.
Moreover, if � is the support of a stable fixed point, then the eigenvalues of �I + W

�

must all
have negative real part, and so those of I � W

�

all have positive real part. This implies that
idx(�) = +1 for all stable fixed points.

The following theorem indicates that fixed points with index +1 and �1 are almost perfectly
balanced.

Theorem 2.2 (parity [7]). For any nondegenerate threshold-linear network (W, b),
X

�2FP(W,b)

idx(�) = +1.

In particular, the total number of fixed points |FP(W, b)| is always odd.

As an immediate corollary, we obtain an upper bound on the number of stable fixed points,
which all have index +1. Here we also use the fact that |FP(W, b)|  2

n � 1, which is just the
number of non-empty subsets of [n].

Corollary 2.3. The number of stable fixed points in a threshold-linear network of the form (1.1)
is at most 2

n�1
.

2.3. Sign conditions

In this section, we provide a new characterization of fixed point supports of TLNs via the signs
of particular Cramer’s determinants.

Sign condition. For any nonempty � ✓ [n], we define

s�
i

def
= det((I �W

�[{i})i; b�[{i}), for each i 2 [n], (2.4)

where (A
i

; b) is the matrix obtained from A by replacing the i-th column with b.2 It follows directly
from the definition that, for any k 2 [n],

s�
k

= s
�[{k}
k

. (2.5)

It turns out that fixed point supports can be fully determined from the signs of the {s�
i

}, yielding
our first characterization of FP(W, b).

Theorem 2.6. Let (W, b) be a (non-degenerate) threshold-linear network with W
ij

 0 and b
i

> 0

for all i, j 2 [n]. For any nonempty � ✓ [n],

� 2 FP(W, b) , sgn s�
i

= sgn s�
j

= � sgn s�
k

for all i, j 2 �, k 62 �.

Moreover, if � 2 FP(W, b) then sgn s�
i

= sgn det(I �W
�

) = idx(�) for all i 2 �.

2For the empty set, we will use the convention s;i
def
= 1.
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As an immediate corollary, we obtain an upper bound on the number of stable fixed points,
which all have index +1. Here we also use the fact that |FP(W, b)|  2

n � 1, which is just the
number of non-empty subsets of [n].

Corollary 2.3. The number of stable fixed points in a threshold-linear network of the form (1.1)
is at most 2

n�1
.

2.3. Sign conditions

In this section, we provide a new characterization of fixed point supports of TLNs via the signs
of particular Cramer’s determinants.

Sign condition. For any nonempty � ✓ [n], we define

s�
i

def
= det((I �W

�[{i})i; b�[{i}), for each i 2 [n], (2.4)

where (A
i

; b) is the matrix obtained from A by replacing the i-th column with b.2 It follows directly
from the definition that, for any k 2 [n],

s�
k

= s
�[{k}
k

. (2.5)

It turns out that fixed point supports can be fully determined from the signs of the {s�
i

}, yielding
our first characterization of FP(W, b).

Theorem 2.6. Let (W, b) be a (non-degenerate) threshold-linear network with W
ij

 0 and b
i

> 0

for all i, j 2 [n]. For any nonempty � ✓ [n],

� 2 FP(W, b) , sgn s�
i

= sgn s�
j

= � sgn s�
k

for all i, j 2 �, k 62 �.

Moreover, if � 2 FP(W, b) then sgn s�
i

= sgn det(I �W
�

) = idx(�) for all i 2 �.

2For the empty set, we will use the convention s;i
def
= 1.

4

Since the values of s�
i

for i 2 � depend only on (W
�

, b
�

), while the values s�
k

for k /2 � depend
only on (W

�[{k}, b�[{k}), we immediately have the following useful corollary:

Corollary 2.7. Let (W, b) be a TLN on n neurons, as in Theorem 2.6. The following are equiva-

lent:

1. � 2 FP(W, b)

2. � 2 FP(W
�

, b
�

) and � 2 FP(W
�[{k}, b�[{k}) for all k /2 �

3. � 2 FP(W
⌧

, b
⌧

) for all � ✓ ⌧ ✓ [n].

Theorem 2.6 also gives a relationship between the indices of fixed points whose supports
differ by only one neuron.

Lemma 2.8 (alternation). Let (W, b) be a TLN. If �, � [ {k} 2 FP(W, b), for k /2 �, are both fixed

point supports, then

idx(� [ {k}) = � idx(�).

Proof. If �, � [ {k} 2 FP(W, b), then by Theorem 2.6 we have idx(�) = sgn s�
i

= � sgn s�
k

for any
i 2 �. Recalling that s�[{k}

k

= s�
k

, we see that idx(� [ {k}) = � idx(�), as desired.

Corollary 2.9. If � 2 FP(W, b) is the support of a stable fixed point, then there is no other stable

fixed point with support �, � \ k, or � [ {k} for any k 2 [n].

2.4. Domination

In the case that b
i

= b
j

= ✓ for all i, j 2 [n], we have an alternative characterization of fixed point
supports that depends only on the absolute values {|s�

i

|}. Introducing the notation,

w�

j

def
=

X

i2�

fW
ji

|s�
i

|,

where fW = �I +W, we can define domination.

Definition 2.10 (domination). Consider the network (W, ✓) on n neurons, and let � ✓ [n] be
nonempty. For any j, k 2 [n], we say that k dominates j with respect to �, and write k >

�

j, if
w�

k

> w�

j

. On the other hand, we say j is equivalent to k with respect to �, and write j ⇠
�

k, if
w�

j

= w�

k

. If j ⇠
�

k for all j, k 2 �, then we say that � is domination-free.

The domination relation satisfies nice properties. Clearly, if ` >
�

k and k >
�

j, then ` >
�

j.
Furthermore, if k >

�

j then we cannot also have j >
�

k. We thus see that >
�

is transitive
and antisymmetric, but not reflexive. This makes it a strict partial order. Incomparable elements
belong to equivalence classes of the equivalence relation ⇠

�

. It is easy to see that >
�

and ⇠
�

interact just as the usual “>” and “=” signs do. In particular, if ` >
�

k and k ⇠
�

j, then ` >
�

j.
We can now give our second characterization of FP(W, ✓), for the case of uniform inputs ✓.

Theorem 2.11. Let (W, ✓) be a threshold-linear network. Then � 2 FP(W, ✓) if and only if the

following two conditions hold:

(i) � is domination-free, and

(ii) for each k 62 � there exists j 2 � such that j >
�

k.

Remark. Note that condition (i) gives � 2 FP(W
�

, ✓), while condition (ii) ensures that � 2
FP(W

�[{k}, ✓) for each k /2 �. Furthermore, if condition (i) holds, then condition (ii) implies
that every j 2 � will satisfy j >

�

k for each k 62 �.
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•  If G is has uniform in-degree, it supports a fixed point
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•  If G is has uniform in-degree, it supports a fixed point

•  If a subgraph is a fixed point support, this fixed point may or 
may not survive to the full graph!
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•  If G is has uniform in-degree, it supports a fixed point

•  If a subgraph is a fixed point support, this fixed point may or 
may not survive to the full graph!

Thm.		G	has	uniform	in-degree	d.	
Fixed	points	survives														no	node	outside	G	receives	d+1	
																																																			(or	more)	edges	from	G	

,

Uniform in-degree fixed points



Uniform in-degree fixed points

Corollary: Cycles (of any length) support fixed points if and 
only if there is no external node receiving 2 or more edges 
from the cycle.  
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Uniform in-degree fixed points

Corollary: Cycles (of any length) support fixed points if and 
only if there is no external node receiving 2 or more edges 
from the cycle.  
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SoluMon	to	Math	Puzzle	#1	
Which	3-cycles	of	the	graph	give	rise	to	limit	cycles	in	the	dynamics?	
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A	general	principle:	dominaMon	
simplest version:   

k dominates j with respect to     if 

1.

2.                               for each 

�

j ! k, k 6! j

j, k 2 �

i ! j ) i ! k i 2 � \ {j, k}
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A	general	principle:	dominaMon	

Fact: If there is domination inside     then    cannot 
be a fixed pt support. 



A	general	principle:	dominaMon	
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Some consequences:

1.  Fixed point supports cannot have sources
     - rules out paths

2.  FF graphs cannot be fixed point supports
      (unless a union of isolated nodes)

3.  Directed cliques cannot be fixed points supports
      (unless it’s a full bidirectional clique) 

Fact: If there is domination inside     then    cannot 
be a fixed pt support. 



Graph rules for CTLN fixed point supports



Finding FP(G) using graph rules
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Finding FP(G) using graph rules
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Because FP(G) was obtained from graph rules, this result
is guaranteed to be parameter independent.  



Lessons learned from graph rules


•  We	found	specific	moMfs	that	support	fixed	points:	
	
							cycles,	uniform	in-degree,	cliques,	independent	sets,	etc.	
	
					and	we	also	understand	their	survival	rules,	depending	on	
					how	they	are	embedded	in	a	larger	network.		
	
•  MoMfs	supporMng	fixed	points	(and	a[ractors)	are	dominaMon-free.	
	
•  Insights	about	how	edges	affect	a[ractors	for	different	moMfs:	
						--	edges	out	of	a	moMf	affect	survival	
						--	edges	into	a	moMf	affect	only	the	basins	of	a[racMon	
						--	adding	edges	inside	a	moMf	may	or	may	not	preserve	a[ractors	
	
•  Everything	we’ve	proven	using	graph	rules	is	automaMcally	
					parameter-independent.	ConnecMvity	is	the	only	thing	that	ma[ers.	
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Patching together cyclic modules
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Central Pattern Generator (CPG)�
quadruped motion
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This network has m5 limit cycles, like the one above. 
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Predicting sequences from graph structure




* indicates choice for nodes.  The first choice between nodes 4 & 6 does not affect the sequence.  The second choice 
between 3, 7 & 8 would have resulted in the other observed sequence 1538. 
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Decompose graph

Reconstruct sequence

Core cycle 153 

Seq 153 Seq 15  3 Seq 153 778Seq 15  3 78Seq 15  3 678Seq 15  3 678

Remove 4* Remove 6 Remove 2 Remove 8* Remove 7

Predicted Sequence: 15   3 678

Predicting sequences from graph structure




Algorithm prediction results

Complete analysis of attractors of the 160 non-isomorphic graphs on 
neurons that are oriented with no sinks.

Algorithm correctly predicts the set of sequences of attractors for 
156 of the 160 graphs.

Algorithm failure: unexpected synchrony – neurons 1,4,5 fire synchronously 
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Algorithm failures and graph automorphisms

BA
1

52

3

4

1

52

3

4

1(25)34 1(25)34

3

51

4

2

3

51

4

2

C D

23(145) 23(145)



Predicting emergent sequences from network connectivity    
Katherine Morrison, Caitlyn Parmelee, Samantha Moore, Carina Curto

Predicting neural network dynamics via graphical analysis 
Katherine Morrison and Carina Curto

References

Diversity of emergent dynamics in competitive threshold-linear networks:

a preliminary report

Katherine Morrison1,2, Anda Degeratu3, Vladimir Itskov1 & Carina Curto1

May 13, 2016

1 Department of Mathematics, The Pennsylvania State University, University Park, PA 16802
2 School of Mathematical Sciences, University of Northern Colorado, Greeley, CO 80639
3 Mathematisches Institut, Albert-Ludwig-Universität Freiburg, Freiburg, Germany 79104

Abstract. Threshold-linear networks consist of simple units interacting in the presence of a threshold
nonlinearity. Competitive threshold-linear networks have long been known to exhibit multistability, where
the activity of the network settles into one of potentially many steady states. In this work, we find condi-
tions that guarantee the absence of steady states, while maintaining bounded activity. These conditions
lead us to define a combinatorial family of competitive threshold-linear networks, parametrized by a sim-
ple directed graph. By exploring this family, we discover that threshold-linear networks are capable of
displaying a surprisingly rich variety of nonlinear dynamics, including limit cycles, quasiperiodic attractors,
and chaos. In particular, several types of nonlinear behaviors can co-exist in the same network. Our
mathematical results also enable us to engineer networks with multiple dynamic patterns. Taken together,
these theoretical and computational findings suggest that threshold-linear networks may be a valuable
tool for understanding the relationship between network connectivity and emergent dynamics.
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Dynamic networks consist of nodes and their interactions. They are commonly-used models in fields as
disparate as ecology, economics, and neuroscience. Even when the building blocks are simple, these
networks can display rich emergent dynamics, whose complexity cannot be reduced to a sum of con-
stituent parts. For this reason, dynamic networks are exemplars of complex systems. Moreover, the most
interesting dynamic phenomena that arise are fundamentally nonlinear behaviors, such as multistability,
periodic attractors, and chaos.
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a transient phase in which some species may go extinct, the surviv-
ing species fluctuate with regular cycles (Fig. 1B). Moreover, we

can show that the average density of each species is that it would
attain at equilibrium. Thus, although the initial conditions deter-
mine the amplitude of the cycles around the equilibrium, the
average densities of the species eventually equal their equilibrium
value. In this respect, coexistence via intransitive competition is a
stabilizing niche mechanism—one that generates an advantage
when rare (21). Indeed, if a focal species is perturbed to low den-
sity, compositional shifts among the remaining competitors tend
to favor an increase in the focal species, albeit with cycles (SI Text).

Using a game theoretical framework, we can find the equili-
brium values for all species in an efficient way using linear
programming (13) (i.e., we can predict the average relative abun-
dances of the species without having to run the dynamical system,
Fig. 1C). For any tournament expressing the dominance relation-
ships between pairs of competitors, we can find the predicted
average density for each species when embedded in the compe-
titive network (SI Text). Using these techniques, we can show, for
example, that only a subset of species (shown in green) would
coexist for any given tournament in Fig. 2C. Note that all species
coexisting after the initial exclusions are part of intransitive cycles,
but membership in a cycle need not lead to persistence. For ex-
ample, speciesG,C,D, and F form an intransitive cycle in the top-
left tournament in Fig. 2C, but all fail to persist at equilibrium.

To examine how the number of limiting factors influences
the number of coexisting species, we repeat the same procedure
used to develop the network in Fig. 2, but for a larger number of
species and with varying numbers of limiting factors (for which
species rank is still randomly assigned). As in classic niche theory,
we find that an increasing number of limiting factors allows an
increasing number of species to coexist (Fig. 3A). In contrast
to traditional niche theory, however, species do not coexist be-
cause each species in a pair is limited by a different factor (all
pairs have a clear competitive rank). Instead, they coexist because
multiple limiting factors generate competitive intransitivities that
counter the outcome of each pairwise interaction in isolation.

When the number of limiting factors goes to infinity in our
competitive network framework, the probability of drawing an
arrow from species A to B is the same of that of drawing the arrow
from B to A (i.e., the probability of either species being the domi-
nant competitor is the same). This scenario defines a random
tournament, a limiting case that is particularly interesting because
one can derive several predictions analytically. For example, it
can be shown (13, 14) that in a random tournament composed
of n species, the probability of observing k number of coexisting
species at equilibrium is

A B C

Fig. 1. (A) Species’ competitive abilities can be represented in a tournament in which we draw an arrow from the inferior to the superior competitor for all
species pairs. A tournament is a directed graph composed by n nodes (the species) connected by nðn − 1Þ∕2 edges (arrows). (B) Simulations of the dynamics for
the tournament. The simulation begins with 25,000 individuals assigned to species at random (with equal probability per species). At each time step, we pick
two individuals at random and allow the superior to replace the individual of the inferior. We repeat these competitions 107 times, which generates relative
species abundances that oscillate around a characteristic value (SI Text). (C) The average simulated density of each species from B (shown in lighter bars) almost
exactly matches the analytic result obtained using linear programming (shown in darker bars).

A

C

B

Fig. 2. (A) The competitive abilities of species A–G are ranked at random for
three limiting factors. (B) Two possible competitive relationships can emerge:
(i) The inferior species is ranked lower than its competitor for all three factors
(e.g., C versus B, black arrows) or (ii) the inferior species is ranked lower than
its competitor for two factors (e.g., A and B, red arrows). (C) We can use this
information to “draw” tournaments: We draw an arrow from node i to j
with a probability equal to the proportion of factors for which species i is
ranked below j. For example, we draw the arrow A → B with probability
2∕3, whereas B → Awith probability 1∕3. In this way we can generate several
tournaments from the same set of competitive relationships in A. For each
tournament, we can find the equilibrium solution, and those species with
nonzero equilibrium densities coexist (in green), though the equilibrium is
neutrally stable.
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Nonhierarchical competition between species has been proposed
as a potential mechanism for biodiversity maintenance, but theo-
retical and empirical research has thus far concentrated on systems
composed of relatively few species. Here we develop a theory of
biodiversity based on a network representation of competition
for systems with large numbers of competitors. All species pairs
are connected by an arrow from the inferior to the superior. Using
game theory, we show how the equilibrium density of all species
can be derived from the structure of the network. We show that
when species are limited by multiple factors, the coexistence of a
large number of species is the most probable outcome and that
habitat heterogeneity interacts with network structure to favor
diversity.

competitive exclusion ∣ rock-paper-scissor ∣ neutral theory ∣ niche theory

Ecologists have long sought to explain how a wide diversity of
species coexists in nature (1). Coexistence is a conundrum

because if two species share the same niche, the competitive ex-
clusion principle predicts the extinction of the inferior competitor
(2). This foundational principle continues to motivate advances
in niche and neutral theories (3–5) of coexistence, which use
niche differences and species equivalence, respectively, to avoid
competitive exclusion. However, each theory suffers shortcom-
ings. Field evidence that classic resource-based niche differences
are essential for coexistence is rare (6–8), whereas the species
equivalence assumption of neutral theory is hard to reconcile with
nature. These shortcomings justify the quantitative exploration of
less conventional niche mechanisms of coexistence.

Here, we ask how embedding pairs of superior and inferior
species in a network of competitors alters the outcome of com-
petition and influences patterns of relative abundance. We find
that although the competitive exclusion principle certainly holds
for any pair of competitors, when multiple factors determine the
outcome of competition and species are embedded in competi-
tive networks, a large number of species can coexist. The coex-
istence relies on the stabilizing effect of intransitivities (9–12)
that emerge in these networks rather than more traditional pair-
wise niche differences. By combining a game theoretical frame-
work with graph theory and dynamical systems (13, 14), we show
how the equilibrium abundance of all species can be determined
from the competitive network, how species diversity relates to
the number of limiting factors, and how spatial heterogeneity
combines with intransitivity to interactively favor diversity main-
tenance.

Model
The pairwise competitive relationships between species in a com-
munity can be expressed as a network, or more formally, a tour-
nament, in which species are the nodes and arrows connect
the competitive inferior to the superior competitor (Fig. 1A).
In the simplest case, where all species in a system compete for
a single limiting resource, their competitive abilities should be
transitive: Species A beats all others, B beats all but A, C beats
all but A and B, and so on. We therefore expect a single winner;
the best competitor will drive all others extinct. By contrast,
when at least one pair of species competes for a resource differ-
ent than the other pairs, we might observe intransitive competi-
tive relationships: In pairwise interactions, species A excludes B,

B excludes C, but C excludes A. This forms the familiar “rock-
paper-scissor” dynamic, which has been studied extensively, as it
can lead to the indefinite coexistence of the three species (10–12)
and facilitate the coexistence of many more species with the
appropriate consumer resource interactions (9, 15). In the tour-
nament representation of this very same problem, intransitive
relationships between competitors generate cycles (Fig. 1B).

Which type of competitive networks should we expect in
nature? Empirical work over the last several decades has shown
that multiple factors regulate the outcome of plant species inter-
actions, causing different plant species to compete for different
resources (16, 17) and limit one another via shared pathogens and
consumers (18). With such a diversity of mechanisms controlling
the interaction between competitors, a simple transitive hierarchy
is highly unlikely. However, the prevalence of intransitivities
will depend on whether superior competitors for one resource
tend to be superior for others. Because the empirical literature
is not clear on this matter (16, 19, 20), we initially assume that
species’ competitive ranks for different limiting factors are uncor-
related, an assumption we later relax.

To investigate the relationship among intransitivity, coexis-
tence, and the number of limiting factors, we begin with the
following scenario: Suppose we have three limiting factors and
seven species are ranked at random for each factor (Fig. 2A). For
each pair of species, there are two possible competitive relation-
ships: (i) One species is the superior for all factors (Fig. 2B, in
black) or (ii) one species is better for two of three factors (Fig. 2B,
in red). For the second case, we might expect the better compe-
titor in each pair to win in two-thirds of the tournaments. From
this “master tournament” (Fig. 2B) describing the ranking of the
n species for f factors, we can derive multiple possible networks.
For example, in Fig. 2C we report four tournaments generated
from the ranking of the species illustrated in Fig. 2A. More gen-
erally, we draw an arrow from A to B with probability NAB∕f ,
where NAB is the number of factors in which A is worse than B
and f is the number of factors (SI Text). We therefore assume each
factor is equally likely to determine the dominant in pairwise
competition. For a given network (e.g., one of those in Fig. 2C),
we consider a system in which large numbers of individuals inter-
act and compete with one another at random, leading to the loss
of the inferior individual after each bout of competition.

Results
Under the assumption of zero-sum dynamics (gains by one spe-
cies require losses by others) and mass-action interactions (the
interaction rate is proportional to species’ densities), we find that
the dynamics for a system composed of n competing species are
characterized by a unique equilibrium point (13, 14) (shown by
the lighter bars in Fig. 1C) and that the dynamics around the
equilibrium are linearly neutrally stable (SI Text). Therefore, after
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Nonhierarchical competition between species has been proposed
as a potential mechanism for biodiversity maintenance, but theo-
retical and empirical research has thus far concentrated on systems
composed of relatively few species. Here we develop a theory of
biodiversity based on a network representation of competition
for systems with large numbers of competitors. All species pairs
are connected by an arrow from the inferior to the superior. Using
game theory, we show how the equilibrium density of all species
can be derived from the structure of the network. We show that
when species are limited by multiple factors, the coexistence of a
large number of species is the most probable outcome and that
habitat heterogeneity interacts with network structure to favor
diversity.

competitive exclusion ∣ rock-paper-scissor ∣ neutral theory ∣ niche theory
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combines with intransitivity to interactively favor diversity main-
tenance.
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munity can be expressed as a network, or more formally, a tour-
nament, in which species are the nodes and arrows connect
the competitive inferior to the superior competitor (Fig. 1A).
In the simplest case, where all species in a system compete for
a single limiting resource, their competitive abilities should be
transitive: Species A beats all others, B beats all but A, C beats
all but A and B, and so on. We therefore expect a single winner;
the best competitor will drive all others extinct. By contrast,
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and facilitate the coexistence of many more species with the
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that multiple factors regulate the outcome of plant species inter-
actions, causing different plant species to compete for different
resources (16, 17) and limit one another via shared pathogens and
consumers (18). With such a diversity of mechanisms controlling
the interaction between competitors, a simple transitive hierarchy
is highly unlikely. However, the prevalence of intransitivities
will depend on whether superior competitors for one resource
tend to be superior for others. Because the empirical literature
is not clear on this matter (16, 19, 20), we initially assume that
species’ competitive ranks for different limiting factors are uncor-
related, an assumption we later relax.

To investigate the relationship among intransitivity, coexis-
tence, and the number of limiting factors, we begin with the
following scenario: Suppose we have three limiting factors and
seven species are ranked at random for each factor (Fig. 2A). For
each pair of species, there are two possible competitive relation-
ships: (i) One species is the superior for all factors (Fig. 2B, in
black) or (ii) one species is better for two of three factors (Fig. 2B,
in red). For the second case, we might expect the better compe-
titor in each pair to win in two-thirds of the tournaments. From
this “master tournament” (Fig. 2B) describing the ranking of the
n species for f factors, we can derive multiple possible networks.
For example, in Fig. 2C we report four tournaments generated
from the ranking of the species illustrated in Fig. 2A. More gen-
erally, we draw an arrow from A to B with probability NAB∕f ,
where NAB is the number of factors in which A is worse than B
and f is the number of factors (SI Text). We therefore assume each
factor is equally likely to determine the dominant in pairwise
competition. For a given network (e.g., one of those in Fig. 2C),
we consider a system in which large numbers of individuals inter-
act and compete with one another at random, leading to the loss
of the inferior individual after each bout of competition.

Results
Under the assumption of zero-sum dynamics (gains by one spe-
cies require losses by others) and mass-action interactions (the
interaction rate is proportional to species’ densities), we find that
the dynamics for a system composed of n competing species are
characterized by a unique equilibrium point (13, 14) (shown by
the lighter bars in Fig. 1C) and that the dynamics around the
equilibrium are linearly neutrally stable (SI Text). Therefore, after
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a transient phase in which some species may go extinct, the surviv-
ing species fluctuate with regular cycles (Fig. 1B). Moreover, we

can show that the average density of each species is that it would
attain at equilibrium. Thus, although the initial conditions deter-
mine the amplitude of the cycles around the equilibrium, the
average densities of the species eventually equal their equilibrium
value. In this respect, coexistence via intransitive competition is a
stabilizing niche mechanism—one that generates an advantage
when rare (21). Indeed, if a focal species is perturbed to low den-
sity, compositional shifts among the remaining competitors tend
to favor an increase in the focal species, albeit with cycles (SI Text).

Using a game theoretical framework, we can find the equili-
brium values for all species in an efficient way using linear
programming (13) (i.e., we can predict the average relative abun-
dances of the species without having to run the dynamical system,
Fig. 1C). For any tournament expressing the dominance relation-
ships between pairs of competitors, we can find the predicted
average density for each species when embedded in the compe-
titive network (SI Text). Using these techniques, we can show, for
example, that only a subset of species (shown in green) would
coexist for any given tournament in Fig. 2C. Note that all species
coexisting after the initial exclusions are part of intransitive cycles,
but membership in a cycle need not lead to persistence. For ex-
ample, speciesG,C,D, and F form an intransitive cycle in the top-
left tournament in Fig. 2C, but all fail to persist at equilibrium.

To examine how the number of limiting factors influences
the number of coexisting species, we repeat the same procedure
used to develop the network in Fig. 2, but for a larger number of
species and with varying numbers of limiting factors (for which
species rank is still randomly assigned). As in classic niche theory,
we find that an increasing number of limiting factors allows an
increasing number of species to coexist (Fig. 3A). In contrast
to traditional niche theory, however, species do not coexist be-
cause each species in a pair is limited by a different factor (all
pairs have a clear competitive rank). Instead, they coexist because
multiple limiting factors generate competitive intransitivities that
counter the outcome of each pairwise interaction in isolation.

When the number of limiting factors goes to infinity in our
competitive network framework, the probability of drawing an
arrow from species A to B is the same of that of drawing the arrow
from B to A (i.e., the probability of either species being the domi-
nant competitor is the same). This scenario defines a random
tournament, a limiting case that is particularly interesting because
one can derive several predictions analytically. For example, it
can be shown (13, 14) that in a random tournament composed
of n species, the probability of observing k number of coexisting
species at equilibrium is

A B C

Fig. 1. (A) Species’ competitive abilities can be represented in a tournament in which we draw an arrow from the inferior to the superior competitor for all
species pairs. A tournament is a directed graph composed by n nodes (the species) connected by nðn − 1Þ∕2 edges (arrows). (B) Simulations of the dynamics for
the tournament. The simulation begins with 25,000 individuals assigned to species at random (with equal probability per species). At each time step, we pick
two individuals at random and allow the superior to replace the individual of the inferior. We repeat these competitions 107 times, which generates relative
species abundances that oscillate around a characteristic value (SI Text). (C) The average simulated density of each species from B (shown in lighter bars) almost
exactly matches the analytic result obtained using linear programming (shown in darker bars).

A

C

B

Fig. 2. (A) The competitive abilities of species A–G are ranked at random for
three limiting factors. (B) Two possible competitive relationships can emerge:
(i) The inferior species is ranked lower than its competitor for all three factors
(e.g., C versus B, black arrows) or (ii) the inferior species is ranked lower than
its competitor for two factors (e.g., A and B, red arrows). (C) We can use this
information to “draw” tournaments: We draw an arrow from node i to j
with a probability equal to the proportion of factors for which species i is
ranked below j. For example, we draw the arrow A → B with probability
2∕3, whereas B → Awith probability 1∕3. In this way we can generate several
tournaments from the same set of competitive relationships in A. For each
tournament, we can find the equilibrium solution, and those species with
nonzero equilibrium densities coexist (in green), though the equilibrium is
neutrally stable.
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Thm	1.		If	G	is	an	oriented	graph	with	no	sinks,	then	the	network	has	
no	stable	fixed	points	(but	bounded	acMvity).	

Early facts about stable fixed points

Thm	2.		For	any	G,	a	clique	is	the	support	of	a	stable	fixed	point	if	and	
only	if	it	is	a	target-free	clique.		
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How different is local cortical circuitry from a random network? To answer this question, we probed synaptic
connections with several hundred simultaneous quadruple whole-cell recordings from layer 5 pyramidal neurons in the
rat visual cortex. Analysis of this dataset revealed several nonrandom features in synaptic connectivity. We confirmed
previous reports that bidirectional connections are more common than expected in a random network. We found that
several highly clustered three-neuron connectivity patterns are overrepresented, suggesting that connections tend to
cluster together. We also analyzed synaptic connection strength as defined by the peak excitatory postsynaptic
potential amplitude. We found that the distribution of synaptic connection strength differs significantly from the
Poisson distribution and can be fitted by a lognormal distribution. Such a distribution has a heavier tail and implies
that synaptic weight is concentrated among few synaptic connections. In addition, the strengths of synaptic
connections sharing pre- or postsynaptic neurons are correlated, implying that strong connections are even more
clustered than the weak ones. Therefore, the local cortical network structure can be viewed as a skeleton of stronger
connections in a sea of weaker ones. Such a skeleton is likely to play an important role in network dynamics and should
be investigated further.

Citation: Song S, Sjöström PJ, Reigl M, Nelson S, Chklovskii DB (2005) Highly nonrandom features of synaptic connectivity in local cortical circuits. PLoS Biol 3(3): e68.

Introduction

Understanding cortical function requires unraveling syn-
aptic connectivity in cortical circuits, that is, establishing the
wiring diagrams. Although smaller wiring diagrams can be
reconstructed using electron microscopy [1], reconstruction
on the scale of a cortical column is impossible with current
technology (but see [2] for a promising approach). Even if
such a possibility were within reach, synaptic connectivity
likely varies from animal to animal and within one animal
over time. Therefore, a reasonable approach is to describe
synaptic connectivity statistically, or probabilistically. Such
statistical description may be based on random sampling of
connections with multineuron recordings [3,4,5]. For exam-
ple, electrophysiological recordings from neuronal pairs
showed that the probability of connection is often low
[3,5,6,7,8,9,10,11], suggesting that the network is sparse. Such
statistical approaches may create the impression that synaptic
connectivity in local cortical circuits is random. This view is
consistent with previous suggestions [12,13,14], but hard to
reconcile with cortical functionality, which must rely on
specificity of connections [15,16,17,18].

In general, statistical sampling of connections does not
imply that the underlying network has random connectivity.
Indeed, statistical sampling has already revealed several
nonrandom features in cortical connectivity. In particular,
specific connectivity patterns exist between different classes
in the local circuit [3,19,20]. Within one putatively homoge-
neous class, the number of reciprocally connected pairs is
greater than expected in a random network [5,6,11].
Distribution of the number of synapses per connection is

non-Poisson and has low variance [6,21]. At the same time, the
distribution of the connection strength is broad [5,6,10,11].
But many questions remain unanswered: Are there non-
random features in patterns involving more than two
neurons? What is the distribution of synaptic connection
strength? Are synaptic connection strengths correlated?
Recently, new approaches for network connectivity analysis

have been developed and various nonrandom features were
discovered in natural and man-made networks. In particular,
many networks are scale-free, that is, the number of
connections per node (node degree) often follows a power-
law distribution [22]. Also, many networks exhibit the small-
world property, that is, high local clustering of connections in
combination with a short path between any two nodes [23,24].
In addition, probability of connection between nodes
depends on how many connections they have [25]. Although
local cortical networks may possess these properties, existing
connectivity data are not sufficient for such analyses. These
data are obtained by random sampling of connections and
call for other approaches. One such approach is to explore
local structures in network connectivity by studying the
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tation could arise from a nonuniform probability of
connection for different neurons. For example, connection
probability may depend on interneuron distance. To control
for this artifact, we measured distances between neurons in
recordings where labeling was performed successfully. We

found that the probability of connection does not depend
systematically on the interneuron distance (p = 0.21, chi
square test) (Figures 3, S1, and S2). This is not surprising
because most neurons were located closer than the span of
their dendritic (and especially axonal) arbors. Our result is
consistent with Holmgren et al.’s study [11], which found only
a small (22%) decrease in connection probability up to 50 lm,
with a more significant drop (44%) up to 100 lm for layer 2/3
pyramidal neurons.
Another source of nonuniformity in connection proba-

bility may be axonal arbors being cut off differentially,
depending on the depth of the recorded neuron from the
slice surface. (The recording depths were from 10 to 100 lm.)
To explore such a possibility we measured the dependence of
the connection probability on the recording depth. Neither
connection probability, nor strength of connection was found
to depend systematically on the recording depth (see
Figure S3). In addition, for every successfully labeled tissue
we measured the distance from the average cell position to
the nearest axonal cut point (see Figure S3). Again no strong
trends in connection probability or connection strength were
found. These results show that the cutting artifact is unlikely
to explain observed nonrandom features.
We also considered the possible artifact of connection

probability varying with age. We found a weak decline in
connection probability and EPSP amplitude (consistent with
Reyes and Sakmann [34]) within the range used in experi-
ments (P12–P20; see Figure S4). Yet, such a decline is
insufficient to account for the observed nonrandomness. To
demonstrate this, we repeated most of the analysis on a subset

Figure 2. Two-Neuron Connectivity Patterns Are Nonrandom

(A) Null hypothesis is generated by assuming independent proba-
bilities of connection.
(B) Reciprocal connections are four times more likely than predicted
by the null hypothesis (p , 0.0001, Monte Carlo simulation to test for
overrepresentation). Numbers on top of bars are actual counts. Error
bars are standard deviations estimated by bootstrap method.
DOI: 10.1371/journal.pbio.0030068.g002

Figure 3. Probability of Connection among Adjacent Neurons Does Not Depend Strongly on the Interneuron Distance

(A) Relative location of labeled neurons in the plane of the section. Positive direction of y-axis is aligned with apical dendrite. Potentially
presynaptic neuron is located at the origin. Red—bidirectionally connected pairs; blue—unidirectionally connected pairs; green—unconnected
pairs.
(B) Histogram showing the numbers of pairs in the three classes as a function of distance between neurons (Euclidian distance was calculated
from relative X, Y, Z coordinates).
(C) Probability of connection versus interneuron distance. Error bars are 95% confidence intervals estimated from binomial distribution.
DOI: 10.1371/journal.pbio.0030068.g003
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Understanding cortical function requires unraveling syn-
aptic connectivity in cortical circuits, that is, establishing the
wiring diagrams. Although smaller wiring diagrams can be
reconstructed using electron microscopy [1], reconstruction
on the scale of a cortical column is impossible with current
technology (but see [2] for a promising approach). Even if
such a possibility were within reach, synaptic connectivity
likely varies from animal to animal and within one animal
over time. Therefore, a reasonable approach is to describe
synaptic connectivity statistically, or probabilistically. Such
statistical description may be based on random sampling of
connections with multineuron recordings [3,4,5]. For exam-
ple, electrophysiological recordings from neuronal pairs
showed that the probability of connection is often low
[3,5,6,7,8,9,10,11], suggesting that the network is sparse. Such
statistical approaches may create the impression that synaptic
connectivity in local cortical circuits is random. This view is
consistent with previous suggestions [12,13,14], but hard to
reconcile with cortical functionality, which must rely on
specificity of connections [15,16,17,18].

In general, statistical sampling of connections does not
imply that the underlying network has random connectivity.
Indeed, statistical sampling has already revealed several
nonrandom features in cortical connectivity. In particular,
specific connectivity patterns exist between different classes
in the local circuit [3,19,20]. Within one putatively homoge-
neous class, the number of reciprocally connected pairs is
greater than expected in a random network [5,6,11].
Distribution of the number of synapses per connection is

non-Poisson and has low variance [6,21]. At the same time, the
distribution of the connection strength is broad [5,6,10,11].
But many questions remain unanswered: Are there non-
random features in patterns involving more than two
neurons? What is the distribution of synaptic connection
strength? Are synaptic connection strengths correlated?
Recently, new approaches for network connectivity analysis

have been developed and various nonrandom features were
discovered in natural and man-made networks. In particular,
many networks are scale-free, that is, the number of
connections per node (node degree) often follows a power-
law distribution [22]. Also, many networks exhibit the small-
world property, that is, high local clustering of connections in
combination with a short path between any two nodes [23,24].
In addition, probability of connection between nodes
depends on how many connections they have [25]. Although
local cortical networks may possess these properties, existing
connectivity data are not sufficient for such analyses. These
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of the data from 14 to 16-d-old animals when the majority of
measurements were performed (see Figure S5). We found that
bidirectional connections are also overrepresented in this
subset of data. Results of other analyses that will be described
later in the paper are also confirmed on this subset
(Figure S5).

Finally, it is possible that some extreme degree of
inhomogeneity in connections probability is able to explain
the observed overrepresentation of reciprocal pairs, but this
would probably reflect large local inhomogeneity in cortical
connectivity patterns—possibly differences between sub-
classes [6,35], rather than experimental artifacts—and is in
line with the main conclusions of this paper.

Three-Neuron Patterns
We extended our analysis by comparing the statistics of

three-neuron patterns to those expected by chance [26,27].
We classify all triplets into 16 classes and count the number of
triplets in each class. In order to avoid reporting over-
represented three-neuron patterns just because they contain
popular two-neuron patterns, we have revised the null
hypothesis[26,27]. The control distribution was obtained
numerically by constructing random triplets where constit-
uent pairs are chosen independently, but with the same
probability of bidirectional and unidirectional connections
as in data (Figure 4A). For example, the actual probability of a
unidirectional connection is (according to Figure 2B) 495/
(3312 þ 495 þ 218) = 0.123. Then the probability of
unidirectional connection from A to B is 0.123/2 = 0.0615,
the same as from B to A (see Figure 4A). The probability of
bidirectional connection is (according to Figure 2B) 218/
(3312 þ 495 þ 218) = 0.0542. The probability of finding the
particular triplet class in Figure 4A by chance is the product
of the probabilities of finding the three constituent pairs and
a factor to account for permutations of the three neurons.
The ratio of the observed counts and the expected counts for
each class are plotted in Figure 4B. The actual counts are
given as numbers on top of the bars. Although triplets from
several of these patterns have been reported previously [9,10],
small numbers of recordings have precluded statistical
analysis.

According to Figure 4B, several triplet patterns are
overrepresented. Is this overrepresentation statistically sig-
nificant? Because we look for overrepresentation in many
pattern classes at the same time, the raw p-values (Figure 4C)
overestimate the true significance (underestimate the true p-
value). To correct the raw p-values, one has to apply a
multiple-hypothesis testing procedure. We chose to correct
the p-values by applying a step-down min-P-based multiple-
hypothesis testing correction procedure (see Materials and
Methods). The corrected p-values (Figure 4C) give the
probability of mistakenly reporting at least one of the
patterns as overrepresented when it is not.

Two-neuron correlations are summarized by saying that if
neuron A synapses onto neuron B, then the probability of B
synapsing onto A is several times greater than chance. Three-
neuron correlations are summarized roughly by saying that if
A connects with B and B connects with C (regardless of
direction), the probability of connection between A and C is
several times greater than chance. Interestingly, similar
results have been obtained in the analysis of the Caenorhabditis
elegans wiring diagram [36], which was reconstructed from

serial section electron microscopy [1]. Because different
techniques have different biases, the similarity of results
suggests that correlations in synaptic connectivity represent a
general property of neuronal circuits. Such property may
represent evolutionary conservation from invertebrates to
mammals or convergence driven by similar computational
constraints.
Although individual connectivity patterns containing more

than three neurons could not be analyzed statistically for the
existing dataset (Table S1), we found a 70% overrepresenta-
tion of ‘‘chain’’ quadruplets (patterns number 21 23 24 26 28
29 31 32 33 34 35 38 39 41 43 as defined in Figure S6, p=0.004)
relative to the null hypothesis requiring that a random matrix
has the actual proportion of triplet classes.

Distribution of Synaptic Connection Strengths
Next, we turned our attention to the distribution of

synaptic connection strengths as characterized by EPSP
amplitude (Figure 5A). We estimated the probability density
function by binning connection strengths and dividing the
number of occurrences in each bin by the bin size. Since
there are many more weak connections than strong ones, we

Figure 4. Several Three-Neuron Patterns Are Overrepresented as
Compared to the Random Network

(A) Null hypothesis for three-neuron patterns assumes independent
combinations of connection probabilities of two kinds of two-neuron
patterns.
(B) Ratio of actual counts (numbers above bars) to that predicted by
the null hypothesis. Error bars are standard deviations estimated by
bootstrap method.
(C) Raw (open bars) and multiple-hypothesis testing corrected (filled
bars) p-values. p-values above 0.5 are not shown.
DOI: 10.1371/journal.pbio.0030068.g004
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FIGURE 2 | (A1) A 4-clique in the undirected connectivity graph has one of 729 configurations in the directed graph. (A2) Configurations containing bidirectional

connections are resolved by considering all sub-graphs without bidirectional connections. (A3) Without bidirectional connections, 64 possible configurations remain,

24 of which are acyclic, with a clear sink-source structure (directed simplices, in this case of dimension 3). (B) Number of simplices in each dimension in the Bio-M

reconstruction (shaded area: standard deviation of seven statistical instantiations) and in three types of random control networks. (C) Examples of neurons forming

high-dimensional simplices in the reconstruction. Bottom: Their representation as directed graphs. (D) (Left) Number of directed simplices of various dimensions found

in 55 in vitro patch-clamp experiments sampling groups of pyramidal cells in layer 5. (Right) Number of simplices of various dimensions found in 100,000 in silico
experiments mimicking the patch-clamp procedure of (B).

2.2. An Abundance of Directed Simplices
2.2.1. Reconstructed Neocortical Microcircuitry
We analyzed 42 variants of the reconstructed microconnectome,
grouped into six sets, each comprised of seven statistically
varying instantiations (Markram et al., 2015; Section 4.3). The
first five sets were based on specific heights of the six layers
of the neocortex, cell densities, and distributions of different
cell types experimentally measured in five different rats (Bio1-
5), while the sixth represents the mean of these measurements
(Bio-M). Individual instantiations within a set varied with the
outcome of the stochastic portions of the reconstruction process.
Surprisingly, we found that the reconstructions consistently
contained directed simplices of dimensions up to 6 or 7, with as

many as 80 million directed 3-simplices (Figure 2B; blue). This is
the first indication of the existence of such a vast number of high-
dimensional directed simplices in neocortical microcircuitry, or
in any neural network.

2.2.2. Control Models
To compare these results with null models, we examined how the
numbers of directed simplices in these reconstructions differed
from those of artificial circuits and from circuits in which some
of the biological rules of connectivity were omitted (see Section
4.4). For one control, we generated five Erdős-Rényi random
graphs (ER) of equal size (∼31,000 vertices) and the same average
connection probability as the Bio-M circuit (∼0.8%; ∼8 million
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The lack of a formal link between neural network structure and its emergent function

has hampered our understanding of how the brain processes information. We have now

come closer to describing such a link by taking the direction of synaptic transmission into

account, constructing graphs of a network that reflect the direction of information flow,

and analyzing these directed graphs using algebraic topology. Applying this approach to

a local network of neurons in the neocortex revealed a remarkably intricate and previously

unseen topology of synaptic connectivity. The synaptic network contains an abundance

of cliques of neurons bound into cavities that guide the emergence of correlated activity.

In response to stimuli, correlated activity binds synaptically connected neurons into

functional cliques and cavities that evolve in a stereotypical sequence toward peak

complexity. We propose that the brain processes stimuli by forming increasingly complex

functional cliques and cavities.

Keywords: connectomics, topology, directed networks, structure-function, correlations, Betti numbers

1. INTRODUCTION

How the structure of a network determines its function is not well understood. For neural networks
specifically, we lack a unifying mathematical framework to unambiguously describe the emergent
behavior of the network in terms of its underlying structure (Bassett and Sporns, 2017). While
graph theory has been used to analyze network topology with some success (Bullmore and Sporns,
2009), current methods are usually constrained to analyzing how local connectivity influences local
activity (Pajevic and Plenz, 2012; Chambers and MacLean, 2016) or global network dynamics (Hu
et al., 2014), or how global network properties like connectivity and balance of excitatory and
inhibitory neurons influence network dynamics (Renart et al., 2010; Rosenbaum et al., 2017). One
such global network property is small-worldness. While it has been shown that small-worldness
optimizes information exchange (Latora and Marchiori, 2001), and that adaptive rewiring during
chaotic activity leads to small world networks (Gong and Leeuwen, 2004), the degree of small-
worldness cannot describe most local network properties, such as the different roles of individual
neurons.

Algebraic topology (Munkres, 1984) offers the unique advantage of providing methods to
describe quantitatively both local network properties and the global network properties that
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FIGURE 2 | (A1) A 4-clique in the undirected connectivity graph has one of 729 configurations in the directed graph. (A2) Configurations containing bidirectional

connections are resolved by considering all sub-graphs without bidirectional connections. (A3) Without bidirectional connections, 64 possible configurations remain,

24 of which are acyclic, with a clear sink-source structure (directed simplices, in this case of dimension 3). (B) Number of simplices in each dimension in the Bio-M

reconstruction (shaded area: standard deviation of seven statistical instantiations) and in three types of random control networks. (C) Examples of neurons forming

high-dimensional simplices in the reconstruction. Bottom: Their representation as directed graphs. (D) (Left) Number of directed simplices of various dimensions found

in 55 in vitro patch-clamp experiments sampling groups of pyramidal cells in layer 5. (Right) Number of simplices of various dimensions found in 100,000 in silico
experiments mimicking the patch-clamp procedure of (B).

2.2. An Abundance of Directed Simplices
2.2.1. Reconstructed Neocortical Microcircuitry
We analyzed 42 variants of the reconstructed microconnectome,
grouped into six sets, each comprised of seven statistically
varying instantiations (Markram et al., 2015; Section 4.3). The
first five sets were based on specific heights of the six layers
of the neocortex, cell densities, and distributions of different
cell types experimentally measured in five different rats (Bio1-
5), while the sixth represents the mean of these measurements
(Bio-M). Individual instantiations within a set varied with the
outcome of the stochastic portions of the reconstruction process.
Surprisingly, we found that the reconstructions consistently
contained directed simplices of dimensions up to 6 or 7, with as

many as 80 million directed 3-simplices (Figure 2B; blue). This is
the first indication of the existence of such a vast number of high-
dimensional directed simplices in neocortical microcircuitry, or
in any neural network.

2.2.2. Control Models
To compare these results with null models, we examined how the
numbers of directed simplices in these reconstructions differed
from those of artificial circuits and from circuits in which some
of the biological rules of connectivity were omitted (see Section
4.4). For one control, we generated five Erdős-Rényi random
graphs (ER) of equal size (∼31,000 vertices) and the same average
connection probability as the Bio-M circuit (∼0.8%; ∼8 million
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The lack of a formal link between neural network structure and its emergent function

has hampered our understanding of how the brain processes information. We have now

come closer to describing such a link by taking the direction of synaptic transmission into

account, constructing graphs of a network that reflect the direction of information flow,

and analyzing these directed graphs using algebraic topology. Applying this approach to

a local network of neurons in the neocortex revealed a remarkably intricate and previously

unseen topology of synaptic connectivity. The synaptic network contains an abundance

of cliques of neurons bound into cavities that guide the emergence of correlated activity.

In response to stimuli, correlated activity binds synaptically connected neurons into

functional cliques and cavities that evolve in a stereotypical sequence toward peak

complexity. We propose that the brain processes stimuli by forming increasingly complex

functional cliques and cavities.

Keywords: connectomics, topology, directed networks, structure-function, correlations, Betti numbers

1. INTRODUCTION

How the structure of a network determines its function is not well understood. For neural networks
specifically, we lack a unifying mathematical framework to unambiguously describe the emergent
behavior of the network in terms of its underlying structure (Bassett and Sporns, 2017). While
graph theory has been used to analyze network topology with some success (Bullmore and Sporns,
2009), current methods are usually constrained to analyzing how local connectivity influences local
activity (Pajevic and Plenz, 2012; Chambers and MacLean, 2016) or global network dynamics (Hu
et al., 2014), or how global network properties like connectivity and balance of excitatory and
inhibitory neurons influence network dynamics (Renart et al., 2010; Rosenbaum et al., 2017). One
such global network property is small-worldness. While it has been shown that small-worldness
optimizes information exchange (Latora and Marchiori, 2001), and that adaptive rewiring during
chaotic activity leads to small world networks (Gong and Leeuwen, 2004), the degree of small-
worldness cannot describe most local network properties, such as the different roles of individual
neurons.

Algebraic topology (Munkres, 1984) offers the unique advantage of providing methods to
describe quantitatively both local network properties and the global network properties that
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1. INTRODUCTION

How the structure of a network determines its function is not well understood. For neural networks
specifically, we lack a unifying mathematical framework to unambiguously describe the emergent
behavior of the network in terms of its underlying structure (Bassett and Sporns, 2017). While
graph theory has been used to analyze network topology with some success (Bullmore and Sporns,
2009), current methods are usually constrained to analyzing how local connectivity influences local
activity (Pajevic and Plenz, 2012; Chambers and MacLean, 2016) or global network dynamics (Hu
et al., 2014), or how global network properties like connectivity and balance of excitatory and
inhibitory neurons influence network dynamics (Renart et al., 2010; Rosenbaum et al., 2017). One
such global network property is small-worldness. While it has been shown that small-worldness
optimizes information exchange (Latora and Marchiori, 2001), and that adaptive rewiring during
chaotic activity leads to small world networks (Gong and Leeuwen, 2004), the degree of small-
worldness cannot describe most local network properties, such as the different roles of individual
neurons.

Algebraic topology (Munkres, 1984) offers the unique advantage of providing methods to
describe quantitatively both local network properties and the global network properties that

Directed cliques associated with “feedforward” flow of information! 
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Fixed points/steady states/equilibria

Fixed	points:	

xi

xj

Wij
set dxi/dt = 0 for each i 2 [n]

Fixed	points	arise	when	linear	fixed	points	lie	in	the	“correct”	
chamber	of	the	hyperplane	arrangement.	



Fixed points/steady states/equilibria

Fixed	points:	

xi

xj

Wij
set dxi/dt = 0 for each i 2 [n]

There	is	at	most	one	fixed	point	per	support	(subset	of	neurons):		

supp(x) = {i 2 [n] | xi > 0}

Fixed	points	arise	when	linear	fixed	points	lie	in	the	“correct”	
chamber	of	the	hyperplane	arrangement.	



V.  Predicting emergent sequences



1.  Remove the node with lowest in-degree that does not create 
a sink or remove the only target of a targeted 3-cycle.  When 
there are multiple choices track all possible options.  

Repeat Step 1 until no more nodes can be removed.  
This typically yields a core cycle(s).  The core cycle gives the 
high-firing neurons in the sequence.
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1.  Remove the node with lowest in-degree that does not create 
a sink or remove the only target of a targeted 3-cycle.  When 
there are multiple choices track all possible options.  

Repeat Step 1 until no more nodes can be removed.  
This typically yields a core cycle(s).  The core cycle gives the 
high-firing neurons in the sequence.

2.  For each choice of removed nodes, re-insert nodes into the 
sequence if they receive input from the core cycle and insert 
them after the input node.  These are low-firing neurons.
If two nodes   and   are to be inserted in the same place, 
check how they interact.  If , then insert   before              
(or vice versa).  If there is no edge, then   and    will fire 
synchronously as      .

Sequence prediction algorithm



* indicates choice for nodes.  The first choice between nodes 4 & 6 does not affect the sequence.  
The second choice between 3, 7 & 8 would have resulted in another predicted sequence 1538.

Sequence prediction algorithm
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Core cycle 153 

Seq 153 Seq 15  3 Seq 153 778Seq 15  3 78Seq 15  3 678Seq 15  3 678

Remove 4* Remove 6* Remove 2 Remove 8* Remove 7

Predicted Sequence: 15   3 678

Predicted sequences: 158367 and 1538



Sequence prediction algorithm
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Only two attractors observed – 
sequences precisely match those predicted by algorithm!

Predicted sequences: 158367 and 1538



Domination

Definition: Given a subset and , with both
          and         , we say k dominates j with respect to    
 if

1.  For all         , if       then

2.             and  

j

k

i

inside-in 

j
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k1

i

outside-in 

i

2

1

k2

k1
i

inside-out

i

2

1 j
k dominates j  

k does not dominate l  

j,k,l each dominate i (because i is a source)  

Thm: If there is domination inside     then    cannot 
be a fixed pt support. 



Definition: A subset  has uniform in-degree d if all 
nodes have in-degree d in the induced subgraph  

Subsets with uniform in-degree
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