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We develop a theory of solubilization of low molecular weight species in block copolymer 
micelles, employing the scaling approach and building on the analogy between 
micelles and star polymers. Specifically, we consider spherical micelles of AB-diblock 
copolymers formed in selective solvents, in which the core and the shell regions are assumed 
to have radial concentration variations similar to those occurring in the solution state 
of a star polymer. Invoking the results for the conformation of a star polymer derived by 
Daoud and Cotton, expressions are developed for the free energy per molecule of the 
micelle AG, the core radius R, the shell thickness D, and the overall volume fraction of the 
polymer within the core #A as functions of the micellar aggregation number g. From the min- 
imization of the free energy of an isolated micelle, the equilibrium values for all the micellar 
structural parameters and for the extent of solubilization are obtained. The results expressed 
as scaling relations for g, R, D, and +A are derived for various situations of interest including 
those of the solvent S being a good or theta solvent for the shell block B, and the solubilizate 
J being a good or theta solvent for the core block A. 

1. INTRODUCTION 

AB diblock copolymer molecules present in solvent S, 
which is selective for one of the blocks (say, B), sponta- 
neously self-assemble to form micellar aggregates.“’ In 
these micelles, one can identify a core region made up of 
the solvophobic A block surrounded by a shell region made 
up of the solvophilic B block and the solvent S. The sol- 
vophobic core provides a microenvironment capable of ac- 
commodating other species J that are characterized by 
their negligible solubility in solvent S. In this manner, the 
effective solubility of J is dramatically enhanced by the 
presence of micelles, compared to the solubility of J in the 
micelle-free solvent S. This phenomenon, known as solu- 
bilization, is responsible for many practical applications of 
block copolymers as polymeric surfactants. For example, 
our experiments have demonstrated that block copolymer 
micelles in water exhibit selective solubilization, such as 
preferring aromatic hydrocarbons compared to aliphatic 
hydrocarbons.3 Such selectivity in solubilization can be ex- 
ploited as the basis of novel separation processes, say, for 
the extraction of drug molecules from plants. We have 
shown that a variety of flavor compounds can be solubi- 
lized in aqueous solutions of block copolymer micelles to 
prepare stable, uniform, and easy-to-handle liquid flavor- 
ings for use in the food and beverage industries.4 We have 
also demonstrated the feasibility of solubilizing enzymes 
along with controlled amounts of water in block copolymer 
micelles formed in nonpolar solvents in order to carry out 
biocatalytic reactions involving water-insoluble reactants 
and products.’ 

The solubilization capacity of the micelle and its other 
microscopic features can be expected to depend on the type 
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of molecular interactions involving blocks A and B, the 
solvent S, and the solubilizate J as well as on the molecular 
sizes of all the species. In general, the solvent S may be a 
theta solvent or a good solvent for the B block. The solu- 
bilizate J which is virtually immiscible with S may be a 
theta solvent or a good solvent for the A block. One may 
anticipate intuitively that the nature of A-J interactions 
would be a key factor influencing the capacity of the mi- 
celles for the solubilizate J. Experimental measurements314 
show that the ratio of the volume of solubilizate J to the 
volume of the A block in the micelles varies between 0 and 
approximately 1, the largest ratio being realized when J is 
a good solvent for the A block. 

To predict the solubilization behavior of block copol- 
ymer micelles, we recently developed a mean-field theory 
focusing on AB-diblock copolymers.6 In this theory, the 
micelles were assumed to be spherical in shape. Two 
closely related structures which are used to describe solu- 
bilization [Fig. 1 (a)] and microemulsions [Fig. 1 (b)] in 
the literature dealing with conventional surfactants were 
considered. In the more general structure shown in Fig. 
1 (b), the micellar core contains a pool of pure solubilizate 
J in the interior surrounded by a region where the solubi- 
lizate J and the solvophobic A block are both present. The 
shell region of the micelle is made up of the solvophilic B 
block and the solvent S. This structure reduces to that 
shown in Fig. 1 (a) when the radius of the solubilizate pool 
decreases to zero. Assuming that concentrations are uni- 
form in all the regions of the micelle, we used a Flory-type 
mean-field approach to quantify the free energy of forma- 
tion of micelles containing the solubilizate. From the min- 
imization of the free energy per molecule of the micelle, all 
the equilibrium characteristics of the micelles such as the 
aggregation number g, the core radius R, the shell thick- 
ness D, the radius of the solubilizate pool R,, and the vol- 
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FIG. 1. A schematic representation of a spherical micelle containing the 
solubilizate. The darker lines denote the solvophobic A block, while the 
lighter lines refer to the solvophihc B block. The solvent S, not shown in 
the figure, penetrates the shell region of the micelle. (a) In this mode of 
solubilization, the micellar core consists of a solution of solubihzate J with 
the A block. (b) In this mode of sohtbihzation, the micellar core consists 
of a solubilizate pool in the interior surrounded by a region where solu- 
bihzate J is present as a solution with the A block. 

tune fraction of the solubilizate in the core 77 were calcu- 
lated. Also, the critical micelle concentration (CMC) was 
determined knowing the magnitude of the free energy of 
micelle formation. Inevitably, all the above results had to 
be obtained based on detailed numerical calculations. To 
make accessible our theory for use by others, the extensive 
numerical results were fitted to empirical equations that 
correlated the microscopic features of the micelles to the 
molecular properties of all the constituent species. For the 
wide range of copolymer, solvent, and solubilizate proper- 
ties explored in this study, the theory predicted that the 
radius of the solubilizate pool in the equilibrium aggregate 
structure is zero, implying that Fig. 1 (a) depicts the pre- 
ferred equilibrium structure. 

The assumption that the core and the shell regions are 
at uniform concentrations, made in our mean-field theory 
described above, constitutes one idealization of the micelle. 
An alternate idealization would be to allow for concentra- 
tion inhomogeneities to exist in both these regions as, e.g., 
radial concentration variations in spherical micelles consis- 
tent with the aggregate shape. Different approaches may be 
followed to develop a theory of solubilization, which incor- 
porates such concentration inhomogeneities in the micelle. 
In this paper, we build our theory by relying on the anal- 
ogy between the conformation of star-shaped polymers and 
spherical micelles, hence the title of the paper, star model. 

Star polymers resemble spherical micelles, but for the 
important difference that a chemical link exists at the cen- 
ter between the various branches of the star polymer. 
Daoud and Cotton’ studied the conformation of a uniform 
star polymer, with g branches joining at the origin, present 
in a good solvent. They identified three distinct regions in 
this conformation. For each of these three regions, they 
developed expressions for the radial concentration profiles 
utilizing the concept of blobs employed in theories of se- 
midilute solutions of linear polymers. They also derived an 
expression for the spatial extension of the branches as a 
function of the number of branches in the star polymer. In 
this paper, we utilize the Daoud-Cotton analysis to obtain 
the radial concentration variations in the core and the shell 
regions of the micelle as well as to develop expressions for 

the free energy of micellization and solubilization. 
The star model of solubilization formulated in this pa- 

per uses the scaling approach.* This allows us to obtain 
scaling relations for the equilibrium properties of the mi- 
celles in many interesting situations without having to per- 
form extensive numerical computations of the type re- 
quired by our earlier mean-field theory. As is conventional 
in scaling analysis, we will ignore all numerical coefficients 
while writing various equations. Furthermore, all the spa- 
tial variables such as the core radius R, the shell thickness 
D, the core area per molecule a, and the inter-facial thick- 
ness r appearing in the analysis are expressed as dimen- 
sionless quantities. For simplicity, the molecular sizes of 
the solvent S, the solubilizate J, the segment of the A block, 
and the segment of the B block are all assumed to be equal. 
This characteristic size is used as the unit to represent all 
the dimensionless spatial variables. Also, the energy vari- 
ables such as the free energy of aggregation AG and the 
interfacial tension y are expressed in units of kT, where k 
is the Boltzmann’s constant and T is the absolute temper- 
ature. We develop an expression for the free energy (per 
molecule) of the micelle containing the solubilizate, using 
the blob visualization intrinsic to the star model. From the 
minimization of this free energy, all the equilibrium char- 
acteristics of the micelle are determined. We have already 
shown how such an approach based on the minimization of 
the free energy of an isolated micelle, known as the 
pseudophase model in the literature, provides results vir- 
tually identical to that obtained from a detailed calculation 
of the size and the composition distribution of micelles6 
We have also discussed how the critical micelle concentra- 
tion can be estimated knowing the free energy of micelle 
formation. In this paper, we will not review these aspects 
again, but instead focus entirely on developing scaling re- 
lations for the equilibrium structure of a spherical micelle 
containing the solubilizate. The present theory can readily 
be extended to cylindrical and lamellar aggregates as well. 

The scaling analysis and the star model have been used 
before to describe block copolymer micelles. The pioneer- 
ing work is that of de Gennes’ who carried out a scaling 
analysis of both spherical and lamellar aggregates. A scal- 
ing analysis of spherical and cylindrical micelles in good 
and theta solvents, based on the star model, has been de- 
veloped by Zhulina and Birshtein.” The star model for 
spherical micelles in good solvents has been independently 
formulated, also by Halperin. ‘r Recently, a scaling analysis 
of diblock copolymer microemulsions based on the star 
model has been developed by Dan and Tirrell’* for the 
situation when the solubilizate J is a good solvent for the A 
block, and solvent S is a good solvent for the B block. This 
corresponds to one of the cases considered in the present 
paper. Dan and Tirrell assume that the spherical microe- 
mulsion droplets include a solubilizate pool in their interi- 
ors, as shown in Fig. 1 (b). Their model predicts that the 
ratio of the volume of solubilizate to the volume of the 
solvophobic A block is typically much larger than unity. 
As mentioned earlier, the experimentally observed solubi- 
lization capacities of micelles are relatively smaller. Also, 
our mean-field theory6 predicted that a solubilizate pool is 
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not present in the micelle core. Hence, we assume in our 
present work that the radius of the solubilizate pool in the 
core is zero as shown in Fig. 1 (a). One may note that the 
presence or absence of the solubilizate pool in the struc- 
tural description of the spherical micelle does not affect the 
scaling relations, since only various limiting situations are 
considered while deriving the scaling relations. Conse- 
quently, the scaling relations derived by Dan and Tirrell 
are in agreement with our results for the case when the 
solvent S and the solubilizate J are good solvents for the B 
block and the A block, respectively. Besides spherical 
structures, Dan and Tirrell” have also examined the oc- 
currence of cylindrical and lamellar structures in microe- 
mulsion systems and have presented scaling relations for 
these shapes as well. 

A. Swollen region 

At a large distance from the center of the star, each 
branch of the star polymer can be expected to behave as an 
independent free chain since the branches are far apart 
from one another. Therefore, blobs of size l(r) containing 
n(r) segments are swollen in this region. The local swelling 
parameter a(r) has a dependence on n(r) as for single 
linear chains, namely, 

While the present paper focuses on small molecular 
weight solvents and solubilizates, a complementary system 
is one in which the solvent and solubilizate are both 
homopolymers of large molecular weight. Such a system 
has recently been analyzed by Wang and Safran.13 They 
have also treated the problem of block copolymer mono- 
layers where one block is of uniform density, while the 
other block is swollen by a solvent.14 

a(r)5=wn(r)“2. (1) 

Here, w=f-x is the excluded volume parameter, x being 
the F’lory interaction parameter. We use the equality sign 
in Eq. ( 1) and the various equations below with the un- 
derstanding that numerical coefficients have been ignored 
in all the equations, in the context of a scaling analysis. 
Considering that the unperturbed dimension of n(r) seg- 
ments is n(r)1’2, the blob size and the concentration of 
segments within it are given by 

In the following section, the Daoud and Cotton model 
for the conformation of a star polymer is briefly recapitu- 
lated. In Sec. III, expressions for the free energy of solu- 
bilization in block copolymer micelles are formulated. In 
Sec. IV, scaling results are derived for the micellar struc- 
tural parameters for various situations of interest. The last 
section presents the conclusions from this work. 

g(r) =a(r)n(r)1’2, W)=$$. (2) 

To determine the four unknowns n(r), a!(r), 4(r), and 
c(r) appearing in the above equations, one makes use of 
the assumption that all the branches of the star contribute 
equally to the segment concentration at any radial distance 
r. Since, gn(r) segments are present in a spherical shell of 
volume 3 l(r) located at r, one gets 

II. MODEL OF THE STAR 
POLYMER-RECAPITULATION 

4(r)=%. (3) 

Combining Eqs. (l)-( 3) all the variables can be deter- 
mined 

Daoud and Cotton’ have examined the conformation 
of a uniform star polymer containing g branches, with N 
statistical units in each branch, present in a good solvent. 
Three important concepts are introduced as part of their 
analysis. First, the local concentration r$ of the statistical 
units is assumed to be a function of the radial distance r 
from the center of the star. Second, a branch of the star is 
assumed to have locally a single free-chain behavior within 
a blob of size { analogous to the case of linear polymers. 
The blob size Lj is also dependent on the radial position r at 
which the blob is located. Third, all the branches of the 
star are considered to diffuse outwards in such a way that 
all the g branches are present in any spherical region lo- 
cated at a distance r and contribute equally to the concen- 
tration of the segments in that region. Knowing the radial 
concentration proflle 4(r) and the blob size c(r), the spa- 
tial extension of the branches and the free energy of the 
star polymer can be calculated. 

n(r) =y5/3g-55/6w-11/3, a(r) =r1/6g-l/12~1/6, 

(4) 
c(r) =g-“2, +cr, =r-4/3g2/3w-11/3* 

As one would expect, a(r) and c(r) are increasing func- 
tions of r, while 4(r) is a decreasing function of r. 

6. Unswollen region 

As one moves towards shorter distances from the cen- 
ter of the star compared to the previous case, a(r) de- 
creases and eventually at r= rl assumes a value of unity. By 
equating (r(r) in Eq. (4) to unity, we determine rl to be 

rl =g1’2w-1. (5) 

For radial distances r less than r,, the blobs are not swol- 
len. Thus, 

In determining 4(r) and g(r), Daoud and Cotton 
identified three regions in the conformation of a star 
polymer-a swollen region, an unswollen region, and a 
uniform density region. Their main results for each of these 
regions relevant to our present theory are summarized 
below. 

a(r)=l, c(r)=n(r)1’2. (6) 

The segment concentration 4(r) is described by Eqs. (2) 
and (3) as before. Combining Eqs. (2)) (3)) and (6), all 
the variables get determined. Thus we obtain 

n(r) =2g-l, g(r) =rg-1’2, Q(r) =r-1g”2. (7) 
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C. Uniform density region 

As one moves towards yet shorter distances from the 
center of the star, the segment concentration continues to 
increase, reaching the limiting value of unity at r=r2. The 
magnitude of r2 is determined by equating 4(r) in Eq. (7) 
to unity 

r2=g*‘2, $(r) = 1. (8) 
For radial distances r < r2, the polymer segments are in the 
melt state and the blob visualization is not employed in this 
region. 

Having defined g(r) and 4(r) in all the three regions, 
one can calculate the extension L of the branches as well as 
the free energy of the star polymer. The magnitude of L is 
obtained from the mass conservation relation 

Ng= 
s 

L ?d(r)dr. (9) 
0 

The free energy of the star polymer in the swollen and the 
unswollen regions accounts for both the stretching of poly- 
mer segments and their mixing with the solvent. This free 
energy is simply equal to the total number of blobs in the 
two regions. In the uniform density region of radius r,, the 
polymer is in the melt condition and the free energy is 
estimated by considering simply the stretching of the 
chains over the length r,. Within this region, each branch 
of the star polymer has (d/g) segments, since all the 
branches are assumed to contribute equally to the segment 
densities at any position. Therefore, the free energy per 
branch of the star polymer is obtainable from 

The volume fraction of the solubilizate within the micellar 
core r] is thus given by ( 1 -I$~). Obviously, $A is equal to 
unity in the absence of solubilizate. We can express the 
core radius R as a function of the aggregation number g 
from Eq. (11) 

R =N:/3g’/34,- 1i3. (12) 

The surface area of the core per block copolymer molecule 
is denoted by a and it is related to the aggregation number 
g via the expression 

R2 u=g=~;~3g-l/3+;2/3. (13) 

Here, the first term describes the stretching free energy of 
the chains in the uniform density region, while the second 
term calculates the total number of blobs in the unswollen 
and the swollen regions. 

In the following treatment of solubilization, c$(r) and 
c(r) in the micellar core and the shell regions are taken to 
be analogous to those for a star polymer. We then use Eq. 
(9) to obtain the dependence of the core radius R, the shell 
thickness D, and the overall volume fraction of A segments 
within the core 4” on the micelle aggregation number g. 
Furthermore, we use Eq. (10) to calculate the components 
of the free energy of solubilization as functions of g. 

iii. FREE ENERGY OF SOLUBILIZATION 

The free energy of an isolated micelle per molecule of 
(10) the constituent block copolymer (with respect to some ref- 

erence state) is denoted by AG. AG depends on the micel- 
lar structural parameters g, R, $A, and D and has a mini- 
mum when these parameters assume their equilibrium 
values. It is the knowledge of this dependence of AG on the 
structural parameters that is essential for predicting the 
properties of the equilibrium micelle. If AG includes con- 
tributions that are only weakly dependent on the structural 
parameters, then these contributions may be treated as 
constants. It is not necessary to know precisely these con- 
stant terms for determining the micellar size parameters. 
In contrast, the estimation of the critical micelle concen- 
tration requires knowledge of the actual magnitude of the 
free energy of the micelle with respect to the reference state 
of an isolated block copolymer molecule in solution. There- 
fore, for the calculation of the CMC, it is necessary to 
know precisely even the constant terms contributing to 
AG. Our earlier mean-field theory of solubilization,6 which 

accounted for both the size and the composition distribu- 
tion of micelles, predicted that the micellar aggregation 
number and the volume fraction of the solubilizate within 
the core of the micelles are both very narrowly dispersed 
about their mean values. Therefore, in the present work, 
we do not consider the size and the composition distribu- 
tion of micelles, but only micelles of a single size having the 
same volume fraction of the solubilizate in the core of the 
micelle. Furthermore, given the validity of the 
pseudophase model for treating micellar systems and the 

resulting simplicity of analysis, we concentrate on an iso- 
lated micelle rather than on the entire micellar solution. 
We consider a spherical micelle made of g block copolymer 
molecules. The block copolymer has NA segments in the 
solvent-incompatible A block and NB segments in the 
solvent-compatible B block. Both NA and Ns are apprecia- 
bly large compared to unity. The core region of the micelle 
is composed only of the A segments and the solubilizate J. 
The segments of the B block and the solvent S which are 
entirely excluded from the micellar core are present in the 
shell region of the micelle. The core radius is denoted by R 
and the shell thickness is denoted by D. The overall volume 
fraction of the A segments within the core region is denoted 
by +A 
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The free energy of formation of the micelle is com- 
posed of four parts 

AG=AGA+AGs+AG,+AGL. (14) 

The contribution AG, refers to the change in state of the A 
blocks following micellization and solubilization. AGB rep- 
resents a corresponding contribution from the B blocks. 
AG, denotes the free energy of formation of an interface 
between the core and the shell regions of the micelle. The 
contribution AGL accounts for the localization of the A-B 
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link of the copolymer at the micellar interface. As will be 
seen below, AGL is practically a constant and therefore not 
important for determining the structure of the equilibrium 
micelle. We develop below expressions for each of the 
abovementioned free energy contributions as a function of 
g for various cases of interest. 
A. Estimation of AG,, 

We estimate this free energy contribution for three sit- 
uations: (a) uniform density core; (b) unswollen core; and 
(c) swollen core. The conditions characterizing their oc- 
currence and the corresponding free energy contributions 
are discussed here. 

1. Uniform density core 

In this case, the micellar core consists of only one of 
the three regions identified in a star polymer, namely, that 
of uniform density. Obviously, such a situation arises when 
there is no solubilizate. Thus this case describes micelliza- 
tion in the absence of solubilizates. For this condition, Eq. 
(12) reduces to 

#A= 1, R=N;i3g’/3 (15) 
The free energy contribution AG, arises from the stretch- 
ing of the A chains on micelle formation and is calculated 
from the first term of Eq. ( 10). Noting that r,=R and 
$g=N,, we get 

4 =R’4- 1,3g”,” AGA=m NA- A * (16) 

2. Unswollen core 

In star polymers, if an unswollen region occurs, then of 
necessity a uniform density region must also be present 
towards the center of the star because of the chemical link 
at the center between the various branches of the star. In 
micelles, no such link between the various constituent mol- 
ecules exists at the center of the micelle. Therefore, it is 
conceivable that the entire micellar core is characterized by 
an unswollen region and a uniform density region may not 
be present at all. No theoretical calculation of density pro- 
files in such systems is presently available. However, ex- 
perimental studies on conventional surfactant micelles 
showI that depending on the type and the amount of sol- 
ubilization, the solubilizate molecules may be located 
mainly in the outer regions of a spherical micellar core, 
leaving the interior to be a uniform density region. If the 
block copolymer micelles behave similar to such conven- 
tional surfactant micelles, then their core may consist of 
both unswollen and uniform density regions. 

We will adopt the most general visualization and con- 
sider that the micellar core consists of two of the three 
regions identified in a star polymer, namely, the uniform 
density region and the unswollen region, the latter being 
the dominant part of the core for the purposes of scaling 
analysis. This case occurs (i) when the solubilizate J is a 
theta solvent for the A block, i.e., X,&, or (ii) if the 
solubilizate J is a good solvent for the A block, but NA is 
not sufficiently large. We can determine the micellar core 

radius R as a function of g by applying FCq. (9) over the 
uniform density and the unswollen regions of the core. The 
local volume fractions of the A segments in the two regions 
are given by Eqs. ( 8) and (7)) respectively, 

s s 

R 
N,g= ‘* ?(l)dr+ 3( r-1g”2)dr, 

0 ‘2 
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where r2 is given by Eq. (8). Since the unswollen region is 
the dominant part of the core (implying R is much larger 
than rz), we obtain from the above equation 

R = Nfi/2g’/4, $A=N$=N;‘Rgl”. (18) 

The free energy contribution AGA is computed from Eq. 
( lo), after introducing Eq. (7) for the blob size 

AGA=j&T 8 r’2 +’ [ I,R ,;:;,3] 

=glR( l+ln$) =g’12KAf (19) 

In Eq. (19), the term appearing within the brackets is 
denoted by KA. We note that this term has only a weak 
dependence on the micellar structural parameters because 
of the logarithmic functionality. Therefore, in the spirit of 
scaling analysis, we will consider KA to be a constant while 
taking the derivative of AG with respect to g. 

3. Swollen core 

In star polymers, the occurrence of a swollen region 
implies the existence of uniform density and unswollen re- 
gions towards the center of the star because of the connec- 
tivity of the branches. As discussed in the previous case, all 
three regions need not exist in the micellar core because the 
molecules constituting the micelle are not linked at the 
center. We adopt, however, the most general picture and 
consider that the micellar core consists of all three regions 
identified in a star polymer, with the swollen region being 
the dominant part of the micelle core for the purposes of 
the scaling analysis. This situation occurs when the solu- 
bilizate J is a good solvent for the A block and at the same 
time NA is sufficiently large. The core radius R of the mi- 
celle is determined from Eq. (9) applied over all three 
regions of the core, where the local volume fractions of the 
A segments are given by Eqs. (4), (7), and (8)) respec- 
tively, 

” N/it?= s 
?( l)dr+ 

s 
‘I ?(r-1g”2)dr 

0 ‘2 

+ 
s 

R ?(r-4’3$‘3co,“3)dr. (20) 
rl 

Here, rl is given by Eq. ( 5) and r2 is given by Eq. ( 8). The 
excluded volume parameter o is now tiA=$-xAJ, xAJ be- 
ing the Flory interaction parameter between the A seg- 
ments and the solubilizate J. Since the swollen region is the 
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dominant part of the core (implying R is much larger than 
rl ), the above equation can be simplified by ignoring the 
first two terms. Thus, 
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In the above equation, we have denoted the logarithmic 
factor by KP Analogous to the treatment of KA, the factor 
K, is also considered to be a constant while taking the 
derivative of AG with respect to g. 

R=N;i5g1/50;/5, &gL-,,v5~~50A315, (21) 

The free energy contribution AG, which accounts for the 
deformation of the A chains as well as their swelling by the 
solubilizate J can be calculated from Eq. ( 10) incorporat- 
ing Eqs. (4) and (7) for the blob sizes. One obtains 

4 1 ‘I r;! dr R ?dr 

AGA=Trii/g)+g [, r2 w1’2)5+ r, W2P] I 

2. Swollen shell 

In this case, the micellar shell is analogous to the swol- 
len region of a star polymer. This situation arises (i) when 
the solvent S is a good solvent for the B block and NB is 
sufficiently large, or (ii) when the solvent S is a good sol- 
vent for the B block and NB is small, but NA is sufficiently 
large. The shell thickness D is calculated from Eq. (9)) in 
conjunction with Eq. (4) applied to the swollen region. 

=g 1’2 
( ) 

1 +In & =g’12KA . 
g (22) 

As mentioned before, since KA is a logarithmic function, it 
will be treated as a constant while taking the derivative of 
AG with respect to g. 

B. Estimation of AG, 

Ng= 
s 

RRtD ~(r-4/3~/3W,1/3)dr, (26) 

where aB=f-xBS is the excluded volume parameter for 
the B block in solvent S. The above equation yields 

D= N38/5g1’5coi5 for i> 1 , 
( 1 

(27) 

The free energy contribution AG, arises from the en- 
hanced concentration of the B segments in the micellar 
shell region compared to the free B coils in solution. We 
estimate this contribution in two situations: (a) unswollen 
shell and (b) swollen shell. The conditions for the occur- 
rence of these two situations and the corresponding free 
energy contributions AGB are discussed here. 

1. Unswollen shell 

This case describes a micellar shell which is analogous 
to the unswollen region of a star polymer. This situation 
arises (i) when the solvent S is a theta solvent for the B 
block, i.e., xBs=$, or (ii) when the solvent S is a good 
solvent for the B block, but both NA and NB are not suf- 
ficiently large. The shell thickness D is determined by ap- 
plying Eq. (9) over the unswollen region where the local 
volume fraction of the B segments is given by Eq. (7) 

I 
R+D 

NB~= ?( r-1g”2)dr. (23) 

Therefore, 

D=Ny21114[for -$l) 
D 
R ’ 

(24) 

D=N&3coy3R-2/3 for gd 1 . 
( 1 

The free energy contribution AGB is determined from Eqs. 
(4) and ( 10) applied to the swollen region 

AGB=; 
IJ 

R+D ?dr 

R WV] 

=g1'21n 
( 1 

1+ z =g1'2K, , (28) 

where KB is treated as a constant, while taking the deriv- 
ative of AG with respect to g. 

C. Estimation of AG, 

This contribution accounts for the formation of an in- 
terface between the micellar core and the micellar shell. It 
can be written as the product of the core surface area per 
molecule a and an interfacial tension y that is characteris- 
tic of this interface. We consider the two limiting situations 
(a) solubilizate-free core and (b) solubilizate-containing 
core. 
1. Solubiliza te- free core 

D=N&‘R-’ for p<l . 
( ) 

The free energy contribution is obtained from Eq, (10) 
applied over the unswollen region, where the blob size is 
represented by EQ. (7) 

AG,=; 
IJ 

R+D ?dr 

R W2Pl 

=g “21n (25) 

Obviously, this case describes micelle formation in the 
absence of solubilizate. Correspondingly, the micellar in- 
terface is that between a pure A polymer on the core side 
and a solution of the B polymer in solvent S on the shell 
side. The characteristic interfacial tension y will be some 
composite of the polymer A-polymer B interfacial tension 
yAE and the polymer A-solvent S interfacial tension yAs. 
Therefore, in view of Eq. ( 13 ) for the area u, we can write 

AG1=ya=yNi’3g-‘/3. (29) 

2. Solubilizate containing core 

In the presence of the solubilizate, the interface is that 
between a solution of A polymer in solubilizate J on the 
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core side and a solution of B polymer in solvent S on the 
shell side. The characteristic interfacial tension y will be 
some composite of the four individual interfacial tensions 
polymer A-polymer B ( yAB), polymer A-solvent S ( yAs), 
polymer B-solubilizate J (Yap), and solubilizate J-solvent 
S (bus). In the analogous case of a free polymer solution, 
the interfacial tension is found to depend nonlinearly on 
polymer concentration at very low concentrations because 
of selective adsorption or depletion effects.16 At higher 
polymer concentrations, a linear dependence is observed. 
However, the micellar interface is not the same as that of a 
free polymer solution because the A-B link of the copoly- 
mer is localized at the interface, forcing other connected 
segments to remain at the interface irrespective of selective 
adsorption or depletion effects. Thus an unambiguous es- 
timate for y is not possible at present and a fundamental 
treatment for estimating y at the micellar interface is war- 
ranted. Consequently, given the area a from Eq. ( 13), we 
can write 

(30) 

D. Estimation of AGI 

This free energy contribution accounts for a part of the 
reduction in entropy arising from the structural organiza- 
tion of free molecules into micelles. Specifically, this con- 
tribution describes the constraint imposed on the A-B link 
of the block copolymer to remain at the interface separat- 
ing the micellar core from the shell because of molecular 
aggregation. This free energy is estimated here using the 
concept of a volume restriction model. If the block copol- 
ymer molecules were not structurally organized in a mi- 
celle, the A-B link of the block copolymer would have 
translational freedom over the entire volume of the micelle. 
(Note that the translational freedom of the micelle over 
the entire system volume is separately considered as the 
translational entropy in a complete thermodynamic formu- 
lation. Hence, the attention is focused on a single micelle 
here.) However, because of the structural organization of 
the molecules in a micelle, the translational freedom of the 
A-B link of the copolymer is localized to a small interfacial 
volume surrounding the core of the micelle. AGL is esti- 
mated on the basis of such a volume restriction model 

AGL==ln (RT:y)3~~, , (31) 

where the numerator within the logarithmic factor denotes 
the total volume of the micelle, while the denominator 
represents the volume of a thin inter-facial region of thick- 
ness 7. When the micellar core and shell regions are very 
incompatible, such as those of interest to our study, the 
interfacial thickness is expected to be of the order of the 
segment length. Hence, the dimensionless thickness r is of 
the order of unity. We denote the logarithmic term by KL 
and note that because of the logarithmic functionality, it 
has only a weak dependence on the micellar structural 
parameters. Therefore, as in the cases of KA and K, en- 
countered before, K, is also treated as a constant, while 
taking the derivative of AG with respect to g. Conse- 
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quently, the localization free energy contribution has no 
influence over the equilibrium properties of the micelle. 
This feature was already observed in our earlier mean-field 
theory of micellization” and of solubilization.6 

IV. RESULTS FROM THE STAR-MODEL OF 
SOLUBILIZATION 

Expressions for the free energy contributions to AG 
derived in the previous section show that, in general, AG,., 
and AGB are increasing functions of g, while AG, is a 
decreasing function of g. Thus, the free energy contribution 
AG, is responsible for the cooperative growth of the mi- 
celle, while AG, and AGB serve to restrict the micellar 
growth to finite sizes. Since the free energy contribution 
AGL is virtually independent of g, it has no effect on the 
equilibrium characteristics of the micelle. Below, we obtain 
the scaling relations for all the structural parameters of the 
equilibrium micelle corresponding to various cases of in- 
terest. For each description of the core and the shell re- 
gions, we simply refer to Sec. III and find the needed ex- 
pressions for R, D, I$,+ AG,, AGB, and AG, as functions of 
the aggregation number g. By minimizing AG with respect 
to g, the equilibrium value for g is obtained. Once g is 
known, the parameters R, D, and #A corresponding to the 
equilibrium micelle can be directly calculated. 
A. Micellization-uniform density core and swollen 
shell 

The free energy of the micelle per block copolymer 
molecule is written incorporating the appropriate contri- 
butions derived in the previous section. We get 

AG= N; 1’3gz’3 +g1’2KB+ yN;“g- 1’3 + KL . (32) 

The analytical minimization of AG with respect to g is not 
possible for the above functional form. Therefore, we carry 
out such minimization for the two limiting cases when 
either AG, or AG, is dominant compared to one another. 

When NB is much smaller than NA, the shell block free 
energy contribution AGB is negligibly small compared to 
the core block free energy contribution AG,. One may note 
that when N& NA, we have correspondingly D/R ( 1. Ne- 
glecting AGB from Eq. (32), the minimization of AG with 
respect to g in conjunction with Eq. ( 15) yields 

g=NAy, R=N;‘3y”3. (33) 
The shell thickness D is obtained from Eq. (27), in which 
the expressions for g and R from above are introduced 

D=N,-1/9NEy’/9,;3 (34) 
The parameter K, can be estimated knowing D and R, 

(35) 

The condition AG,) AGB for which the above scaling re- 
sults are valid can be defined using Eqs. (32)-( 35) as 

NA)N’f”y-‘/“w6,/“. (36) 

Alternately, when N, is much larger than NA, the core 
block free energy contribution AG, is much smaller than 
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the shell block free energy contribution AG, and hence 
can be ignored. Also, when N& NA, D/R & 1. Neglecting 
AG,, in Eq. (32), the minimization of AG with respect to g 
in conjunction with Eq. (15) leads to 

g=j$15y6/5~;6/5 , R = N;~5f/‘K,2/5. (37) 
The shell thickness D is obtained by combining Eqs. (27) 
and (37) 

The parameter K, is estimated from the knowledge of D 
and R to be 

KB=ln( l+$=ln($ 

=ln(Ni 11’25N3, (39) 
where the last equality is an approximation arrived at by 
comparing the relative magnitudes of the different vari- 
ables present in the expression for Kp The conditions 
AG, 4 AGB and D/R 3p 1 are both satisfied when 

N,&NfeS/l’ --4/11~5/1K4B/” 
Y (4.0) 

The scaling relations (33) were first obtained by 
de Gennes’ from his pioneering application of scaling anal- 
ysis to block copolymer micelles. Scaling relations (37) 
were derived independently by Zhulina and Birshtein’ and 
Halperin” from their application of the star model to mi- 
celle formation in good solvents. 

B. Micellization-uniform density core and unswollen 
shell 

The free energy of the micelle per block copolymer 
molecule is identical to that given by Eq. (32) for Sec. 
IV A, but the expressions for the shell thickness D and the 
parameter KB are, however, different from those for Sec. 
IV A. In the limit of AG,,$ AGB and D/R < 1, we get 

2/3 l/3 g=NAy, R=N, y . (41) 
The shell thickness is obtained from combining Eqs. (24) 
and (41) 

DC NT “6NEy”6. (42) 
Correspondingly, KB can be estimated as 

KE=ln 
( 1 

I+: E~=N,~~/~N~~-‘/~. (43) 

The condition AG,) AGB, D/R< 1 for which the above 
scaling relations are valid is satisfied when 

N,,,N38/2y-1’2. (44) 
In the opposite limit of AG, 4 AG, D/R % 1, we have from 
before 

g=pA/5y6/5K,6/5 , R =,T:/‘+bK,2/5. (45) 
The shell thickness D is calculated from Eqs. (24) and 
(45) to be 

The parameter K, can be estimated as 

K,=ln( l+g)=ln(g) 
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(46) 

=ln(N,-2/5N~2y-‘/‘OK~‘O) &(N,-2/5@), (47) 

where the last equality is an approximation arrived at by 
comparing the relative magnitude of the different variables 
in the expression for K,. The condition AG,( AG,, 
D/R) 1 is reached when 

NA (N’B/“y- “4Ki4. (48) 

The scaling relations (41), (42), (45), and (46) are iden- 
tical to the results presented by Zhulina and Birshtein’ for 
micelle formation in theta solvents. 

C. Solubilization-unswollen core and swollen shell 

The free energy of the micelle per block copolymer 
molecule in this case is given by the expression 

AG=g’12K, +g”2KB+ yN:/3g-“3$,2’3 +K, , (49) 

where $A for an unswollen core depends on g through Eq. 
( 18). The analytical minimization of AG can be carried 
out by retaining all the terms, in contrast to the situation 
encountered earlier with Eq. (32). From the minimization 
of AG with respect to g, we can get the equilibrium aggre- 
gation number. This, when combined with Eq. ( 18), pro- 
vides the scaling relations for R and 4A, 

g=N,d&+Kd -‘, 

R=N;‘4y”4(KA+KB)-1’4, (50) 

$A = N; 1’4y1’4( KA + KB) - “4. 

We can now consider the two limiting situations of 
small D/R and large D/R. In the limit of D/R 4 1, the 
shell thickness D is obtained from Eqs. (27) and (50) 

D=N~1’6NBy”6&3(KA+KB)-“6. (51) 

The parameters KA and K, are given by the expressions 

= l+ln[Ni’4y-1’4(KA+Kg)“4] 

= 1 +ln(Ni’4), (52) 
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D=Nj1/4N;2y1’4(KA+KB)-1’4. (60) 

The parameter KA is unaltered from Eq. (58) since the 
expressions for R and g are not modified for the two limits 
of D/R. The parameter KB is altered and is estimated from 
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KB=ln 1,; =; 
( 1 

~~~~1~12~~~-1~12~~3(~~+~~~1~12,~~ (53) 

The last equalities in the above two expressions are approx- 
imations, obtained as mentioned earlier. 

In the opposite limit of D/R% 1, the shell thickness is 
estimated from Eqs. (27) and (SO) 

D=N~‘5N3,/5y1’5~~5(K~+KB)-1’5. (54) 
The parameter KA remains unaltered from that given by 
Eq. (52) since the expressions for g and R are the same in 
the two limits of D/R considered here. The parameter K, 
is modified from that in Eq. (53) and is given by 

E. Solublllzatlon-swollen core and swollen shell 

The free energy of the micelle per block copolymer 
molecule is given by Eq. (49) as for the previous two cases, 
but the volume fraction $A is now specified by Eq. (21). 
From the minimization of the free energy AG with respect 
to g, we obtain the equilibrium aggregation number 

g=N~2/“y10/11W~/l~(KA+KB)-10/11. (62) 

Introducing the above expression for g in Eq. (21) , we get 

R=~~11~‘11&‘1’(KA+&J-2’11, 

~A=N~4/“y4/“W~5/“(KA+KB)-4/11. 
(63) 

The shell thickness D and the parameters KA and K, can 
be determined for the two limiting values of small and 
large D/R, respectively. When D/R 4 1, the shell thickness 
D can be calculated by combining Eqs. (27), (62), and 
(63). One obtains 

=ln g =ln[Ni 
0 

11/20~38/5~- “204’( KA +KB) l/20] 

3/5 
=ln$ , 

( 1 
(55) 

‘4 
where, as before, the last equality is an approximation. 

D. Solubilization-unswollen core and unswollen 
shell 

The free energy per molecule of the micelle AG is given 
by Eq. (49), while the overall volume fraction of the A 
segments in the micellar core r$A is given by Eq. ( 18) as for 
Sec. IV C. Consequently, the scaling relations for g, R, and 
#Jo are identical to those for Sec. IV C. Thus, 

g=NNQ+Kd-‘, 

D=N,-~/“N~~/“,A~/~~~~~(K~+K~)-~/”. (64) 
The parameter KA can be calculated based on the results 
obtained for g and R. 

=l+ln[N~‘11y-3”1~~‘11(KA+KB)3’11] 

=l+ln(N~“‘). (65) 

In the above equation, the final approximation is made on 
the basis of an evaluation of the relative magnitude of all 
the variables appearing within the logarithmic factor as 
before. The parameter KB can be calculated knowing D 
and R, 

R=N;‘4y1’4(KA+KB)-1’4, (56) 

&A=N~~‘~~~‘~(K~+K~)-“~. 

The shell thickness D can be estimated for the two limits of 
D/R being small or large, respectively. When D/R ( 1, D is 
obtained from Eqs. (24) and (56) 

D=N,-1’4NBy”4(KA+KB)-1’4, (57) 
Correspondingly, the parameters KA and K, can be evalu- 
ated by introducing the expressions for g, R, and D in the 
definitions for these two parameters 

K,=l+ln g& 
( ) 

D 
jp’ 

g 

TABLE I. Scaling relations for micellization in good and theta solvents. 

Variable 

=l+ln[N~‘4y-1/4(KA+Kg)1’4]=1+ln(N~’4), R 
D 

(58) KB 

In the opposite limit of D/R $+ 1, the shell thickness is ob- R 

tained from Eqs. (24) and (56) D 
KB 

(61) 

Uniform density core Uniform density core 
swollen shell (good S) unswollen shell (theta S) 

NAY NAY 
N;/3$/3 N;/3$/3 

N,-‘/9NB,1/9,~3 f,,; 1/6~~~1/6 

,,,,-7/9~~~-2/9,18/3 ,+T,-S/~N~~- l/6 

J. Chem. Phys., Vol. 98, No. 9, 1 May 1993 

Downloaded 18 Jan 2005 to 130.203.235.55. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



FL Nagarajan and K. Ganesh: Spherical block copolymer micelles 7449 

TABLE II. Scaling relations for solubilization of a theta solubilizate. 

Unswollen core (theta J) Unswollen core (theta J) 
Variable Swollen shell (good S) Unswollen shell (theta S) 

g 
:” KA 
$1 
D 
KB 

$1 
D 
KB 

NRYW,,+KB)-’ 
Njl/4y”4(KA+KB)-“4 
Ni “‘y”‘( KA + K,) - “’ 
1 +ln(Njl’) 

N,,Y(KA+KB) -’ 
N;“y”‘(KA+KB)-I” 
N,-“‘f4(KA+KB)-I” 
1 +ln(N;“) 

N,y “4NBy1/4(KA + KB) - ‘I4 
NB/N.i 

N;‘4N:2y’“(KA+KB) -‘I’ 
ln(N$N”)“* 

KB=ln E$N;‘N~;~/~~~/~=~, (66) 
A 

where the last equality is an approximation as in earlier 
equations. In the alternate limit of D/R ) 1, the shell thick- 
ness is obtained from Eq. (27) after substituting for g from 
Es. (62) 

D=N~2/‘5N3B/5y2/“W~/5501p/5(KA+KB)-2/11. (67) 
The parameter KA is unaltered from that given by Eq. 
(65). The parameter KB is estimated, with the usual ap- 
proximation based on the relative magnitude of the differ- 
ent variables, to be 

K,=Ln( l+$=In($ 

3/5 
=ln(N,-3’5N3,/50,1’50~5) =ln (68) 

F. Solubillzatlon-swollen core and unswollen shell 

The expression for the free energy AG is given by Eq. 
(49), while the volume fraction of A segments within the 

TABLE III. Scaling relations for solubilization of a good solubilizate. 

core $A is specified by Eq. (2 1) as for Sec. IV E. Thus, the 
scaling relations for g, R, and 4A are unaltered compared to 
Sec. IV E. Therefore, 

R=nFA/11~‘11$11((KA+KB)-2/11, (69) 

The shell thickness D and the parameters KA and K, can 
be estimated for the two limiting cases of D/R g 1 and 
D/R ) 1. For D/R < 1, the shell thickness D is obtained by 
introducing in Eq. (24) the equations for g and R from 
above. One obtains 

D=N~3/‘1Ngy3/“WA1/11(KA+KB)-3/“. (70) 
The parameter KA can be estimated with the usual approx- 
imations as before 

=1+ln[N~‘11y-3”1~,i’11(KA+KB)3’11] 

= 1 +ln(Ni”l). (71) 
Similarly, the parameter KB is also calculated approxi- 
mately to be 

KB=ln 

=N,-‘““NBy’/“,~4/“(KA+Kg)-‘,“=~ 
NA ’ 

(72) 
In the opposite limit of D/R & 1, the shell thickness D is 
obtained from Eqs. (24) and (69) 

D=N;~“N’/~/220;~’ I(& +KB) -55/22. (73) 

The parameter KA is given by IQ. (71) since the expres- 
sions for R and g are not altered from the case of D/R .g 1. 
The parameter K, is calculated from 

Variable 
Swollen core (good J) 
Swollen shell (good S) 

Swollen core (good J) 
Unswollen shell (theta S) 

$1 
D N,-~“NB~/“o-2/330~3(KA+KB)-2,” A N~3/“NB~/“0~‘/“(KA+~B)-3/11 

KB NLJNA NB/NA 

D 
KB 

Nfi2/55N)B/syZ/“0~/55W~~(KA+KB) -2/l, 

ln(NdN”)3/s 
N~:“Nls/2~/220~/“(KA+KB) -5,22 

In (N/N”) “2 
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=ln p 
0 

=ln[Ni 6/ll~l/2~1/22~~2/11 (K~ +K~) -l/221 

l/2 

=ln$ . 
( 1 

(74) 

V. CONCLUSIONS 

A theory of solubilization of low molecular weight 
compounds in spherical block copolymer m icelles is devel- 
oped here, employing a scaling approach and utilizing the 
analogy between block copolymer m icelles and star poly- 
mers. The theory thus allows for the existence of a radial 
concentration variation within the core and the shell re- 
gions of the m icelle, in contrast to our earlier mean-field 
theory where concentration homogeneity in the two re- 
gions was assumed. Employing the results derived by 
Daoud and Cotton for the conformation of a star polymer, 
we relate the core radius R, the shell thickness D, and the 
volume fraction of the A segments within the core #,, as 
well as the free energy of m icelle formation AG to the 
aggregation number g of the m icelle. From the m inimiza- 
tion of the m icelle free energy, scaling relations are derived 
for all the structural parameters of the m icelle. Various 
situations of interest are considered including when the 
solvent S is a good or theta solvent for the shell block B, 
and when the solubilizate J is a good or theta solvent for 
the core block A. The results obtained in this study are 
summarized for convenient reference in Table I for m icel- 
lization in theta and good solvents, in Table II for solubi- 
lization of theta solubilizates, and in Table III for solubi- 
lization of good solubilizates. Expressions for the shell 
thickness D when D/R is close to unity are not given since 
D will be comparable to R under these conditions and the 
scaling relations for R are provided in the tables. Experi- 
mental data are not available at present to compare against 
the predicted scaling relations, and such measurements are 
being undertaken in our laboratory. 

APPENDIX 
D thickness of the m icellar shell; 
g aggregation number of the m icelle; 
k Boltzmann’s constant; 
NA effective number of repeat units in block A of the 

copolymer; 
NB effective number of repeat units in block B of the 

copolymer; 
n(r) number of segments within a blob located at r; 
R radius of the core of the m icelle; 
RP radius of the solubilizate pool in the m icelle core; 

r 

T 
a(r) 
Y 

YAS 

YJS 

YAB 

YBJ 

AG 

rl 

CSr) 
7 

9(r) 

4A 

XBS 

XAJ 

w 

OA 

*B 

radial distance from the center of the star polymer 
or of the m icelle; 
temperature of the system; 
chain expansion parameter for a blob located at r, 
interfacial tension between the m icellar core and 
the m icellar shell; 
interfacial tension between the A block and sol- 
vent 3, 
interfacial tension between solubilizate J and sol- 
vent S; 
interfacial tension between the A block and B 
block; 
interfacial tension between solubilizate J and the B 
block; 
free energy per molecule of an isolated block co- 
polymer m icelle; 
overall volume fraction of solubilizate J in the m i- 
cellar core; 
the size of a blob located at r; 
thickness of the interfacial region surrounding the 
core; 
local concentration of polymer segments within a 
blob located at r, 
overall volume fraction of the A block in the m i- 
cellar core; 
Flory interaction parameter between the B block 
and solvent S; 
Flory interaction parameter between the A block 
and solubilizate J; 
excluded volume parameter of a polymer in a sol- 
vent; 
excluded volume parameter of the A block in sol- 
ubilizate J; 
excluded volume parameter of the B block in sol- 
vent S. 
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