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4 Surfactant Science and Technology

1.1  IntRoDUCtIon

Surfactant molecules are composed of a polar head group that likes water and a nonpolar tail 
group that dislikes water, thus contributing to an intrinsic duality in their molecular characteristics. 
Despite their mutual antipathy, the head and tail groups of the surfactant cannot leave one another 
because they are covalently connected. The dilemma faced by these molecules is resolved in nature 
by the intriguing phenomenon of molecular self-assembly, wherein the amphiphiles self-assemble 
into three-dimensional structures with distinct and separate regions composed of the nonpolar parts 
and the polar parts, having minimal contact with one another.

Numerous variations are possible in the types of the head group and tail group of surfactants. 
For example, the head group can be anionic, cationic, zwitterionic, or nonionic. It can be small and 
compact in size or it could be an oligomeric chain. The tail group can be a hydrocarbon, fluoro-
carbon, or a siloxane. It can contain straight chains, branched or ring structures, multiple chains, 
etc. Surfactant molecules with two head groups (Bola surfactants) are also available and there are 
dimeric surfactants with two head groups and two tail groups with a covalent linkage connecting 
those (Gemini surfactants). Furthermore, the head and the tail groups can be polymeric in character, 
as in the case of block copolymers. This variety in the molecular structure of surfactants allows 
for extensive variation in their solution and interfacial properties and their practical applications. 
Therefore, it is not surprising that the drive to discover the link between the molecular structure of 
the surfactant and its physicochemical behavior has had a long history.

The existence of surfactant molecules in the form of self-assembled aggregates was first sug-
gested by McBain in 1913 [1] based on his studies on how the conductivity of a solution of soap 
molecules changes with the concentration. Soap solutions exhibit even lower osmotic activity than 
would be predicted if one assumed that soap existed in solution as simple undissociated molecules. 
Soap solutions also conduct the electric current far better than would be expected from the observed 
osmotic effects. Attempting to explain these anomalies, McBain, in 1913, suggested that the fatty 
soap ions aggregated in solution. Such colloidal aggregations of ions, which were termed micelles, 
would explain both the low osmotic activity and relatively high conductivity of soap solutions.

Understanding the aggregation properties of surfactant molecules has nearly a hundred years 
of history. The early work, until about 1950, was significantly focused on experimental methods 
to identify the size and shape of the aggregates. McBain [2–5], Adam [6], Harkins [7–11], Hartley 
[12–15], and Philippoff [16,17] are among the pioneers who proposed different structural models for 
micelles. The x-ray diffraction technique was extensively applied and there were many qualitative 
structural models proposed for the aggregates.

The first theory, published in 1949 by Debye [18–20], explained why micelles form and why 
there are finite-shaped micelles. In the period between 1950 and 1956, this work stimulated a num-
ber of theoretical studies by Hobbs [21], Ooshika [22], Reich [23], and Halsey [24], who attempted 
to rectify some of the fundamental theoretical aspects as to how an equilibrium system should be 
described and also drew attention to the role of surface energy, which was missing in the Debye 
model. From 1955 to 1965, further advances in theory emerged and were guided by the methods of 

1.11.6 Head Group Interactions—Dipolar ............................................................................ 39
1.11.7 Head Group Interactions—Ionic ................................................................................ 39
1.11.8 Head Group Interactions for Oligomeric Head Groups ............................................40
1.11.9 Estimation of Molecular Constants Needed for Predictive Computation ................40
1.11.10 Influence of Free Energy Contributions on Aggregation Behavior .......................... 41
1.11.11 Modified Packing Parameter Model Accounting for Chain Length Effects ............ 43

1.12 Extending the Theory of Micellization .................................................................................. 45
1.13 Prospects .................................................................................................................................46
Acknowledgments ............................................................................................................................48
References ........................................................................................................................................48



5One Hundred Years of Micelles

statistical mechanics. Specifically, the theories of Hoeve and Benson [25] and Poland and Scheraga 
[26,27] have provided some key concepts that have eventually been integrated into the current 
models. Also during this time, a light-scattering technique was applied to surfactant solutions and 
experimental evidence for the formation of rodlike micelles was generated.

The work of Poland and Scheraga explicitly introduced the role of hydrophobic interactions in 
micelle formation. This concept was quantitatively included in the free energy model proposed by 
Tanford [28–30] during 1970 to 1974. Tanford’s model had the simplicity of the earlier theory of 
Debye, and was also consistent with a rigorous statistical thermodynamic formulation of the aggre-
gation process occurring in the surfactant solution. The free energy model incorporated all impor-
tant physical chemical factors and provided an explanation for why micelles form, why they grow, 
and why they remain finite in terms of clearly identified opposing interactional efforts. Israelachvili 
et al. [31] used the framework of the Tanford free energy model along with molecular packing con-
siderations inside surfactant aggregates to develop a geometry-based approach to predict the for-
mation of different shapes of aggregates. They were able to explain the formation of spherical and 
cylindrical micelles and spherical bilayer vesicles, as well as transitions between these structures 
based on a combination of general thermodynamic principles, Tanford’s free energy model, and the 
geometric constraints imposed by molecular packing considerations. At this stage, one could argue 
that the general principles of surfactant self-assembly were sufficiently well-established due to the 
contributions of Tanford and Israelachvili et al., in particular (Figure 1.1).

In 1976, Kash Mittal organized a symposium on Micellization, Solubilization and Microemulsions 
[32–37], which became the precursor to the current biennial symposia Surfactants in Solution. 
These series of symposia have given impetus to practically all of the subsequent research in surfac-
tant science and technology. In addition to stimulating theoretical work, the Surfactants in Solution 
symposia, since 1976, have also contributed to the extensive development of novel applications 
using surfactants beyond the classic areas of detergency, emulsions, foams, and dispersions. Chief 
among these is the use of surfactants for material synthesis, especially the use of reverse micelles as 
nanoreactors for nanoparticle synthesis including metal oxides, metals, and quantum dots and the 
use of surfactant liquid crystals as templates for the synthesis of mesoporous materials that vastly 
extended the pore size beyond the small range possible with zeolites.

The period following Tanford’s work has seen a number of key theoretical advances. First, 
theoretical models began to be developed with a view to a priori predict the self-assembly prop-
erties from the molecular structure of the surfactant. Second, theoretical models began to be 
applied to mixtures of surfactants and also to surfactants that had hydrophobicity arising from 

FIGURe 1.1 Left, James W. McBain. (Courtesy of Stanford University.) Middle, Peter Debye. (Courtesy of 
Cornell University Archives.) Right, Charles Tanford. (Copyright 2009, The Protein Society.)
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fluorocarbons and siloxanes. Third, self-assembly phenomena such as solubilization and micro-
emulsions were described using theoretical approaches used for surfactant aggregation so that 
a unified view of self-assembly in multicomponent systems was made possible. Fourth, some 
key features of the free energy models, including the calculation of electrostatic interactions in 
ionic surfactants, and treatment of how hydrophobic chains pack and arrange inside aggregates 
of different shapes, were more fundamentally treated. Fifth, the theory of self-assembly was 
quantitatively applied to novel surfactants such as Bola surfactants and Gemini surfactants. Sixth, 
self-assembly phenomena at gas–liquid and solid–liquid interfaces began to be modeled. Finally, 
the free energy models of the analytical form were improved and sometimes combined with free 
energy models developed by molecular dynamic simulations so that the predictive models can be 
truly a priori.

In this chapter, we focus mainly on the theoretical evolution of free energy models for surfactant 
self-assembly. The models chosen for discussion are important in the sense that they have affected 
the evolution of theory and have also influenced our own work in developing predictive models for 
a range of self-assembly phenomena. Because of the structure of this chapter, a number of scientists 
who have contributed to experimentally identifying important phenomena or theoretically modeling 
one or another specific feature of the self-assembly will go unmentioned. Their important contri-
butions and influence over the evolution of theory are not to be ignored and hopefully are visible 
through the extensive citations of their work in our previous theoretical articles.

1.2  eARLY QUALItAtIVe stRUCtURAL MoDeLs oF MICeLLes

The early discussions on aggregate shapes (Figure 1.2) focused on two types proposed by McBain 
[4,5], a lamellar (disk) aggregate with 50 to 100 molecules and a small oligomeric surfactant cluster 
with approximately 10 molecules. The lamellar micelle consists of two layers of soap molecules or 
ion pairs partially dissociated and arranged side by side, with the two hydrocarbon layers inside. 
Harkins and coworkers [7–10] interpreted their x-ray results as confirming the existence of the 
lamellar McBain micelle. Furthermore, Hess and coworkers proposed the existence of McBain 
lamellar micelles that repeat in parallel arrangement, separated by layers of water thus giving an 
x-ray long spacing equal to twice the length of the molecule plus that of the layer of water [38,39]. 
This micelle was referred to as the Hess micelle (Figure 1.2).

Harkins considered how molecular shape influences molecular packing at interfaces [6]. He ini-
tially favored the lamellar aggregate model and also proposed a cylindrical lamellar form in which 

Water

Water

Oil

Water
Water

FIGURe 1.2 Left, Hess lamellar micelle made of two McBain lamellar micelles; middle, Harkins cylin-
drical micelle model showing his idealized cross-section of a soap micelle without solubilized oil and with 
solubilized oil; right, Hartley model of a spherical micelle.
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the surfactant molecules are oriented parallel to the axis of the cylinder, with the head groups 
constituting the two end surfaces of the cylinder (the cylinder being merely a small section of the 
lamellar aggregate) [7–9]. Harkins also suggested that although a cylinder seems to represent most 
of the properties of the micelle, it is imperfect in that it represents too large an interface at the side 
between hydrocarbon groups and water. Thus, it does not seem improbable that a model, which lies 
between a cylinder and a cylindrical type of spheroid, may be found to more accurately represent the 
energy relationships. This would amount to a distortion of the side of the cylinder with which polar 
groups cover (to some extent) the nonpolar hydrocarbon chains [10].

Philippoff [16,17] analyzed osmotic activity, specific conductivity, and x-ray data obtained at 
various electrolyte and surfactant concentrations and for various surfactant tail lengths and identi-
fied two regimes with respect to micellar shapes. In the first regime, which corresponds to zero or 
small amounts of electrolytes, micelles are practically spherical in the sense that they need not be 
true spheres but can be cubes, short cylinders, prisms, or spheroids. In the other regime, which cor-
responds to large electrolyte concentrations and longer tail lengths of surfactants, the aggregates are 
anisometric and large. Philippoff considered that it is improbable for small micelles to reorganize 
into large micelles with increasing salt and surfactant concentrations and therefore postulated the 
large structures to be secondary aggregates of the preformed primary micelles.

As opposed to the lamellar structures, Adam [6] arrived at spherical micellar structure based 
on how molecules pack at interfaces depending on their molecular shapes. Adam suggested that 
“molecules larger at their polar ends will naturally pack into a curved film having the hydrocarbon 
side concave and the water-attracting side convex.” Hartley [12–15] proposed the existence of larger 
spherical micelles with approximately 50 surfactant molecules. Hartley suggested that the “aggre-
gates are essentially liquid and since they will tend to present the minimum surface to the water, 
they will presumably be roughly spherical and of the largest radius consistent with none of the heads 
being submerged in the paraffin interior.” Harkins, who initially supported the lamellar micelle 
model and also proposed a cylindrical–lamellar structure, eventually considered the possibility of 
spherical shape for micelles [11]. Corrin demonstrated [40] from an analysis of the x-ray diffraction 
data from the Harkins laboratory that a lamellar model is not required to explain the x-ray diffrac-
tion patterns obtained from solutions of long-chain ionic surfactants. Qualitatively, the diffraction 
patterns could be satisfactorily interpreted by a model of spherical micelles whose relative position 
can be represented by a radial distribution function. He argued that although this does not prove the 
validity of the spherical micelle model, it indicates that x-ray measurements alone do not allow one 
to decide between the lamellar and spherical models.

During that stage of development in surfactant research, no definitive theory of micelle forma-
tion yet existed. The following statement from Philippoff [17] in his 1951 article makes the case. 
“Having reviewed the field, we can make only the negative statement that there is at present no the-
ory to account for the causes of micelle formation which can interpret the whole of the experimental 
evidence. Micelle formation is independent of the sign of the charge of the micelle forming ion. 
Micelles are partially ionized, therefore a theory must account for this. Micelles form with nonion-
izing detergents in water, and with some ionizing detergents in hydrocarbons (aerosol OT, diethyl 
hexyl sodium sulfosuccinate), showing that a charge is not essential for the phenomenon. A straight-
chain compound is not necessary for micelle formation. Sodium deoxycholate with a single ionizing 
group on a sterol skeleton forms micelles as well as divalent aerosol OT in hydrocarbons with four 
branched chains to one ionic group. The commercially important micellar arylalkyl sulfonates have 
a complicated structure of the hydrocarbon part of the molecule. Likewise, an extended hydrophilic 
group as in the polyethylene oxide derivatives is not prohibitive even to x-ray structures. Tween 40, 
polyethylene oxide sorbitan monopalmitate, with even three hydrophilic chains, forms micelles. 
Mixed micelles are also readily formed by detergents of the same general structure, differing only 
in chain. The only common principle left is the segregation of the hydrophilic and hydrophobic 
parts of a molecule.” It is in this context, that theories began to be developed to explain one or more 
features of surfactant aggregates.
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1.3  FIRst QUAntItAtIVe tHeoRY oF MICeLLe DUe to DeBYe

The first quantitative, molecular theory of the formation of micelles was proposed by Debye [18–
20]. He considered ionic surfactants consisting of a hydrocarbon chain with a charge at one end. 
To create a micelle with the lamellar form proposed by McBain, Debye proposed accounting for 
two different kinds of energy. There is a gain in energy because a number of hydrocarbon tails are 
removed from the surrounding water and brought into contact with each other in the micelle. He 
considered the molecular forces of importance in this process to be relatively short-range forces of 
the van der Waals kind. To bring the charged ends of the monomers nearer to each other on both 
flat surfaces of the lamellar micelle requires energy to overcome the long-range electrical forces. 
Accordingly, Debye concluded that the interplay between short-range van der Waals forces and 
long-range electrostatic forces are responsible for the equilibrium structure of the micelle.

1.3.1  MonoMer–Micelle equilibriuM and critical Micelle concentration

Debye started with the classic mass action equilibrium between simple ions and micelles. Consider 
the following reversible association equilibrium between fatty soap ions A (monomers) and micelles 
Ag, where g is the number of fatty ions present in a micelle and Kg is the equilibrium constant for the 
monomer–micelle association:

gA A
K

g

g

⇔ (1.1)

If Xg denotes the concentration of micelles, X1 the concentration of unaggregated paraffin chains, 
and XT the total concentration of fatty ions, with all concentrations expressed in mole fractions, then

XT = X1 + gXg (1.2)

Denoting the micellization equilibrium constant Kg in terms of a concentration XC in the form, 
K Xg

g= −
C
1 , the application of the mass action law assuming unit activity coefficients leads to

X K X X
X
X

X X gX
X
Xg g

g
g

= ( ) =






= +






       ,1
1

1
1

C
C

T C
C



g

. (1.3)

From this mass action law, for large enough g, one can see that when X1 < XC, the micelle con-
centration Xg will remain negligibly small and XT will be practically equal to X1. To prevent the 
divergence of the right-hand side of the equation, it is clear that X1 will become equal to XC but never 
exceed it. Therefore, when micelles form, X1 will be practically equal to XC. These considerations 
indicate that if g is large enough, the soap is practically unaggregated up to the concentration XC 
and, above that concentration, all excess soap will appear in the form of micelles. On this basis, one 
can identify XC as the critical micelle concentration (cmc).

1.3.2  Work of forMation of Micelle

To estimate the energy change on micelle formation, Debye considered the work necessary to create 
an aggregate from single molecules. One part of this work is electrical and it was estimated as fol-
lows. The total charge on the micelle surface will be proportional to σeR2, where R is the radius of the
micelle surface viewed as a circular disk and σe is the constant surface charge density. The potential at
the rim of the disk will be proportional to σeR. Therefore, for a differential change in the disk radius
R, the change in surface charge is 2πRdRσe and additional work should be done against the Coulomb
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forces proportional to R2 dRσe
2. The total electrical work involved in building up the disk is thus pro-

portional to R3. Because the surface area R2 is proportional to the number of molecules g constituting 
the micelle, the electrical energy to be overcome in creating a micelle of size g is

We = g3/2we (1.4)

where we is a fundamental electrical energy (absorbing all other constants independent of the size g). 
Due to the long-range character of the electrical forces, this work increases faster than the number 
of molecules in the micelle. The second work is related to the energy gained by bringing g hydro-
carbon tails in contact (which involves only short-range molecular forces) with one another. It was 
represented as

Wm = −gwm (1.5)

with the introduction of another fundamental molecular energy wm. The negative sign indicates that 
this energy represents a favorable process of bringing the surfactant’s tail from contact with water 
to contact with other tails.

1.3.3  equilibriuM Micelle

The total energy W = We + Wm, has a minimum for a certain value g = go and at this point, the energy 
Wo of the micelle is negative. This means that the micelle is more stable than go separate molecules 
and that work is required to either increase or decrease the equilibrium number go. The energy 
contributions We and Wm and the total energy W are shown in Figure 1.3 as functions of micelle 
aggregation number g. The total energy W is negative with a shallow minimum Wo at go.

From the minimization of the total energy W, one gets the equilibrium aggregation number go 
and the energy Wo corresponding to this equilibrium aggregate.

g
w
w

W g w g w g wo
m

e
o o e o m o m=









 = − = −2

3
1
3

2

3 2,      / , (1.6)

Aggregation number g
0 20 40 60 80

En
er

gy
 p

er
 m

ic
el

le
 (i

n 
kT

) 

–2000

–1000

0

1000

2000

We electrical
Wm van der Waals
W  total energy

FIGURe 1.3 Debye model energy contributions to micelle formation. The electrostatic energy increases 
faster than the increase in the van der Waals energy as g increases and thereby contributes to the finite size 
of micelles.
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Equating the energy of formation of the equilibrium micelle to the equilibrium constant for the 
aggregation in the mass action model, and recognizing that the number of molecules go in the equi-
librium aggregate will be much larger than 1, one gets an expression for the cmc.

W kT K g kT X g kT X

kT X
W
g

o g o C o C

C
o

o

ln ln= − = − ≈

= = −

ln ( )   

ln

1

  
1
3

wm

(1.7)

Knowing the fundamental energy constants wm and we, one can determine the equilibrium 
micelle size go from Equation 1.6 and the critical concentration XC from Equation 1.7. Alternatively, 
knowing the experimentally determined micelle aggregation number and the cmc, one can deter-
mine the fundamental energy constants wm and we appearing in the Debye model.

Debye evaluated the physical relevance of the characteristic energy parameters in his model by 
considering that for dodecylamine hydrochloride at 25°C, the experimental cmc is 0.0131 M (con-
verts to mole fraction XC = 2.36 × 10−4) and the aggregation number is go = 66. For these experimen-
tal values, the model shows, Wo/go = 8.36 kT, wm = 25 kT, and we = 2.2 kT. He noted that the heat of 
vaporization per dodecane molecule is 25 kT, and that it has a correspondence to the characteristic 
short-range energy parameter wm. He calculated we for a disk covered with a constant charge density 
in a medium of dielectric constant ε, to be

w
e

a
e = 4

3
2 2

     
π ε

(1.8)

where a is the area per head group and e is the electronic charge. Taking the estimate of Harkins et al. 
[8] that the surface area occupied by one head group at the aggregate surface is 27 Ǻ2, and assuming
for the effective dielectric constant (the average of water and that of a hydrocarbon), he obtained we = 
2.8 kT compared against 2.2 kT obtained from the experimental cmc and micelle size data.

1.3.4  Size Variance of equilibriuM Micelle

Debye also made an assessment of the distribution of micelle aggregation numbers by expressing 
the total energy W of the micelle in the vicinity of g = go as a function of (g − go). From a Taylor 
expansion of the energy function W around go, he obtained
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This equation is rearranged to obtain the fluctuation in the micelle aggregation number

g g g
W W

W
− = −

o o
o

o

4
3

. (1.10)

Introducing natural thermal fluctuations into this expression, W − Wo = kT and Equation 1.6 for 
Wo, Debye showed that the fluctuation in the micelle aggregation number is

g g g
kT
w

− =o o
m

4 . (1.11)
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For the experimental values of go and wm determined for the dodecylamine hydrochloride sur-
factant, g − go is of the order of 3.3, indicating that the micelle aggregation number is relatively 
narrowly dispersed.

Debye’s first theoretical model thus introduced the concept of opposing forces (long-range 
electrical versus short-range van der Waals). It showed the driving force for micelle formation to 
be the attractive van der Waals interactions whereas the finite size of the micelle is determined by 
repulsive electrostatic forces. It identified a cmc with the recognition that it remains practically 
constant. From the minimization of the energy of a single micelle, it showed that the micelles 
are small. From the Taylor expansion analysis of the total energy, the model suggested that the 
small micelles are narrowly dispersed in their sizes. Because the model was based on minimiz-
ing the energy of a single micelle, it can be viewed as a precursor to what later evolved as the 
pseudophase model of micelle formation. However, it is different from the pseudophase model 
because in a pseudophase, the energy of a molecule that constitutes the pseudophase is a mini-
mum whereas in the Debye model, the energy of the micelle (and not of a single soap molecule 
within it) is a minimum.

1.4  eVoLUtIon oF tHeoRIes ADDRessInG tHe 
sHoRtCoMInGs oF tHe DeBYe MoDeL

The pioneering theory of Debye stimulated other theoretical studies on micellization; some of 
which attempted to improve on the Debye theory without questioning the basic model whereas 
others attempted to correct some of the critical omissions of the Debye theory. Debye had already 
noted that the role of the addition of electrolyte to the surfactant solution needed to be worked out. 
He argued that because in an electrolyte solution, every charge will be surrounded by an excess of 
ions of the opposite sign, its electrical action will be screened out for larger distances. Therefore, 
an added electrolyte will screen the action of the charges on the micelle, reduce the electrical work 
We, and therefore increase the equilibrium size of the micelle. This analysis was quantitatively 
developed by Hobbs [21], who extended the Debye theory to a solution containing electrolytes by 
applying the Debye–Hückel approximation to estimate the salt-induced change in the ionic interac-
tion energy. He obtained expressions for the increase in the micelle size and decrease in the cmc 
as a function of the added salt concentration. However, the validity of the Debye model was not 
questioned. Hobbs also estimated the electrostatic interactions between the two charged surfaces 
of the lamellar micelle. In the absence of any salt, he estimated that these interactions may account 
for 20% of the total electrostatic energy and could thus reduce the equilibrium micelle size and 
increase the cmc.

Ooshika [22] and Reich [23] questioned some of the fundamental concepts underlying the Debye 
theory. In building a theory based on McBain’s lamellar aggregate, Debye did not include any 
energy contribution to account for the fact that the curved surface of the aggregate is exposed to 
water. The need for adding such a surface energy component to the micelle energy was pointed out 
by Ooshika and Reich. Ooshika showed that it is the surface energy, rather than the van der Waals 
interactions between tails proposed by Debye, which opposes the repulsive head group interaction 
energy in determining the size of the micelle. Ooshika and Reich also questioned the validity of 
minimizing the energy of a single micelle as a criterion for equilibrium rather than minimizing the 
energy of the entire system, which would also include the solution entropy.

1.4.1 ooShika Model

Ooshika [22] pointed out that in the equilibrium state, there must be aggregates of various sizes 
and shapes, and their distribution is to be determined by statistical mechanics. However, if the 
size (aggregation number) of a micelle is large, the mixing entropy of the micelles in the solu-
tion is negligible when compared against that of monomers, and the cmc may be regarded as 
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the point where a kind of phase change occurs (a view recognized as the pseudophase model for 
micelles). Therefore, the cmc is not appreciably affected by the distribution of the micelle sizes. 
The finiteness of micelles at the cmc has been attributed by Debye to the counterbalance of the 
van der Waals attractive energy of the hydrocarbon tails and the Coulomb-repulsive energy of 
the polar heads. Ooshika argued that in ordinary phase changes, the phase that has a lower free 
energy tends to grow infinitely because of the surface energy and not because of the additive van 
der Waals energy. Hence, it is clear that one must add to the free energy of micelle formation, the 
surface energy between the micelle and water. The surface energy of the micelle is proportional 
to the circumferential area 2πRH that is exposed to water, where H denotes the thickness of the
lamellar aggregate. Because the volume πR2H of the micelle is proportional to the aggregation
number g, the circumferential area 2πRH will be proportional to g1/2. Adding this contribution to
the energy model of Debye, Ooshika proposed

W = We + Wm + Ws = g3/2 we − gwm + g1/2ws (1.12)

where we and wm are constants determined by particular surfactants as defined earlier, and wS is a 
characteristic surface energy constant.

To take into account the system entropy contribution to the total free energy, Ooshika considered 
the system composed of N1 soap molecules in the solution, N2 soap molecules incorporated into the 
micelles, and Nw water molecules. The free energy of mixing of these components in the solution 
is written as
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where k is the Boltzmann constant and T the absolute temperature. The three terms appearing in 
the first equality in Equation 1.13 represent the entopic contributions from the monomeric surfac-
tant, solvent water, and micelles, respectively. Because the aggregation number g is appreciably 
larger than 1, the number of micelles N2/g will be much smaller than N1 and Nw. Therefore, the first 
equality in Equation 1.13 can be simplified to obtain the second equality as shown. Effectively, the 
relatively smaller contribution from the entropy of micelles is neglected. Combining the interaction 
energy (Equation 1.12) and the free energy of mixing (Equation 1.13), Ooshika obtained (for the 
free energy of the system) the expression,
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The cmc, XC = N1/(N1 + Nw) and the equilibrium micelle size (the aggregation number go) are 
determined by minimizing the total free energy with respect to the independent variables N1 and g, 
holding the total soap molecules N1 + N2 and water molecules Nw at constant values, respectively. 
One obtains,
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Introducing the expression for Wo (Equation 1.12 with g = go) in Equation 1.15, the cmc can be 
expressed as

kT X w w w g
w
w

ln   ,C e s m o
s

e

= − =2 (1.16)

Clearly, in contrast with the Debye theory, the equilibrium micelle size go is obtained from the 
counterbalance of the surface energy and the electrostatic head group interactions. Correspondingly, 
the cmc also shows an explicit dependence on the surface energy.

1.4.2  reich Model

The Debye and Ooshika models, in which the electrostatic head group interactions play a central 
role, are not applicable to nonionic detergents. Reich [23] proposed that a general theory of micelles 
should be developed, starting from a treatment of nonionic surfactants for which the electrostatic 
interactions are not relevant. He also criticized the Debye theory for the same reasons as Ooshika, 
namely, the stable micelle size must be that which results in minimum free energy for the system 
and not the work of formation of a micelle. He argued that the growth of micelles will involve a 
decrease in the total number of independent species (singly dispersed surfactant molecules and 
micelles) in the system, and hence will involve a decrease in total system entropy, which must be 
taken into account. Furthermore, Reich suggested that the van der Waals energy of hydrocarbon 
chain per surfactant molecule must increase as the micelle grows, arguing that if it remained con-
stant, as in the Debye model, then growth beyond a dimer would not occur. This last feature is an 
early recognition by Reich of the need for cooperativity of aggregation, characteristic of micelle 
formation, and is discussed in detail in Section 1.8.

Reich expressed the free energy of the system described by the equilibrium relation in Equation 
1.1 as
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where ΔSo and ΔEo are the entropy and enthalpy changes associated with micelle formation. For cal-
culating ΔSo, he assumed a constant entropy change s per molecule, on micelle formation, which is
independent of the size of the micelle. To calculate the energy change ΔEo for the nonionic detergent,
he considered the changes experienced by the aliphatic hydrocarbon tail of the detergent on micelle 
formation. For an aliphatic hydrocarbon tail in water, the molecule will show a tendency to fold up 
so that the segments of the chain can escape from water and remain in contact with each other. He 
assumed that each hydrocarbon tail was a tightly packed sphere, excluding any water and with a sur-
face area AH. Of this surface area AH, a portion aP is covered by the polar group, whereas the remain-
der, AH − aP, will be the exposed hydrocarbon surface. The surface energy of this single molecule is 
denoted by ϒ. Micelle formation causes a fraction of the original exposed hydrophobic surface to be
protected from water. This protected fraction multiplied by (−ϒ) provides the surface energy change
on aggregation. For g surfactant molecules in the nonaggregated state, the exposed hydrocarbon sur-
face area is g(AH − aP). For g molecules in spherical micelles, the exposed hydrocarbon surface area 
is (g2/3AH − gaP). Therefore, the fraction of hydrocarbon surface exposed to water that is eliminated 
on aggregation is (gAH − g2/3AH)/(gAH − gaP). Reich defined aggregates of the size gcom at which the 
surface becomes completely covered with polar groups as “complete micelles,” namely,
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If an aggregate grew larger than the complete micelle size and still remained spherical, the 
surface would not be able to accommodate all the polar groups. Some polar groups would have to 
be buried in the interior (this is unlikely energetically). Such large aggregates would presumably 
be flattened sufficiently to create enough extra surface to accommodate all the polar groups. Thus, 
as g increases beyond the complete micelle size gcom, the aggregates become larger and flatter. The 
fraction of the hydrocarbon surface eliminated remains at 1.

Accordingly, for values of g less than that of the complete micelle, Equation 1.17 becomes
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whereas for values g exceeding that of the complete micelle (fractional surface removed is 1 in this 
case), it becomes
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Reich was able to calculate and plot a micelle size distribution based on the above equation for 
a nonionic surfactant. To estimate the entropy change s per molecule, he calculated the standard 
entropy change for condensing a hydrocarbon molecule from vapor state to liquid state, holding the 
density constant. He recognized that there would be some contribution from the entropy change 
associated with the polyoxyethylene type head group of the surfactant, although it could not be 
estimated. He calculated the energy parameter ϒ from consideration of the macroscopic interfacial
free energy for a hydrocarbon.

The calculated size distribution function (Figure 1.4) showed (i) how the concentrations of the 
micelles of sizes different from the complete micelle fall off sharply; (ii) how the chemical potential 
of the surfactant, or explicitly, the concentration of the unaggregated surfactant controls the micelle 
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size distribution; (iii) the sharpness of the cmc and the narrow size distribution of the micelles; and 
(iv) that the size of the complete micelle depends on the ratio aP/AH. All these features are quali-
tatively valid for what we know to be the properties of nonionic detergents. However, because of 
the definition of the complete micelle, the most probable micelle size always remained that of the 
complete micelle without being affected by the total surfactant concentration.

Reich also discussed the problem of the McBain micelle. In this case, the micelle is assumed to 
grow in two dimensions, with the hydrocarbon chains aligned parallel to each other and the polar 
groups covering the flat faces. Irrespective of the size of such an aggregate, the hydrocarbon–water 
interface will never be eliminated completely because the detergent molecules at the edge will have 
their hydrocarbon chains exposed to water. In developing an expression for the energy change in the 
McBain micelle, which follows similar considerations as the spherical micelle, Reich showed that 
the formation of the McBain micelle would indeed correspond to a condition of phase separation, a 
conclusion that we currently understand for lamellar aggregate shapes.

1.5  eMeRGenCe oF A tHeoRY FoR RoDLIKe MICeLLes

Early discussions on micelle shapes did not include consideration of the rodlike micelles as we 
recognize them presently. Philippoff [17] analyzed osmotic activity, specific conductivity, and x-ray 
data obtained at various electrolyte and surfactant concentrations and for various surfactant tail 
lengths and identified two regimes with respect to micellar shapes. In the first regime, which cor-
responds to zero or a small amount of electrolyte, micelles are practically spherical in the sense 
that they need not be true spheres but can be cubes, short cylinders, prisms, or spheroids. In the 
other regime, which corresponds to large electrolyte concentrations and longer tail lengths of sur-
factants, the aggregates are anisometric and large. Philippoff considered that it is improbable for 
small micelles to reorganize into large micelles with increasing salt and surfactant concentrations 
and therefore postulated the large structures to be secondary aggregates of the preformed primary 
micelles.

The formation of rodlike micelles as we understand them currently was first proposed by Debye 
and Anacker [41] based on light scattering measurements on solutions of cationic alkyl trimethyl 
ammonium bromides in the presence of added salt, KBr. They concluded that the dissymmetry 
measurements were not in agreement with the formation of spherical micelles and cylindrical lamel-
lar micelles but agreed with micelles being very large and rodlike at high concentrations of added 
salt. They proposed that “the cross-section of the rod would be circular with the polar heads of the 
detergent lying on the periphery and the hydrocarbon tails filling the interior. The ends of such a 
rod would most certainly have to be rounded off with polar heads.” They observed that the effect of 
salt on micelle growth was more significant, the longer the tail length of the surfactant. A number 
of studies that followed confirmed the formation of such large rodlike micelles, as summarized in 
the article by Anacker [42].

The polydispersed nature of rodlike micelles was first recognized by Scheraga and Backus 
[43]. They conducted flow birefringence measurements in solutions of cetyltrimethylammonium 
bromide (CTAB) and concluded that large asymmetrical aggregates are formed whose length 
increases with increasing salt concentration. More importantly, they found that a monodispersed 
aggregate model does not describe the experimental data and that aggregates must be highly poly-
dispersed. They provided an interpretation for this size distribution by arguing that for spheri-
cal micelles formed at low salt concentrations, relatively high energies are involved (based on 
Debye’s theory) if the micelle size is to be changed by more than two or three monomers. Hence, 
the small micelles should have narrow size distributions. In contrast, at high salt concentrations, 
the charged groups become shielded so that it does not require much work to be done to bring up 
more molecules. This would increase the mean micelle size and also lead to a high polydispersity. 
They also speculated as to the bending and flexibility of the micelles, although these features 
were not explored.
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The existence of viscoelastic behavior in surfactant solutions was first discovered by Pilpel 
[44,45], based on rheological studies on aqueous solutions of sodium and potassium oleate in the 
presence of electrolytes. He interpreted the viscoelasticity as arising from a change in shape of the 
aggregates, with the small soap micelles formed at low electrolyte concentrations transforming to 
long interlinked cylinders at high electrolyte concentrations.

1.5.1  halSey Model

The first theoretical concept to describe rodlike micelles was proposed by Halsey [24]. As discussed 
previously, two factors that limit the growth of micelles and permit them to exist without phase 
separation had been proposed: one is the geometrical limit of chain length proposed by Hartley as 
the limiting radius of spherical micelles and the other is the repulsive interactions between the head 
groups at the micelle surface proposed in the Debye model (applied to the McBain–Harkins cylin-
drical portion of a lamellar micelle). Halsey [24] examined the growth of micelles avoiding both of 
these limitations, which resulted in finite stable aggregates without causing phase separation. Using 
Debye’s approach, Halsey compared the energetics of one-dimensional growth of micelle as a disk 
and as a rod.

Halsey calculated the electrical potential at a small distance z from the end of a long rod of length 
L = nzo, where zo is a characteristic distance between charges and we is the characteristic electri-
cal energy appearing in the Debye model for electrostatic head group interactions. For large n, the 
potential will be
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The total electrical work of forming a cylindrical micelle of size g is given by
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Comparing this expression for electrical energy of cylinders with the Debye expression (Equation 
1.4) We = weg3/2, for lamella, Halsey noted that the function (g ln g − g + 1) varies more slowly than 
g3/2 as g increases. Therefore, he concluded that for large g, a rodlike micelle will correspond to 
lower energy and hence the more stable aggregate compared with a disk. He argued that because the 
surfactant molecules approaching one end of a long rod would feel only the near end, the rod length 
should have no effect of on the total energy. This would make the length of the rod to be infinite. 
Because this is not the case, he proposed that the finite size of the micelles can be explained by 
the analogy between rodlike micelles and a one-dimensional gas (molecules fixed on a string like 
beads). Just as a one-dimensional gas does not condense whatever may be the nature of interactions, 
the rodlike micelles remain finite and do not cause phase separation. The micelles can be polydis-
persed analogous to the distribution of a linear polymer in equilibrium with the monomer. As for 
the other two smaller dimensions of the rodlike micelle, Halsey observed that one dimension must 
be limited by the length of the hydrocarbon chain and the second can either be limited by electrical 
forces (as in the Debye model) or by the length of the hydrocarbon chain (based on the structural 
description proposed by Hartley). Halesey’s conclusions as to the large micelles being cylindrical, 
finite in size, polydispersed, and that such micelle formation is different from phase separation 
remain valid today.
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1.6  stAtIstICAL MeCHAnICAL tHeoRIes oF MICeLLes

With the development of fundamental statistical mechanical models describing liquid state, such 
formalisms were also applied to describe the formation of micelles. Two of the significant contribu-
tions are due to Hoeve and Benson [25] and Poland and Scheraga [26,27] because, in both of their 
models, the free energy of formation of micelles was decomposed into many individual contribu-
tions identified in molecular terms similar to more recent predictive theories. These studies more 
clearly enumerated the various factors contributing to the free energy of micellization, including 
the hydrophobic effect associated with the transfer of surfactant tail from water to micelle and the 
surface energy associated with the exposed hydrophobic surface of the micelle.

1.6.1  hoeVe and benSon theory

In Hoeve and Benson’s treatment [25], the micelles are thought to be aggregates of the hydrocarbon 
parts of the molecules, with the polar parts on the outside of the aggregate in contact with water. It was 
assumed that a spherical shape persists until the micelle becomes large enough that the radius of the 
sphere would exceed the maximum length of the hydrocarbon part of the molecule. When that occurs, 
the micelle is assumed to become flatter, leaving the polar parts fully hydrated and an oblate sphero-
cylinder shape was assumed. The interior of the micelle is assumed to have properties similar to that of 
a liquid hydrocarbon. It is assumed that the system may be treated by classic partition functions, apart 
from contributions of vibrations, which are considered to be quantized and separable.

Aggregates of all sizes g are assumed to exist, with Ng being the number of aggregates of size g. 
For solutions of nonionic detergents in water, the most probable micelle size distribution is deter-
mined by minimizing the free energy F or maximizing the canonical partition function Q of the 
solution (note, F = − kT ln Q). Hoeve and Benson obtained
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where V is the system volume over which all the aggregates translate, Q1 and Qg are the internal 
partition functions for the unaggregated molecule and an aggregate of size g, Λ1 and Λg are factors
appearing in the external translational/rotational partition functions for the monomer and aggre-
gate, and λ is the Lagrange multiplier that links the two equations providing an expression for the
size distribution of aggregates. The translational/rotational terms Λ1 and Λg are given by
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where m is the mass of a surfactant molecule, h is the Planck constant, and I1 and Ig are the average 
moments of inertia of a monomer and aggregate of size g, respectively.

To evaluate Qg for the aggregate, multiple contributions were considered. First, the assumption 
that the interior of a micelle is liquid in character was used. Hoeve and Benson suggested that 
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because paraffinic hydrocarbons are not appreciably curled up in the liquid state, the contributions 
to the partition function of a hydrocarbon liquid are separable, and they wrote down the following 
liquid state contribution to Qg.
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Here, Ih is the moment of inertia of the hydrocarbon chain, qh is the vibrational partition function 
for the chain, Vf is the free volume within the liquid phase where molecular translation occurs, and 
γ is the rotational free angle ratio accounting for the hindered rotation in the hydrocarbon liquid.

A second contribution comes from the recognition that the aggregate is a small liquid drop and 
therefore has a surface contribution. For a spherical drop of g molecules, with each molecule having 
a surface area AH, the drop surface area is g2/3AH. The surface area AH is calculated from the radius 
ro of a hypothetical sphere whose volume is identical to that of the surfactant tail. Hoeve and Benson 
proposed the surface contribution as the product of the surface area and a characteristic interfacial 
energy σ between the drop and water.

Q A g r gH oexp exp= − ( ) = − ( )         / /2 3 2 2 34σ π σ (1.26)

Hoeve and Benson then considered a third contribution to account for the constraint that in the 
micelle all ends of the hydrocarbon chains to which the polar heads are attached must be at the 
surface of the micelle, whereas in the liquid drop, the corresponding ends may occupy any position 
within the drop. The contribution of bringing the chain ends to the surface, resulting in head group 
crowding, was approximated as follows. Before bringing the ends to the surface, the free volume 
available for them is proportional to the micellar core volume Vg = gvo, with vo denoting the volume 
of a surfactant tail. After bringing the ends to the surface, the free volume is proportional to the free 
surface area available for them, which is assumed to be the difference between the surface area of 
the spherical micelle Ag and the space gaP occupied by the g head groups already at the surface, that 
is, Ag − gaP. Consequently, this contribution was written as proportional to the free volume restric-
tion on micelle formation.

Q C
A ga

Vg
g

g

crowd P=
−





  (1.27)

Finally, a fourth contribution was recognized for nonionic surfactants with polar parts that are 
long polar chains (such as in the most common nonionic surfactant family with oligoethyleneoxide 
head groups), which strongly interact with the solvent and possess internal degrees of freedom. 
Using qP, they denoted the contribution of the polar head due to internal vibrations and rotations and 
interactions with the solvent. Therefore,

Q qg
ghead

P= ( )   (1.28)

Combining all of these contributions, one can write

Q Q Q Q Qg g g g g= liq sur crowd head  . (1.29)
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Following the same approach as for the micelle, Hoeve and Benson considered an expression for 
the partition function Q1 of the monomer. In evaluating Q1, the contributions from the polar part 
and the hydrophobic chain were separated, which is similar to what was done for the aggregate. 
Because the polar parts are assumed to remain in the water phase, qP has the same contribution per 
molecule for micelles and for the single molecule. Similarly, the internal vibrational contribution qh 
is also the same for the monomer as for the molecule in an aggregate. However, the contribution of 
the hydrocarbon part interacting with the surrounding water could not even be approximately evalu-
ated. They recognized that structural effects exist in the water surrounding the hydrocarbon parts of 
the single molecules, and that the model of a liquid drop cannot be valid here. It was felt that only 
after gaining a better understanding of these effects could the contribution of the hydrocarbon part 
be quantitatively obtained. Keeping it as an unknown molecular partition function qw, the overall 
partition function of the monomer was written as

Q1 = qwqhqP. (1.30)

By introducing the partition functions (Equations 1.29 and 1.30) in the expression for aggregate 
size distribution (Equation 1.23), Hoeve and Benson were able to identify some general features of 
the micellization of nonionic surfactants.

The illustrative size distribution curves they calculated for two different monomer concentrations 
are shown in Figure 1.5. The size distribution function was calculated showing a minimum and 
maximum in the size distribution and without the piecewise continuity introduced by Reich because 
of his postulate of a complete micelle. As a result, the maximum in the size distribution could be 
seen to change with increasing surfactant concentration, although only a little, and not fixed to one 
micelle size (gcom of the complete micelle) as in the Reich model. The cmc phenomenon is also 
evident because the amount of surfactant incorporated into the aggregates (excluding monomers) 
increases from approximately 10−8 to 2.64 × 10−4 and 21.2 × 10−4 for the three monomer concentra-
tions shown in Figure 1.5. A small decrease in the monomer concentration close to the cmc makes 
the aggregate concentration close to zero. A small increase in the monomer concentration close to 
the cmc causes an order of magnitude increase in the amount of surfactants present as aggregates.

The work of Hoeve and Benson is important for many reasons. It was the first formal applica-
tion of the statistical mechanical formulation to micelle formation, even though the need for such 
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an application was foreseen in the work of Ooshika, Reich, and Halsey. The formulation required 
the identification of multiple contributions to the partition function (or the free energy) and three 
important new contributions were identified compared with all previous studies that had identified 
van der Waals, electrical, and surface contributions. First, the treatment identified the importance 
of considering the molecular translational and rotational contributions, and these are part of the 
chain packing contributions we consider in current predictive theories. Second, by accounting for 
the crowding of head groups at the micelle surface for the nonionic surfactants, Hoeve and Benson 
were the first to propose a clear free energy contribution responsible for the finiteness of micelle 
size for nonionic surfactants. Third, Hoeve and Benson were the first to explicitly recognize that 
water structural changes will provide a critical contribution to the free energy and a more funda-
mental understanding of these structural changes is required before a quantitative predictive model 
of micelles can be developed. The subsequent work of Poland and Scheraga [26,27] and of Tanford 
[28–30] indeed emphasized detailed structural descriptions of these water structure changes and the 
quantitative and accurate estimation of the corresponding hydrophobic free energy.

Concerning ionic micelles, Hoeve and Benson noted that the micelles are highly charged and 
therefore the Debye–Hückel approximation is not adequate to describe ionic micelles. In applying 
the Poisson–Boltzmann equation, the challenge was to account for the fact that the counterions in 
the neighborhood of the micelle are crowded, even if the solution has a low concentration of ions. 
Another difficulty they pointed out related to the question of how “rough” the micelle surface is. 
Because the concentration of counterions is quite large in this region, the electrical free energy 
would be rather sensitive to the degree of roughness of the surface. These features relevant to the 
estimation of electrostatic interactions at the micelle surface remain unsatisfactorily explored even 
today and limit our ability to accurately predict aggregation properties in the presence of a variety 
of counterions, especially the counterion specificity in promoting a transition from spherical to rod-
like micelles.

1.6.2  Poland and Scheraga theory

Poland and Scheraga [26,27] undertook the modeling of micelle formation as an illustration of the 
hydrophobic effect for which Nemethy and Scheraga [46–48] had developed a quantitative theory 
just a few years earlier. To simplify the calculations, instead of considering a size distribution of 
micelles, Poland and Scheraga [26] considered a system containing N surfactant molecules, pres-
ent in the form of Ng micelles of size g. The equilibrium properties of the micelle were determined 
from the minimization of the free energy F(g) of the system with respect to the micelle aggregation 
number g. Poland and Scheraga considered spherical micelles with polar heads on the surface and 
nonpolar tails in the interior partially coiled up (with some freedom of internal motion) and inter-
acting with each other through hydrophobic bonds. The free energy of formation of these bonds 
was quantitatively estimated from the theory of hydrophobic bonding developed by Nemethy and 
Scheraga. They constructed a partition function Qg for the micelle with g constituent molecules, by 
identifying an external contribution, an internal contribution, and a solvent interaction contribution.
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The external contribution is taken as the product of the classic partition functions for the transla-
tion and rotation of the micelle as a whole, similar to that in Hoeve and Benson’s theory.
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Here, Ih is the moment of inertia of the hydrocarbon chain, qh is the vibrational partition function 
for the chain, Vf is the free volume within the liquid phase where molecular translation occurs, and 
γ is the rotational free angle ratio accounting for the hindered rotation in the hydrocarbon liquid.

The internal partition function corresponds to the internal freedom of the micelle arising from 
the motions of the hydrocarbon tails. A monomer molecule in a micelle will make two large con-
tributions to the internal partition function. One is the motion of the monomer molecule as a whole 
within the micelle and the other is the internal rotation (including complex vibrations and torsional 
oscillations) in the hydrocarbon tails. Because the latter is included in the hydrophobic bond energy 
per molecule and is accounted for as part of the solvent contribution discussed below, only the 
contribution of the former had to be included in Qg

int. To account for the internal motion of the 
monomer in the micelle, they considered two approaches. In one, a free volume viewpoint is taken 
and the internal motion is treated as a translation; in the other, the micelle is treated as a lattice and 
the permutations of monomers in the lattice are calculated. From both approaches, they obtained 
essentially the same dependence of Qg

int on g. Taking the free volume approach,
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In Equation 1.33, Vsh is the volume of a spherical shell within which all the head groups are 
constrained to translate and the factor (g − 1)/g represents the fact that the volume occupied by a 
molecule is not available to it for translation.

For calculating the solvent interaction partition function, they applied the results from the theory 
of hydrophobic bonding developed by Nemethy and Scheraga. In the monomeric state, the entire 
surface area of the surfactant tails comprises the hydrophobic surface exposed to water. In the 
micellar state, only the surface of the spherical micelle, excluding the space occupied by the head 
groups, comprises the hydrophobic surface exposed to water. Therefore, one can calculate the frac-
tion θH of the total hydrocarbon surface involved in hydrophobic bonding, similar to that done by
Reich. Poland and Scheraga expressed the solvent interaction contribution as the product of this 
fractional area of exposure θH involve in hydropho ic bonding and the hydrophobic bond energy
ΔFH per molecule. The hydrophobic bond energy pe molecule had been estimated from Nemethy
and Scheraga’s theory of hydrophobic bonding as a function of temperature and the chain length 
of the molecule. The solvent interaction partition function is given by Equation 1.34. Here, for the 
hydrophobic bond energy, they used a temperature-dependent expression (which they established 
for amino acids) with the constants c1, c2, and c3 taken to correspond to alanine–alanine bonds. The 
fractional area of exposure is approximated in the last step by neglecting the area aP covered by the 
head group in comparison with the surface area AH of a tail.
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Poland and Scheraga [27] also extended their treatment to ionic surfactants by including an 
electrostatic free energy for spherical micelles. They calculated this free energy by considering the 
Coulombic interactions between the charged head groups similar to the model of Debye, but applied 
to a spherical surface of radius R. As mentioned previously, the radius R is related to the aggrega-
tion number g through the relation R = rog1/3, where ro denotes the radius of a spherical hydrocarbon 
droplet whose volume is equal to that of a single surfactant tail. Therefore, the electrostatic partition 
function was represented as
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Combining the different free energy contributions, the overall dependence of the free energy 
F(g) on the aggregation number has the form
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where α is extracted from the external free energy term (Equation 1.32), X is the surfactant concen-
tration, β is extracted from the internal free energy term (Equation 1.33), and γ is extracted from the
electrostatic energy term (Equation 1.35). Note that β and γ are relevant only for the micelle and will
not appear in the free energy of a monomer.

Poland and Scheraga specified three conditions to obtain a stable micelle in a system containing 
N surfactant molecules: (C1) the free energy F(g) of the solution of micelles must be an extremum 
(∂F/∂g = 0), (C2) the extremum must be a minimum (∂2 F/∂g2 < 0), and (C3) the free energy of the
system of micelles F(g) should be lower than the free energy of the system of monomers, F(1). 
These three conditions lead to the following three constraints, respectively, on the hydrophobic 
bond energy, required for the formation of micelle of size go, where the last condition has been 
approximated taking into account that go is much larger than 1. Furthermore, if the third condition 
is made into an equality, it provides the relation for the cmc.

C H
o

o

1 0
31 3:        ( ln/∂

∂






= ⇒ −




 = −F

g
F

RT
g

g
X

∆ α ++ − +








 +

∂
∂







< ⇒ −

5 5 1 2

2 0
2

2

ln

C

o og g

F

g

)   

:    

γ

∆FF
RT

g
g

g

F g F

H
o

o
o

C





 < +









 +

<

3
2

1
15

5

3

1 3  

: ( )

/ γ

(( )     ln  1
1
3

2⇒ −




 > − + −







+∆F
RT

X g gH
o olnα β γ // .3

(1.37)

The conditions for micelle formation based on the above equilibrium requirements are shown 
in Figure 1.6 as a relation between the hydrophobic bond energy and the micelle size. The first 
constraint in Equation 1.37 implies that, for a given concentration, micelles will be formed when 
the values of ΔFH and go lie on the curve C1. The second constraint implies that micelles will form
only for ΔFH and go values, which lie below the curve C2. Because the surfactant concentration
fixes the curve C1, curves C1 and C2 determine the values of the hydrophobic bond energy and the 
corresponding micelle size. The second constraint imposes a restriction on the magnitude of ΔFH

for micelle formation to occur. If the hydrophobic bond strength is too large, small oligomers would 
be preferred to micelles. For lower hydrophobic bond energy, the formation of small oligomers is 
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disallowed. Condition C3 indicates whether the concentration for which the curve C1 is constructed 
is above or below the cmc.

In the Poland and Scheraga model, the external, internal, and solvent interaction free energy con-
tributions for the nonionic surfactants vary gradually when the aggregation number exceeds that of 
small oligomers, say 10. Correspondingly, the minimum in the free energy for nonionic surfactants 
is shallow resulting from a delicate balance between the slowly varying free energy contributions. 
In contrast, for ionic surfactants, the minimum is sharper because of the stronger dependence of the 
electrostatic energy on the micelle aggregation number. In the Poland and Scheraga treatment, the 
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FIGURe 1.6 (a) Poland and Scheraga model predictions of conditions for micelle formation from ionic and 
nonionic surfactants at a surfactant concentration of X = 10−3. Curves C1 and C2 are calculated using Equation 
1.37 with the assumed model parameters of α = 1, β = 0.2, and γ = 0.003. Micelle formation is allowed only
for conditions below the curve C2. Equilibrium micelle size at the given concentration X can be found from 
the line C1 depending on the value of the hydrophobic bond energy of the surfactant. The leftward shift in the 
intersection of the curves C1 and C2 for the ionic surfactant imply that the equilibrium micelle size for the 
ionic surfactant will be smaller than that for the nonionic surfactant. (b) Shift in micelle size with a change 
in surfactant concentration for ionic surfactants. Curve C1 is calculated for three surfactant concentrations 
whereas curve C2 is independent of concentration. The arrows indicate the predicted equilibrium micelle 
size for the three concentrations, corresponding to the hydrophobic bond energy of 9.2 units. The micelle size 
increases with increasing surfactant concentration.
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hydrophobic effect was fully recognized and the first attempt to employ a reasonable quantitative 
estimate was made. The residual interfacial contact between the hydrocarbon tail and water was 
accounted for in the solvent interaction term as in the Reich model rather than treating it as a surface 
free energy as was done in the Hoeve and Benson theory.

1.7  MICeLLe sHAPe tRAnsItIons AnD sIZe DIstRIBUtIon

The free energy models constructed thus far have focused mainly on small micelles having either 
the lamellar-cylinder (McBain–Harkins micelle) or spherical (Hartley micelle) shape. Subsequent 
developments in the theory of micelle formation have attempted to construct a unified free energy 
model for the common aggregate shapes observed in surfactant solutions (Figure 1.7).

The small micelles are spherical in shape. When large rodlike micelles form, they can be visual-
ized as having a cylindrical middle portion and parts of spheres as endcaps. The cylindrical middle 
and the spherical endcaps can have different diameters. When micelles can no longer pack into 
spheres (this happens for aggregation numbers for which a spherical aggregate will have a radius 
larger than the extended length of the surfactant tail), and if at the same time the rodlike micelles 
are not yet favored by equilibrium considerations, then small nonspherical globular aggregates 
form. Globular shapes such as prolate and oblate ellipsoids and shapes generated via ellipses of 
revolution have been proposed for these micelles. Some surfactants pack into a spherical bilayer 
structure called a vesicle, which encloses an aqueous cavity. In the outer and the inner layers of the 
vesicle, the surface area (in contact with water) per surfactant molecule and the number of surfactant 
molecules need not be equal to one another and the thicknesses of the inner and outer layers of the 
bilayer can also be different from one another.

The multiple equilibrium model of micellization (Equation 1.1) can be formally applied to aggre-
gates of any shape and size. Correspondingly, the equilibrium condition corresponding to the mini-
mum of the free energy of a solution made up of monomers, aggregates of all sizes and shapes, and 
water molecules can be represented in the form shown in Equation 1.38, which stipulates that the 
chemical potential of the singly dispersed surfactant molecule is equal to the chemical potential 
per molecule of an aggregate of any size and shape. In the multiple equilibrium description, each 
aggregate of a given size and shape is treated as a distinct chemical component characterized by a 
chemical potential. The conditions corresponding to the formation of aggregates are usually in the 

Spherical micelle Globular micelle

Rodlike micelle Spherical bilayer vesicle

FIGURe 1.7 Schematic representation of surfactant aggregates in dilute aqueous solutions. The structures 
formed include spherical micelles, globular micelles, rodlike micelles with spherical endcaps, and spherical 
bilayer vesicles. One characteristic dimension in each of these aggregates is limited by the length of the sur-
factant tail.
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realm of dilute solutions and, for these conditions, one can very simply relate the chemical potential 
of a component to the concentration of that component in solution, as shown in Equation 1.38.
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Here, µg
o   is the standard state chemical potential of the aggregate of size g having any shape, Xg 

is its mole fraction in solution, k is the Boltzmann constant, and T is the absolute temperature. The 
standard state of the solvent is defined as the pure solvent whereas the standard states of all the other 
species are taken to be infinitely dilute solution conditions. Combining the equilibrium condition 
with the concentration dependency of chemical potentials, we obtain the aggregate size distribution
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Here, ∆µg
o   is the difference in the standard chemical potentials between a surfactant molecule 

present in an aggregate of size g and a singly dispersed surfactant in water. It is this free energy 
difference that is directly connected to the equilibrium constant Kg for micellization defined in 
Equation 1.1. To calculate the aggregate size distribution, we need an explicit equation for the stan-
dard state chemical potential difference ∆µg

o   or equivalently, the equilibrium constant for aggrega-
tion, Kg. Most of the theoretical studies in the last 30 years have focused on developing quantitatively 
accurate expressions for the dependence of this equilibrium constant on g.

Even in the absence of a free energy model for micellization, the thermodynamic relations pro-
vide many interesting results pertinent to the self-assembly process [49]. From the micelle size 
distribution, we can compute average aggregation numbers using the definitions
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where gn, gw, and gz denote the number-average, the weight-average, and the z-average aggregation 
numbers, respectively, and the summations extend from 2 to ∞. The ratios gw/gn and gz/gw are unity 
for monodispersed systems and are equal to 2 and 3/2 for systems exhibiting very high polydis-
persity. Thus, either of these ratios can be used as an index of polydispersity. For a surfactant with 
any kind of head group, we can show [49] from the size distribution that the average aggregation 
numbers gn and gw depend on the concentration of the micellized surfactant (difference between the 
total surfactant concentration XT and the cmc XC) as follows:
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This equation states that the average aggregation numbers gn and gw must increase appreciably 
with increasing concentration of the micellized surfactant if the micelles are polydispersed; the 
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average aggregation numbers must be virtually independent of the total surfactant concentration if 
the micelles are narrowly dispersed. Furthermore, Equation 1.41 shows that the exponent relating 
the average micelle size to the total surfactant concentration is a direct measure of the aggregate 
polydispersity. These are purely thermodynamic results independent of any free energy models 
for micellization. The conclusions of Debye as to the narrow distribution of small micelles and 
of Halsey on cylindrical micelles being polydispersed are consistent with these thermodynamic 
results, which are independent of any free energy model.

1.8  CooPeRAtIVe AnD AntICooPeRAtIVe FRee eneRGY FUnCtIon

Utilizing an increasing understanding of the energetic factors contributing to the micellization pro-
cess, particularly with the recognition of hydrophobic interactions, Mukerjee was able to show how 
one part of the free energy function must promote the growth of the aggregate (the cooperative part) 
and another part of the free energy function must limit the growth and contribute to the finiteness of 
the aggregate (the anticooperative part) [36,50–53]. In developing his analysis, Mukerjee also discov-
ered how very subtle changes in the two parts of the free energy function can affect the formation of 
spherical micelles versus rodlike micelles. As previously mentioned, Reich had already recognized 
the need for cooperativity in micelle formation for a micelle of some large enough aggregation num-
ber to form whereas the formation of dimers, trimers, and other small oligomers is prevented.

1.8.1  rePreSentation of cooPeratiVity

Mukerjee started with the representation of micelle formation as a stepwise association process.
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where, kg is the stepwise association equilibrium constant for the formation of a g-mer from the 
combination of a (g − 1)-mer with a monomer. It is differentiated from the monomer–micelle equi-
librium constant Kg defined in Equation 1.1 and is related to it as shown above. The stepwise associ-
ation equilibrium constant is also directly linked to the free energy change ∆µg

o through the relation
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Thus, the overall monomer–micelle equilibrium constant Kg is directly related to the magnitude 
of the free energy of micellization g g∆µo whereas the stepwise association equilibrium constant kg is 
related to the dependence of this free energy on g.

If kg increases with g, then the larger aggregates are favored over the smaller ones and the system 
is considered to exhibit positive cooperativity. If kg decreases with g, then the formation of larger 
aggregates is increasingly disfavored and the system is said to exhibit negative or anticooperativity. 
When kg is independent of g, the association is said to be continuous and noncooperative. In this 
case, polydispersed aggregates form and their size distribution is monotonically decreasing.

The shielding of the hydrophobic part of the micellar core from water becomes more and more 
effective with every incremental addition of a surfactant to the micelle. Thus, the incremental 
change in free energy due to the hydrophobic interactions becomes more negative with increasing 
size of the micelles. This has the tendency to increase kg with increasing g. However, as g increases, 
the micellar surface becomes increasingly crowded with the polar head groups of the surfactants. 
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Consequently, for every incremental addition of a surfactant to the micelle, the repulsion between 
the polar head groups increases. This has the tendency to decrease kg with increasing g.

At the initial stages of aggregation, that is, for relatively small values of g, the incremental change in 
the hydrophobic interactions is greater than that in the head group repulsions. Hence, there is an initial 
region of positive cooperativity in which kg increases with increasing g. Beyond some critical aggre-
gation number, the incremental change in the head group repulsions exceeds that in the hydrophobic 
interactions. Therefore, beyond a maximum value corresponding to a critical aggregation number, kg 
begins to decrease with g, signaling a region of negative cooperativity. When large cylindrical micelles 
begin to form, the incremental change in the surface area of the micelle per amphiphile becomes a 
constant. As a result, the incremental addition of a surfactant molecule to the micelle alters neither the 
incremental changes in the attractive hydrophobic interactions nor the repulsive head group interac-
tions. Consequently, kg becomes independent of g, indicating a final region of noncooperativity.

1.8.2  cooPeratiVity and forMation of cylindrical MicelleS

Mukerjee [36,51] proposed an empirical equation (Equation 1.44) for the functional dependence of 
Kg and kg on g to show that subtle changes in the anticooperative region determine whether small 
micelles or large cylindrical micelles form.
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Specifically, he considered two situations differing from one another in the value of g where the 
anticooperative region ends and the noncooperative region begins, as shown in Figure 1.8. Mukerjee 
showed that when the anticooperative region extends to the aggregation number 116 and beyond, only 
small spherical or globular micelles with narrow size distribution form. The average size does not 
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FIGURe 1.8 Schematic representation of the stepwise association equilibrium constant, showing the region 
of cooperativity and the region of anticooperativity. At large aggregation numbers, when cylindrical micelles 
form, the stepwise association constant becomes independent of size and is a constant, corresponding to a 
region of noncooperativity. The stepwise association equilibrium constant shown here is calculated using the 
empirical Equation 1.44 used by Mukerjee [36,51] to illustrate the phenomena.



28 Surfactant Science and Technology

change even when the total surfactant concentration is increased by orders of magnitude. In this case, 
the shallow free energy minimum and its range (determined by where the anticooperative region ends) 
are favorable enough for the stability of the smaller micelles and a transition to rods does not occur. On 
the other hand, when the anticooperative region ends at an aggregation number of 96, large polydis-
persed rodlike micelles form, which significantly change their average size with increasing surfactant 
concentration. In this case, the range of the shallow free energy minimum is not large enough to assure 
the stability of the small micelles and a transition to the large micelles occurs.

Mukerjee [50,51] was the first to treat the thermodynamics of rodlike aggregates by recogniz-
ing that two characteristic equilibrium constants are necessary to describe their formation. In the 
stepwise aggregation process, Mukerjee employed an equilibrium constant k2 for the formation of 
a dimer that was different from the equilibrium constant k for the subsequent stepwise association 
for all aggregates larger than the dimer. From the equilibrium relations, Mukerjee showed how the 
weight average aggregation number gw of the micelle is related to the concentration of the surfactant 
in solution and also the dependence of the cmc (XC) on the equilibrium constants, as follows:

g
k
k

X X
X

X X
kw

T
C=







−





≈ =2
1

2

1 2

1

1

1 2

1 
   

,     .
/ /

 (1.45)

1.8.3  alternate rePreSentationS of cylindrical MicelleS forMation

The approach pioneered by Mukerjee is equivalent to the thermodynamic treatments presented in 
later studies by Tausk and Overbeek [54], Israelachvili et al. [31], Missel et al. [55], and Nagarajan 
[56] to describe the transition from spherical to rodlike micelles. Following the treatment presented 
by Israelachvili et al., starting from the proposed structure for rodlike micelles shown in Figure 
1.7 with a middle cylindrical part and quasi-spherical endcaps, one can identify two characteristic 
equilibrium constants associated with the molecules in the cylindrical part and those in the endcaps, 
respectively. The standard chemical potential of a rodlike micelle of size g with gcap molecules in the 
two spherical endcaps and (g − gcap) molecules in the cylindrical middle can be written as
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where µcyl
o  and µcap

o   are the standard chemical potentials of the molecules in the two regions of the
rodlike aggregate, respectively. Introducing the above relation in the aggregate size distribution 
(Equation 1.39), we obtain
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where ∆µcyl
o  and ∆µcap

o   are the differences in the standard chemical potentials between a surfactant 
molecule in the cylindrical middle or the endcaps of the rodlike micelle and a singly dispersed sur-
factant molecule. Equation 1.47 can be rewritten as
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where K is a measure of the free energy penalty for the molecules present in the spherical endcap 
compared with those in the cylindrical portion. The average aggregation numbers can be computed 
from Equation 1.40 by analytically summing the series functions:



29One Hundred Years of Micelles

g g
Y

Y
g g

Y
Y Y gn cap w cap

cap

= +
−





 = +

−




 +

+1 1
1

1
,  

(( )
 

1 −




Y
. (1.49)

Equation 1.49 shows that for values of Y close to unity, very large aggregates are formed. The 
total concentration of surfactant present in the aggregated state is given by the expression:
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Here, Xtot and X1 refer to the total amount of surfactant and the amount of surfactant present as 
singly dispersed molecules (practically, the cmc), so that the difference between them is the amount 
of surfactant in the micellar form. In the limit of Y close to unity and gcap(1 − Y) ≪ 1, Equation 1.50
reduces to
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Introducing Equation 1.51 in Equation 1.49, the dependence of the average aggregation numbers 
on the surfactant concentration is obtained.
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Because a realistic value for Xtot is less than 10−2 (that is, a surfactant concentration of 0.55 M 
or less), it is evident that K must be in the range of 108 to 1012 if large rodlike micelles (g ~ 103 to 
105) are to form at physically realistic surfactant concentrations. The polydispersity index (gw/gn) 
goes from unity to two as the micelles grow from globules at low surfactant concentration to giant 
rodlike micelles at high surfactant concentrations. These results are identical to the conclusions 
reached by Mukerjee. These general thermodynamic results have since been used as the framework 
to evaluate the constant K, known in the literature as the sphere-to-rod transition parameter, based 
on either experimental measurements of aggregate growth with concentration [57,58] or by theoreti-
cal modeling of the free energy functions discussed in the following sections.

1.9  tAnFoRD’s PRInCIPLe oF oPPosInG FoRCes

Tanford proposed the concept of opposing forces to formulate a quantitative expression for the stan-
dard free energy change on aggregation, incorporating quantitatively accurate expressions for the 
hydrophobic interactions [28–30]. Tanford proposed that the standard free energy change associated 
with the transfer of a surfactant from its infinitely dilute state in water to an aggregate of size g has 
three contributions:
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The first term ∆ oµg kT/
Tail

( )   is a negative free energy contribution arising from the transfer of the
tail from its unfavorable contact with water to the hydrocarbon-like environment of the aggregate 
core. The transfer free energy contribution depends on the surfactant tail but not on the aggregate 
shape or size. The second term ∆ oµg kT/

Int
( )   provides a positive contribution to account for the fact

that the entire surface area of the tail is not removed from water but there is still residual contact 
with water at the surface of the aggregate core. This is represented as the product of a contact 
free energy per unit area σ (or an interfacial free energy) and the surface area per molecule of the
aggregate core, a. The third term ∆ oµg kT/

Head
( )   provides another positive contribution representing

the repulsive interactions between the head groups that crowd at the aggregate surface. The repul-
sions may be due to steric interactions (for all types of head groups) and also electrostatic interac-
tions (dipole–dipole interactions for zwitterionic head groups and ion–ion repulsions for ionic head 
groups). Because the repulsion would increase if the head groups came close to one another, Tanford 
proposed an expression with an inverse dependence on a. Thus, the standard free energy change per 
molecule on aggregation proposed by Tanford has the form:

∆ ∆o oµ µ σ αg g

kT kT kT
a

kT





 =





 +





 +




Tail

 



1
a

(1.54)

where α is the head group repulsion parameter, k the Boltzmann constant, and T the temperature.
Starting from the free energy model of Tanford, the equilibrium aggregation behavior can be 

examined either by treating the surfactant solution as consisting of aggregates with a distribution 
of sizes or by treating the aggregate as constituting a pseudophase. If the aggregate is viewed as a 
pseudophase, in the sense of small systems thermodynamics, the equilibrium condition corresponds 
to a minimum in the standard free energy change per molecule, ∆ oµg kT/ . The minimization can be 
done with respect to either the aggregation number g or the area per molecule a because they are 
dependent on one another through the geometrical relations given in Table 1.1.

One obtains in this manner, the equilibrium condition:
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tABLe 1.1
Geometrical Relations for spherical and Cylindrical Micelles and Bilayers

Variable sphere Cylinder Bilayer

Volume of core V = gvo 4πR3/3 πR2 2R

Surface area of core A = ga 4πR2 2πR 2

Area per molecule a 3vo/R 2vo/R vo/R

Shape parameter P = vo/aR 1/3 1/2 1

Largest aggregation number gmax 4 32π o o/ v 4 2π o o/v 2ℓo/vo

Aggregation number g gmax(3vo/aℓo)3 gmax(2vo/aℓo)2 gmax(vo/aℓo)

Note: Variables V, A, g, and gmax refer to the entire spherical aggregate, unit length of a cylinder, or unit 
area of a bilayer. R is the radius of spherical or cylindrical micelle or the half-bilayer thickness. vo 
and ℓo are the volume and extended length of the surfactant tail. gmax is the largest aggregation 
number possible for the given geometry based on the constraint that the aggregate core is filled 
and the tail cannot stretch beyond its extended length.
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The cmc (denoted as XC in mole fraction units), in the pseudophase approximation, is obtained 
from the relation,

ln  X
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In Tanford’s free energy expression (Equation 1.54), the first contribution, the tail transfer free 
energy, is negative (Figure 1.9). Hence, this contribution is responsible for the aggregation to occur. It 
affects only the cmc (as shown by Equation 1.56) but not the equilibrium area ae (as shown by Equation 
1.55) or the size and shape of the aggregate. The second contribution, the free energy of residual contact 
between the aggregate core and water, is positive and decreases in magnitude as the area a decreases. A 
decrease in the area a corresponds to an increase in the aggregation number g, for all aggregate shapes, 
as shown in Table 1.1. Hence, this contribution promotes the growth of the aggregate. The third contri-
bution, the free energy due to head group repulsions, is also positive and increases in magnitude if the 
area a decreases or the aggregation number g increases. Hence, this contribution is responsible for lim-
iting the growth of aggregates to a finite size. Thus, Tanford’s model clearly identifies why aggregates 
form, why they grow, and why they do not keep growing but remain finite in size.

Tanford’s free energy expression is widely recognized in the micellar literature and is commonly 
referred to as the principle of opposing forces. Most theoretical work on micelles since 1973 has been 
very much influenced by Tanford’s formalism. Indeed, we had used Tanford’s model to propose a 
theoretical definition for the cmc as a transition point in the micelle size distribution [59,60], in contrast 
with the usual practical definition based on an observed change in the trend of any measured physical 
property as a function of the surfactant concentration. Also, we used the Tanford model to predict that 
double chain surfactant molecules form micelles as well as vesicles in solutions [34].

In formulating the free energy model, Tanford recognized that the state of the hydrocarbon tail 
of the surfactant within an aggregate is different from that of a similar hydrocarbon in a bulk liquid 
state because one end of the surfactant tail is constrained to remain at the aggregate–water interface 
whereas the entire tail has to be packed within a given aggregate shape maintaining liquid-like den-
sity in the aggregate core. He accounted for this empirically by making a correction to the estimate 
for the transfer free energy contribution. Because this correction was taken to be independent of the 
aggregate shape and size, it had no effect on the size and shape of the aggregates.
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FIGURe 1.9 Contributions to the free energy of micelle formation based on Tanford’s principle of opposing 
forces.
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Furthermore, in representing the surface free energy contribution, Tanford did not use the value 
of the macroscopic hydrocarbon–water interfacial tension for the parameter σ appearing in Equation
1.54. Instead, he estimated σ as equal to the magnitude of the free energy change per unit area in
transferring a hydrocarbon chain from liquid hydrocarbon to water. The sum of the transfer free 
energy and the surface free energy terms in Tanford’s model is exactly equivalent to the hydropho-
bic effect calculated by Poland and Scheraga.

Finally, the head group repulsions were represented by a phenomenological expression with an inverse 
dependence on the area per molecule. A firm theoretical basis to compute this contribution for nonionic 
surfactants was not available, although the phenomenological expression provided only an approxima-
tion for electrostatic interaction energies for ionic and zwitterionic head groups. All these features have 
been improved upon in the recent predictive theories of micellization discussed in Section 1.11.

1.10  MoLeCULAR PACKInG MoDeL FoR seLF-AsseMBLY

Israelachvili et al. [31] proposed the concept of molecular packing parameter and demonstrated 
how the size and the shape of the aggregate at equilibrium can be predicted from molecular pack-
ing considerations. The molecular packing parameter is defined as vo/aℓo, where vo and ℓo are the 
volume and the length of the surfactant tail and a is the surface area of the hydrophobic core of the 
aggregate expressed per molecule in the aggregate (usually referred to as the area per molecule). If 
we consider a spherical micelle with a core radius R, made up of g molecules, then the volume of 
the core V = gvo = 4πR3/3, the surface area of the core A = ga = 4πR2, and hence R = 3 vo/a, from
simple geometrical relations (Table 1.1). If the micelle core is packed with surfactant tails without 
any empty space, then the radius R cannot exceed the extended length ℓo of the tail. Introducing this 
constraint in the expression for R, one obtains the constraint on the molecular packing parameter, 
that is, 0 ≤ vo/aℓo ≤ 1/3, for spherical micelles.

For spherical, cylindrical, or bilayer aggregates, the geometrical relations for the volume V and 
the surface area A are given in Table 1.1. The variables V, A, and g in the table refer to the entire 
spherical aggregate, unit length of a cylindrical aggregate, or unit area of a bilayer aggregate, respec-
tively, for the three shapes. These geometric relations, together with the constraint that at least one 
dimension of the aggregate (the radius of the sphere or the cylinder, or the half-bilayer thickness, 
all denoted by R) cannot exceed ℓo, lead to the following well-known [31] connection between the 
molecular packing parameter and the aggregate shape: 0 ≤ vo/aℓo ≤ 1/3 for spheres, 1/3 ≤ vo/aℓo ≤
1/2 for cylinders, and 1/2 ≤ vo/aℓo ≤ 1 for bilayers. Therefore, if we know the molecular packing
parameter, the shape and size of the equilibrium aggregate can be readily identified, as shown 
above. This is the predictive sense in which the molecular packing parameter of Israelachvili et al. 
[31] has found significant use in the literature.

The notion of molecular packing into various aggregate shapes was recognized even in the ear-
lier works of Tartar [61] and Tanford [28], as can be seen, for example, from Figure 9.1 of Tanford’s 
classic monograph. However, only after this concept was explored thoroughly in the work of 
Israelachvili et al., taking the form of the packing parameter, did it evoke wide appreciation in the 
literature. For common surfactants, the ratio vo/ℓo is a constant independent of tail length, equal to 
21 Ǻ2 for a single tail and 42 Ǻ2 for a double tail [28]. Consequently, only the area ae reflects the
specificity of the surfactant in the packing parameter vo/aeℓo.

The area per molecule ae is a thermodynamic quantity obtained from equilibrium considerations 
of minimum free energy and is not a simple variable connected to the geometrical shape and size 
of the surfactant head group. Israelachvili et al. invoked the free energy model of Tanford [28] to 
estimate the equilibrium area per molecule, ae.
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The packing parameter vo/aeℓo is readily calculated using the area ae obtained from Equation 
1.57. One can observe that ae will be small and the packing parameter will be large if the head group 
interaction parameter α is small. The area ae will increase and the packing parameter will decrease
if the interfacial free energy per unit area σ decreases. These simple considerations allow one to
predict many features of surfactant self-assembly as summarized below.

1.10.1  nonionic SurfactantS

For nonionic surfactants with oligoethylene oxide as the head group, the steric repulsions between 
the head groups can be expected to increase if the number of ethylene oxide units in a head group 
increases. Correspondingly, the head group parameter α will increase in magnitude if the number of
ethylene oxide units in the head group increases. Therefore, when the number of ethylene oxide units is 
small, α is small, ae is small, vo/aeℓo is large, and bilayer aggregates (lamellae) are favored. For a larger
number of ethylene oxide units, α increases, ae increases, vo/aeℓo decreases, and cylindrical micelles
become possible. When the number of ethylene oxide units is further increased, vo/aeℓo becomes small 
enough so that spherical micelles will form, with their aggregation number g decreasing with increas-
ing ethylene oxide chain length. Furthermore, the increase in α and ae for the nonionic surfactants
with increasing ethylene oxide chain length gives rise to an increase in the cmc as the head group size 
increases. For a given ethylene oxide chain length and an equilibrium packing parameter correspond-
ing to spherical micelles, increasing the chain length of the surfactant tail will cause an increase in the 
aggregation number of the micelles as predicted by the geometrical relation in Table 1.1.

1.10.2  ionic and zWitterionic SurfactantS

Comparing ionic and nonionic surfactants, the head group interaction parameter α will be larger for
the ionic surfactants than for the nonionic surfactants because one has to also consider ionic repulsions 
between the head groups in the former case. Therefore, the equilibrium area per molecule, ae will be 
larger and vo/aeℓo will be smaller for the ionics compared with the nonionics. As a result, ionic surfac-
tants would form aggregates of smaller aggregation number compared with nonionic surfactants of 
the same tail length. Furthermore, the increase in α and ae for the ionic surfactants also gives rise to an
increase in the cmc when ionic and nonionic surfactants of equal tail lengths are compared. The head 
group repulsions for zwitterionic surfactants are intermediate between those for ionic and nonionic 
surfactants. Therefore, both the cmc for zwitterionic surfactants and their aggregation numbers will be 
intermediate between those for ionic and nonionic surfactants of the same tail length.

1.10.3  Solution conditionS

For a given surfactant molecule, the head group repulsion can be modified by a change in the 
solution conditions. For example, adding salt to an ionic surfactant solution decreases electrostatic 
repulsions between ionic head groups; increasing the temperature for a nonionic surfactant mol-
ecule with ethylene oxide head group decreases steric repulsions between the nonionic head groups. 
Because the head group repulsion parameter α decreases, the equilibrium area per molecule, ae, will
decrease and the packing parameter vo/aeℓo will increase. Thus, one can achieve a transition from 
spherical micelles to rodlike micelles and possibly to bilayer aggregates, by modifying solution con-
ditions (adding salt to ionic surfactants and increasing the temperature for the nonionic surfactants) 
that control head group repulsions.

1.10.4  double tail SurfactantS

If single tail and double tail surfactant molecules are compared, for the same equilibrium area per 
molecule, ae, the double tail molecule will have a packing parameter vo/aeℓo twice as large as that 
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of the single tail molecule. Therefore, the double tail molecule can self-assemble to form bilayer 
vesicles whereas the corresponding single tail molecule aggregates into only spherical or globular 
micelles.

1.10.5  Polar organic SolVentS

If the solvent is changed from water to a mixed aqueous–organic solvent, then the interfacial tension 
parameter σ decreases. For a given surfactant, this would lead to an increase in the equilibrium area
per molecule ae, and hence, a decrease in vo/aeℓo. Therefore, upon the addition of a polar organic 
solvent to an aqueous surfactant solution, bilayers will transform into micelles, rodlike micelles into 
spherical micelles, and spherical micelles into those of smaller aggregation numbers including only 
small molecular clusters. Starting from phospholipid surfactants that have two hydrophobic tails 
per molecule, we can form bilayer vesicles, cylindrical micelles, or spherical micelles, respectively, 
if we use an aqueous–organic solvent mixture with increasing amounts of polar organic solvent in 
the solvent mixture.

All of the above predictions are in agreement with numerous experiments and are by now well 
established in the literature (see numerous experimental studies that have been included in the 
Surfactants in Solution series of books as well as in various journals). One can thus see evidence 
of the predictive power of the phenomenological free energy model and the molecular packing 
considerations, despite their remarkable simplicity. These concepts can be used to predict the self-
assembly behavior of other novel amphiphiles and one example is the predictions made for bola 
amphiphiles that have a single hydrophobic chain separating two terminal polar head groups in each 
molecule [62]. The concept of a molecular packing parameter has been widely cited in the literature 
for chemistry, physics, and biology because it allows a simple and intuitive insight into the self-
assembly phenomenon [63–65]. Without any doubt, the contributions of Tanford and of Israelachvili 
et al. have had a lasting effect on the surfactant literature over the past 35 years.

In the packing parameter model utilizing the free energy expression of Tanford, the surfactant 
tail has no recognizable role in determining the shape and size of the self-assembled structure. We 
have proposed a modified free energy model that takes into account tail-packing constraints inside 
the micelle core [66]. The inclusion of this contribution introduces an explicit as well as an implicit 
dependence of the aggregation properties on the tail length, in addition to the accepted dependence 
on the head group. We have shown that the tail length’s effects are critical, especially for predicting 
when the transitions between aggregate shapes occur [67]. We revisit the packing parameter model 
in Section 1.11, taking advantage of the more refined free energy expressions we have developed as 
part of a predictive theory of surfactant self-assembly.

1.11  MoLeCULAR sCALe PReDICtIVe tHeoRIes oF MICeLLe FoRMAtIon

Many of the general principles of surfactant aggregation have now been adequately clarified by 
the theoretical studies mentioned. Yet, these studies have not provided quantitative a priori pre-
dictions of aggregation behavior starting from the molecular structure of the surfactants and the 
solution conditions such as temperature, ionic strength, surfactant concentration, etc. For example, 
in the free energy model of Tanford, some contributions were estimated by utilizing experimental 
data available for micellar solutions. First, in writing the transfer free energy term, Tanford started 
with an expression for the transfer of a hydrocarbon chain from bulk water to a bulk hydrocarbon 
liquid. Then, recognizing that the tail conformation in the micelle interior is different from that 
in a bulk hydrocarbon liquid, he proposed an empirical correction to the free energy to ensure 
agreement with the experimental cmc data. Despite its empirical nature, this correction term had 
universality in the sense that it was not altered from one surfactant to another but was consid-
ered valid for all surfactants. This empirical expression assumed the chain conformation energy to 
have no influence on the aggregate size and shape. Second, the free energy contribution due to the 



35One Hundred Years of Micelles

electrostatic interactions between the polar head groups of ionic surfactants was estimated using 
the Debye–Hückel approximation in which an empirical correction was incorporated. A constant 
numerical factor of about half (0.46 being the best fit) in the Debye–Hückel expression was observed 
to be necessary to describe the experimental cmc data. Again, this empirical constant was not 
changed for different ionic surfactants but was used as a universal correction constant. Third, no 
explicit expression dependent on the head group was obvious in the Tanford model to describe head 
group interactions in nonionic surfactants. Furthermore, for the nonionic surfactants containing 
poly(oxyethylene) chain polar head groups, the interactions among the head groups may require a 
model different from one that could be used for the more compact head groups such as glucosides. 
Finally, Tanford treated the surface energy using estimates of hydrophobic bond energy per unit 
area rather than using the well-known hydrocarbon–water interfacial tension.

The free energy models developed in our work [66] and by the Blankschtein group [68] have 
attempted to eliminate these empirical features to allow for truly a priori predictions of the aggre-
gation properties, given the surfactant molecular structure. We describe only our work in detail 
below but would direct the readers to explore many important articles from the Blankschtein group 
[69–76], whose approach is broadly similar to ours but differing in many important details.

In constructing the free energy model, we do not utilize any information derived from experi-
ments on surfactant solutions to ensure that the predictions from the model remain truly a priori. 
To arrive at such a free energy expression, first we developed an analytical equation for the chain 
conformation free energy that is dependent on the size and the shape of the aggregates by borrow-
ing results from the analysis of the chain conformation in copolymer melts [77]. This contribution 
allowed new predictions to be made that were overlooked by the empirical, shape-independent free 
energy correction term used earlier by Tanford and also in our earlier modeling [78–81]. Second, the 
electrostatic interactions in ionic micelles were computed using an approximate analytical solution 
to the Poisson–Boltzmann equation derived by Evans and Ninham [82], which incorporates cur-
vature corrections. The use of this equation is found to provide a satisfactory estimate of the ionic 
interaction free energy and avoids the earlier use of the empirical coefficient of 0.46 in conjunc-
tion with the Debye–Hückel approximation. Third, the interactions among poly(oxyethylene) head 
groups in nonionic micelles was treated by taking into account the polymeric nature of the polar 
head group and considering the mixing and deformation free energies in the head group region in 
addition to the steric repulsions at the micellar core surface. Fourth, the surface energy is treated 
using macroscopic oil–water interfacial tension. Finally, the temperature dependences of all the free 
energy contributions are explicitly described, allowing one to calculate the temperature dependence 
of the aggregation behavior.

The details of the predictive theory are briefly presented below. More extensive discussions 
including comparisons with experimental data can be found in our previous publications [66,83–86]. 
We emphasize again that in developing the free energy model, we have not made use of any infor-
mation obtained a posteriori from experimental aggregation data. Obviously, various molecular 
constants are involved in the calculations but they can be readily estimated from the molecular 
structural properties of surfactants.

1.11.1  contributionS to free energy change on aggregation

In our model [66], the standard free energy difference ∆ oµg kT/( ) between a surfactant molecule in 
an aggregate of size g and one in the singly dispersed state is decomposed into a number of con-
tributions on the basis of molecular considerations. First, the hydrophobic tail of the surfactant is 
removed from contact with water and transferred to the aggregate core, which is like a hydrocarbon 
liquid. Second, the surfactant tail inside the aggregate core is subjected to packing constraints 
because of the requirements that the polar head group should remain at the aggregate–water inter-
face and the micelle core should have a hydrocarbon liquid–like density. Third, the formation of the 
aggregate is associated with the creation of an interface between its hydrophobic domain and water. 
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Fourth, the surfactant head groups are brought to the aggregate surface giving rise to steric repul-
sions between them. Last, if the head groups are ionic or zwitterionic, then electrostatic repulsions 
between the head groups at the aggregate surface also arise. Explicit analytical expressions for each 
of these free energy contributions were developed [66] in terms of the molecular characteristics of 
the surfactant and they are briefly discussed in this section.

1.11.2  tranSfer of the Surfactant tail

The contribution to the free energy from the transfer of surfactant tail from water to the micelle core 
is estimated by considering the core to be similar to a liquid hydrocarbon. This allows us to esti-
mate the transfer free energy using compiled experimental data on the solubility of hydrocarbons 
in water [87,88]. Note that no information derived from experiments involving surfactants is used 
anywhere in our model. We have estimated [66] the group contributions to the transfer free energy 
for a methylene and a methyl group in an aliphatic tail to be
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Because the micelle core differs from a liquid hydrocarbon, a contribution to the free energy 
from this different state should be considered.

1.11.3  deforMation of the Surfactant tail

In formulating his phenomenological free energy model, Tanford recognized that the state of the 
hydrocarbon tail of the surfactant within an aggregate is different from that of a similar hydro-
carbon in bulk liquid state because one end of the surfactant tail is constrained to remain at the 
aggregate–water interface whereas the entire tail has to be packed within a given aggregate shape 
maintaining liquid-like density in the aggregate core (Figure 1.10). He accounted for this empiri-
cally by making a correction to the estimate for the transfer free energy contribution. Because this 
correction was taken to be independent of the aggregate shape and size, it could not describe any 
effect of the molecular packing constraints on the size and shape of the aggregates.

Detailed chain-packing models to estimate this free energy contribution ∆µg kTo

def
/( )  as a func-

tion of the aggregate shape and size have been developed following different approaches by Gruen 
[91–93], Dill and Flory [90,94–96], and Ben-Shaul et al. [97–99]. In our work, we have adapted the 
method suggested for block copolymers by Semenov [77] to obtain an analytical expression for the 
tail deformation energy [66]. For spherical micelles,
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where P is the shape parameter defined in Table 1.1, R is the core radius, L is the segment length 
and, N is the number of segments in the tail (N = ℓo/L, where ℓo is the extended length of the tail). 
As suggested by Dill and Flory [90,94], a segment is assumed to consist of 3.6 methylene groups 
(hence, L = 0.46 nm). L also represents the spacing between alkane molecules in the liquid state, 
namely, L2 = 0.21 nm2 is the cross-sectional area of the polymethylene chain. Equation 1.59 is also 
used for globular micelles and the spherical endcaps of rodlike micelles. For the cylindrical middle 
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of rodlike micelles, the coefficient 9 is replaced by 10, the radius R now represents the radius of the 
cylinder, and P = 1/2. For bilayers, the coefficient 9 is replaced by 10, the radius R represents the 
half-bilayer thickness, R and P = 1.

1.11.4  forMation of aggregate core‑Water interface

Micelle formation generates an interface between the hydrophobic core and the surrounding 
water medium. The free energy of formation of this interface is calculated as the product of the 
surface area in contact with water and the macroscopic interfacial tension σagg characteristic of
the interface [66]:
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Here, a is the surface area of the micelle core per surfactant molecule, and ao is the surface 
area per molecule shielded from contact with water by the polar head group of the surfactant. 
Expressions for the area per molecule a corresponding to different aggregate shapes are provided 
in Table 1.1. The area ao depends on the extent to which the polar head group shields the cross-
sectional area L2 of the surfactant tail. If the head group cross-sectional area ap is larger than L2, 
the tail cross-section is shielded completely from contact with water and ao = L2. If ap is smaller 
than L2, then the head group shields only a part of the cross-sectional area of the tail from contact 
with water, and in this case, ao = ap. Thus, ao is equal to the smaller of ap and L2. The aggregate 
core–water interfacial tension σagg is taken equal to the interfacial tension σSW between water (W)
and the aliphatic hydrocarbon of the same molecular weight as the surfactant tail (S). The inter-
facial tension σSW can be calculated in terms of the surface tensions σS of the aliphatic surfactant
tail and σW of water [100]:

1 nm

FIGURe 1.10 In the micelle, the methylene group of the surfactant tail that is attached to the polar head 
group is constrained to remain at the aggregate–water interface. The other end (the terminal methyl group) 
is free to occupy any position inside the aggregate as long as uniform liquidlike density is maintained in the 
aggregate core. In the classic picture of a Hartley micelle, these packing features are not recognized because 
the radial orientation of the tails is inconsistent with the requirement of uniform liquidlike density in the core. 
Gruen [89] presented the space-filling model for a micelle consisting of approximately 55 molecules with 
dodecyl hydrophobic chain. Clearly, it is necessary for the tail to deform nonuniformly along its length to sat-
isfy both the packing and the uniform density constraints. Dill and Flory [90] developed a lattice representa-
tion for the packing inside the micelle meeting the liquidlike density requirement in the core. (Left and right: 
Reprinted from K.A. Dill and P.J. Flory, Proc. Natl. Acad. Sci. USA, 78, 676–680, 1981. With permission. 
Middle: With kind permission from Spring Science + Business Media: Progr. Colloid Polym. Sci., 70, 1985, 
6–16, D.W.R. Gruen.)
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In Equation 1.18, ψ is a constant equal to 0.55 [100], M is the molecular weight of the surfactant
tail, and the surface tensions are expressed in mN/m. Data from Ref. [101] were used to obtain the 
expression for σW.

We note that the use of macroscopic interfacial tension was proposed in the work of Hoeve and 
Benson [25]; in contrast, Poland and Scheraga [26] and Tanford [28–30] estimated σ as the transfer
energy of the tail per unit area. The two characteristic energies per unit area differ by a factor of 
nearly 3.

1.11.5  head grouP interactionS—Steric

Upon micelle formation, the surfactant head groups are brought to the micelle surface where they 
are crowded compared with the infinitely dilute state of the singly dispersed surfactant molecules. 
Figure 1.11 schematically depicts the three types of head groups having a polyoxyethylene chain, 
a zwitterionic head, and an ionic head, respectively. For nonionic surfactants, including those with 
a compact head group or an oligomeric chain head group (as in the case of polyoxyethylene head 
groups), the head group region has a higher local concentration for the hydrophilic groups. If the 
surfactant has a zwitterionic head group, the dipoles are oriented normal to the interface and stacked 
such that the poles of the dipoles are located on parallel surfaces. If the surfactant has an anionic or 
cationic head group, then the ionic groups are crowded at the surface. The counterions are distrib-
uted around the surface depending on their valence and the charge density at the surface.

In the case of nonionic surfactants, the crowding of the head groups at the micelle surface gener-
ates steric repulsions among the head groups. For compact head groups, by analogy with the repul-
sion term in the van der Waals equation of state, we have proposed [66,78,79] the expression
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where ap is the cross-sectional area of the polar head group near the micellar surface. This equation 
is used for all aggregate shapes. We note that such an expression for calculating the steric repulsions 
appeared in the theory of Hoeve and Benson [25]. This approach to calculating the steric interac-
tions is inadequate when the polar head groups are not compact such as in the case of nonionic sur-
factants with oligoethylene oxide head groups. An alternate treatment for head group interactions in 
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FIGURe 1.11 Different types of head groups of classic surfactants.
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such systems, considering the head groups to be polymer-like, has been developed by us [66] with 
mixed success in predicting the micellar properties.

1.11.6  head grouP interactionS—diPolar

If the surfactant has a zwitterionic head group with a permanent dipole moment, then dipole–
dipole interactions arise at the micelle surface. The dipoles are oriented normal to the interface 
and stacked such that the poles of the dipoles are located on parallel surfaces. The interaction free 
energy is estimated by considering that the poles of the dipoles generate an electrical capacitor 
and the distance between the planes of the capacitor is equal to the distance of charge separation 
d (or the dipole length) in the zwitterionic head group. Consequently, for spherical micelles, one 
obtains [66]
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where e is the electronic charge, ε the dielectric constant of the solvent, R the radius of the spherical
core, and δ the distance from the core surface to the place where the dipole is located. This equation
is also employed for globular micelles and the endcaps of rodlike micelles. For the cylindrical part 
of the rodlike micelles, the capacitor model yields
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where R is now the radius of the cylindrical core of the micelle. The dielectric constant ε is taken to
be that of pure water [101] and is calculated using the expression [66]

ε = 87.7 exp [−0.0046 (T − 273)]. (1.65)

1.11.7  head grouP interactionS—ionic

If the surfactant has an anionic or cationic head group, then ionic interactions arise at the micellar 
surface. An approximate analytical solution to the Poisson-Boltzmann equation derived by Evans 
and Ninham [82] is used in our calculations.
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In Equation 1.66, the area per molecule aδ is evaluated at a distance δ from the hydrophobic
core surface (see Table 1.1) where the center of the counterion is located. The first two terms on the 
right-hand side of Equation 1.66 constitute the exact solution to the Poisson–Boltzmann equation 
for a planar geometry and the last term provides the curvature correction. The curvature-dependent 
factor C is given by [66]
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for spheres/spherical endcaps of spherocylinders and cylindrical middle part of spherocylinders, 
respectively. κ is the reciprocal Debye length and is related to the ionic strength of the solution
through
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In the above equation, no is the number of counterions in solution per cubic centimeter, C1 is the 
molar concentration of the singly dispersed surfactant molecules, Cadd is the molar concentration of 
the salt added to the surfactant solution and NAv is Avogadro’s number.

1.11.8  head grouP interactionS for oligoMeric head grouPS

For nonionic surfactants with polyoxyethylene chains as head groups, the calculation of the head group 
interactions using Equation 1.62 for the steric interaction energy becomes less satisfactory because it is 
difficult to define an area ap characteristic of the oligomeric head groups without ambiguity. For suffi-
ciently large polyoxyethylene chain lengths, it is more appropriate to treat the head group as a polymeric 
chain when estimating the free energy of head group interactions. We have developed a treatment in our 
free energy model [66] based on the following conceptual approach. In a singly dispersed surfactant 
molecule, the polyoxyethylene chain is viewed as an isolated free polymer coil swollen in water. In 
micelles, the polyoxyethylene chains present in the region surrounding the hydrophobic core (referred to 
as the shell or corona) can be viewed as forming a solution denser in polymer segments compared with 
the isolated polymer coil. The difference in the two states of polyoxyethylene provides a contribution to 
the free energy of aggregation, which is computed as the sum of the free energy of mixing of the poly-
mer segments with water and the free energy of polymer chain deformation. As the polyoxyethylene 
chain length decreases, the use of polymer statistics becomes less satisfactory.

Two limiting models of micellar corona are considered. One assumes that the corona has a uniform 
concentration of polymer segments. The maintenance of such a uniform concentration in the corona 
is possible for curved aggregates only if the chains deform nonuniformly along the radial coordinate. 
The second model assumes a radial concentration gradient of chain segments in the corona consistent 
with the uniform deformation of the chain. The quantitative results from either of the models are 
affected by the polymer solution theory used for the calculation of the mixing free energies.

The mean-field approach of Flory [102] requires only the polyoxyethylene–water interaction param-
eter χWE for calculating the free energies, and because of its simplicity, it was used in our free energy
model. However, it should be noted that composition and temperature dependencies must be assigned 
to χWE to describe the thermodynamic properties of aqueous polymer solutions. Such dependencies
have not yet been satisfactorily established and, hence, our predictive calculations were performed 
assuming χWE to be a constant. For both uniform concentration and nonuniform concentration models,
the detailed free energy expressions are described in ref. [66] and are not reproduced here.

1.11.9  eStiMation of Molecular conStantS needed for PredictiVe coMPutation

For predictive purposes, a few molecular constants are needed. The molecular constants associated 
with the surfactant tail are the volume vo and the extended length ℓo of the tail. For the head groups, 
one needs the cross-sectional area ap for all types of head groups, the distance δ from the core sur-
face where the counterion is located in the case of ionic head groups, and the dipole length d and the 
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distance δ from the core surface at which the dipole is located in the case of a zwitterionic head group.
All these molecular constants can be estimated from the chemical structure of the surfactant molecule 
[66,85]. There are no free parameters and the calculations are completely predictive in nature.

The molecular volume vo of the surfactant tail containing nC carbon atoms is calculated from the 
group contributions of (nC − 1) methylene groups and the terminal methyl group; the group molecu-
lar volumes are estimated from the density versus temperature data (T in K) available for aliphatic 
hydrocarbons [103].

v v n v

v T

o CCH CH

CH Å

= + −

= + −

( ) ( ) ( )

( ) . . ( )

3 2

3

1

54 6 0 124 298 33

2
326 9 0 0146 298

)

( ) . . ( ) )v TCH Å= + − .

(1.69)

For double-tailed surfactants, vo is calculated by accounting for both the tails. For the fluorocar-
bon tails, extensive volumetric data are not yet available to estimate the temperature dependence of 
the molecular volumes of CF3 and CF2 groups. Using the data available for 25°C, we estimate [66] 
that v(CF3) = 1.67 v(CH3) and v(CF2) = 1.44 v(CH2). The ratios between the volumes of the fluoro-
carbon and the hydrocarbon groups are assumed to be the same at all temperatures.

The extended length of the surfactant tail ℓo at 298 K is calculated using a group contribution 
of 0.13 nm for the methylene group and 0.28 nm for the methyl group [28–30]. In the absence of 
any information, and given the small volumetric expansion of the surfactant tail over the range of 
temperatures of interest, the extended tail length ℓo is considered as temperature independent. The 
small volumetric expansion of the surfactant tail is accounted for by small increases in the cross-
sectional area of the surfactant tail. The extended length of the fluorocarbon chain is estimated 
using the same group contributions as for hydrocarbon tails, namely, 0.1265 nm for the CF2 group 
and 0.2765 nm for the CF3 group.

The head group area ap is calculated as the cross-sectional area of the head group near the hydro-
phobic core–water interface as described here for some example head group structures. The glu-
coside head group in β-glucosides has a compact ring structure [53] with an approximate diameter
of 0.7 nm, and hence, the effective cross-sectional area of the polar head group ap is estimated as 
0.40 nm2. For sodium alkyl sulfates, the cross-sectional area of the polar group ap has been estimated 
to be 0.17 nm2. For the zwitterionic N-betaine head group, ap has been estimated to be 0.30 nm2. The 
area per molecule ao of the micellar core, which is shielded by the head group from having contact 
with water, is the smaller of ap or L2, as discussed previously.

For ionic surfactants, the molecular constant δ depends on the size of the ionic head group, the size
of the hydrated counterion, and the proximity of the counterion to the charge on the surfactant ion. 
Visualizing that the sodium counterion is placed on top of the sulfate anion, we estimate δ = 0.545 nm
for sodium alkyl sulfates, and 0.385 nm for sodium alkyl sulfonates. For alkyl pyridinium bromide, 
the surfactant cation is very near the hydrophobic core, and we estimate δ = 0.22 nm. For zwitterionic
surfactants, we need the molecular constant d, which is the distance of separation of the charges on the 
dipole (or the dipole length), and also the constant δ, which is the distance from the hydrophobic core
surface at which the dipole is located. From the head group molecular structure, we estimate d = 0.5 nm 
and δ = 0.07 nm for N-alkyl betaines, and d = 0.62 nm and δ = 0.65 nm for the lecithin head group.

1.11.10  influence of free energy contributionS on aggregation behaVior

For illustrative purposes, Figure 1.12 presents the calculated free energy contributions ∆ oµg kT/( ),
expressed per molecule of surfactant for cetyl pyridinium bromide in water as a function of g.

Of all the contributions, only the transfer free energy of the surfactant tail is negative, and is 
responsible for the aggregated state of the surfactant being favored over the singly dispersed state. 
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The transfer free energy contribution is independent of the micellar size and, hence, has no influ-
ence on the structural characteristics of the equilibrium aggregate. All the remaining free energy
contributions to ∆ oµg kT/( ) are positive and depend on the aggregate size. It is clear from the geo-
metrical relations for aggregates (see Table 1.1) that as the aggregation number g increases, the area 
per molecule a decreases. Consequently, the free energy of formation of the aggregate core–water 
interface decreases with increasing aggregation number. This free energy is thus responsible for 
the positive cooperativity, which favors the growth of aggregates to large sizes. All remaining free 
energy contributions (namely, the surfactant tail deformation energy, the steric repulsions between 
the head groups, the dipole–dipole interactions between zwitterionic head groups, and the ionic 
interactions between ionic head groups) increase with increasing aggregation number. These free 
energy contributions are, therefore, responsible for the negative cooperativity that limits the aggre-
gates to finite sizes. All the free energy contributions, however, affect the magnitude of the cmc.

The calculated size distributions for cetylpyridinium bromide are presented in Figure 1.13 for two 
values of the molar concentration C1 (= 55.55 X1) of the singly dispersed surfactant. As expected, 
a small variation in C1 gives rise to a large variation in the total aggregate concentration, Ctot. The 
average aggregation number is, however, practically the same at these two concentrations. This 
implies (see Equation 1.41) that the size dispersion of the aggregates is narrow, which can also be 
seen from the figure.

We have performed extensive predictive calculations of the cmc and aggregate size as a function 
of the tail length and head group type for anionic, cationic, nonionic, and zwitterionic surfactants. 
The parameter K representing the transition from spherical to rodlike micelles as a function of 
temperature and salt concentration, the dependence of cmc and aggregate size on the concentration 
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FIGURe 1.12 Contributions to the standard free energy difference between a surfactant molecule in the 
micelle and a surfactant monomer in water, calculated as a function of the aggregation number g of the micelle 
for cetyl pyridinium bromide in water at 25°C. Subscripts refer to the following: tot (total), tr (transfer free 
energy of tails), def (deformation free energy of tails), int (interfacial free energy), ste (head group steric inter-
actions), and ion (head group ionic interactions). Refer to text for detailed discussion.
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of the added electrolyte, the dependence of cmc on temperature, and the formation of vesicles from 
double chain surfactants. These predicted results have been compared against available experi-
mental data and show that reasonable predictions are possible using the detailed free energy model 
described above. The detailed computational results and comparison against experimental data can 
be found in refs. [66,84–86] and are not reproduced here.

1.11.11  Modified Packing ParaMeter Model accounting for chain length effectS

As mentioned previously, the packing parameter model of Israelachvili et al. [31] used Tanford’s 
free energy expression and consequently concluded that the surfactant head group is the only key 
variable determining the aggregation properties. However, the fee energy model should include the 
tail deformation free energy, which has an explicit dependency on the chain length of the surfactant 
tail. The expression developed for the tail deformation free energy takes into account the fact that 
the surfactant tail has to deform nonuniformly along its length to fill the aggregate core with uni-
form density. The packing free energy contribution (Equation 1.59) has the form
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for spheres, cylinders, and bilayers. In the above equation, L is a characteristic segment length that is 
taken to be 4.6 Å, as mentioned earlier, and N is the number of segments in a tail such that NL3 = vo. 
Because R = 3 vo/a, 2 vo/a, and vo/a for the three geometries (Table 1.1), the packing free energy 
contribution can be rewritten as
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FIGURe 1.13 Calculated size distribution of cetyl pyridinium bromide aggregates in water at 25°C at two 
values of total surfactant concentration Ctot and singly dispersed surfactant concentration C1. (a) C1 = 0.54 mM; 
Ctot = 0.68 mM; (b) C1 = 0.57 mM; Ctot = 5.89 mM.
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where the symbol Q is used to denote the coefficient of 1/a2 in the free energy expression and stands 
for Qsph, Qcyl, or Qbilayer depending on the aggregate shape. If we add this contribution to the Tanford 
model (Equation 1.54), the equilibrium area ae given previously by Equation 1.55 is now obtained 
from
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Because the variable Q is dependent on the tail, the tail has direct influence over the equilibrium 
area ae, when compared with Equation 1.55 based on the free energy model of Tanford.

To illustrate the influence of the tail for model predictions using the modified packing parameter 
model, we have chosen three different values for the head group interaction parameter (α/kT) keep-
ing (σ/kT) = 0.12 Ǻ−2, consistent with σ being 50 mN/m. Q depends on the tail length and the shape
of the aggregate as shown in Equation 1.71. The calculated results for three tail lengths of single tail 
surfactants are provided in Table 1.2. Shown in the table are the equilibrium area ae and the molecu-
lar packing parameter vo/aeℓo calculated based on Equation 1.55, ignoring the tail deformation free 
energy contribution and those based on Equation 1.72 accounting for this contribution. When using 
Equation 1.72 to calculate ae, the expression for Qsph, Qcyl, or Qbilayer are introduced while calculating 
the areas corresponding to the sphere, cylinder, or the bilayer, respectively. In each case, a numerical 
solution is obtained and all valid solutions corresponding to the three shapes are listed in the table. 
A solution is valid only if the calculated area lies within the range allowed for the aggregate shape. 

tABLe 1.2
Molecular Packing Model Accounting for surfactant tail Packing

nC

ae (Ǻ2) vo/aeℓo ae (Ǻ2) vo/aeℓo ae (Ǻ2) vo/aeℓo ae (Ǻ2) vo/aeℓo

only Head Group 
Controls (equation 1.55)

Model Accounting for surfactant tail Packing

spheres 
(equation 1.72)

Cylinders 
(equation 1.72)

Bilayers 
(equation 1.72)

For σ/kT = 0.12 Ǻ−2, α/kT = 120 Ǻ2

8 31.6 0.664 45.1 0.466 39.9 0.527

12 31.6 0.664 48.8 0.43

16 31.6 0.664 51.9 0.404

For σ/kT = 0.12 Ǻ−2, α/kT = 240 Ǻ2

8 44.7 0.47 53.6 0.392

12 44.7 0.47 56.5 0.372

16 44.7 0.47 62.45 0.336 59.1 0.356

For σ/kT = 0.12 Ǻ−2, α/kT = 300 Ǻ2

8 50 0.42 57.5 0.365

12 50 0.42 62.9 0.334 60.1 0.349

16 50 0.42 65.7 0.320 62.5 0.336
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For example, if the area per molecule calculated assuming a spherical shape turns out to be 48.1 Ǻ2,
such an area is not realizable with a spherical structure because the smallest area per molecule 
attainable for a sphere is 63 Ǻ2. Hence, this solution is not valid.

One can now compare the predictions of ae and vo/aeℓo obtained by ignoring the packing free 
energy and by accounting for the packing free energy. The inclusion of the packing free energy 
(Equation 1.72) results in the equilibrium area ae being larger than that estimated from Equation 
1.55, neglecting this contribution. For α/kT = 120 Ǻ2, ae = 31.6 Ǻ2 from Equation 1.55, hence vo/
aeℓo = 0.664, and correspondingly, bilayer structures are predicted, independent of the tail length. 
However, when Equation 1.72 is applied, one obtains nC = 8, ae = 45.1 Ǻ2 and vo/aeℓo = 0.466, imply-
ing a cylindrical aggregate. In this case, there is also another solution ae = 39.9 Ǻ2 and vo/aeℓo =
0.527, implying a bilayer aggregate. For nC = 12 or 16, only one valid solution exists correspond-
ing to the formation of cylindrical aggregates. Similarly, for α/kT = 240 Ǻ2, Equation 1.55 predicts
vo/aeℓo = 0.47 and correspondingly, large rodlike micelles for all three tail lengths. However, Equation 
1.72 predicts vo/aeℓo in the range of 0.33 to 0.39 depending on the tail length, indicating the forma-
tion of only smaller cylinders for nC = 8 or 12 and near-spherical aggregates for nC = 16. For α/kT =
300 Ǻ2, when Equation 1.55 is used, we obtain vo/aeℓo = 0.42, consistent with cylindrical micelles for
all three tail lengths. However, Equation 1.72, for the same conditions, predicts vo/aeℓo in the range 
0.32 to 0.365 depending on the tail length, suggesting only spherical or small globular aggregates. 
In all cases, the predictions are significantly modified by the incorporation of the tail packing free 
energy contribution. The incorporation of the packing free energy leads to a more direct influence 
exerted by the surfactant tail on the equilibrium area per molecule ae, hence on the packing param-
eter and the size and shape of the equilibrium aggregate.

1.12  eXtenDInG tHe tHeoRY oF MICeLLIZAtIon

The predictive theories developed in our work and by the Blankschtein group have demonstrated 
that reasonably accurate a priori predictions of a variety of aggregation properties are now pos-
sible for different classes of surfactants. The theory of the formation of micelles developed with 
predictive capabilities has been extended to a wide range of self-assembly phenomena exhibited 
by surfactants. Keeping the general approach of the theory intact and by adding or modifying 
free energy contributions to the self-assembly process appropriately, the extended theoretical 
models have been developed for quantitative treatments of mixed micelles exhibiting ideal and a 
variety of nonideal mixing behavior [83]; the formation of vesicles from surfactants and surfac-
tant mixtures [66,85]; the generation of coexisting partially miscible hydrocarbon and fluorocar-
bon micelles [83]; the formation of giant rodlike micelles from surfactants, surfactant mixtures, 
and surfactant-alcohol mixtures [86]; the aggregation behavior of gemini surfactants, which are 
equivalent to two single chain surfactants covalently connected to one another by a hydrophobic 
spacer chain near the head groups [104]; the solubilization of hydrocarbons in micelles [66]; 
the selective solubilization of hydrocarbons from their mixtures in surfactant micelles [66]; the 
aggregation of surfactant in polar solvents [105]; the micellization of surfactant in aqueous–
organic binary mixed solvents [106]; the formation of surfactant aggregates at hydrophobic solid 
surfaces [107] and hydrophilic solid surfaces [108]; and the formation of droplet and bicontinuous 
type microemulsions [109].

For classic surfactants, it is possible to estimate the structural parameters that appear as molecu-
lar constants in the free energy model relatively easily as we have described previously. But for 
surfactants with either or both of the tail and head group having complex structures, these molecular 
constants are not easy to determine and the hydrophobic contributions cannot be estimated from the 
relations we have presented previously. To address such situations arising for complex hydrophobic 
and hydrophilic groups, in the last decade, Blankschtein has identified a clever way to combine 
computer simulation techniques with analytical theory to arrive at necessary structural constants 
and free energy estimates [110–115].



46 Surfactant Science and Technology

The time-consuming computer simulations are first used to get at a few essential molecular 
features not easily obtainable on phenomenological grounds and, with this information as input, 
analytical theory is used to arrive at quantitative predictions with minimal computational efforts. 
For example, in amphiphilic systems such as sterols or their derivatives, it is not easy to establish 
quantitative properties to describe the polar head and the nonpolar tail unambiguously. In some 
systems, the solubilizate molecule taken up by the micelle may not be a simple hydrophobe. In such 
cases, by conducting simulations of the amphiphile or the solubilizate at an oil–water interface, 
Blankschtein was able determine quantitative hydrophobicity and hydrophilicity values for the mol-
ecules that could be used as input to the analytical theory to make predictions of the self-assembly 
behavior. In another example, Blankschtein used computer simulations to get at the hydration of 
hydrophobic groups in water and in aggregates as a way to arrive at a better quantitative estimate of 
the hydrophobic interactions, which is then input to the analytical model.

Blankschtein has used this approach in yet another interesting example dealing with mixed 
micelle formation. Starting from a pure component micelle established by the analytic free energy 
model, he conducted computer simulations to quantify the free energy changes that arise when 
one surfactant molecule is replaced by another. Using this information as input, he is then able to 
use the analytic free energy model to make accurate predictions of mixed surfactant systems. This 
creative combination of computer simulations with the analytical free energy model is an important 
new addition to the literature and can prove to be very useful in solving self-assembly problems of 
complex molecules.

1.13  PRosPeCts

From the review of theoretical modeling described above, one can persuasively argue that quantita-
tive understanding of surfactant self-assembly for classic surfactants with hydrocarbon tails, assem-
bling into spherical and cylindrical micelles, is well established. Recent research has attempted 
to utilize the available free energy models and molecular packing considerations to address other 
emerging theoretical problems.

Many experimental studies have shown that ionic surfactants can form large wormlike micelles, 
which transform into branched micelles and interconnected network structures, exhibiting very 
interesting rheological properties. Andreev and Victorov [116] have developed a theory for such sys-
tems by constructing an analytical molecular-thermodynamic model for the free energy of branch-
ing portions of wormlike ionic micelles. In this model, the junction of three cylindrical aggregates 
is represented by a combination of portions of a torus and a bilayer and the free energy of forma-
tion of such a shape is written by following exactly the approach described earlier for spherical, 
cylindrical, and lamellar aggregates. The model correctly predicts the sequence of stable aggregate 
morphologies, including a narrow bicontinuous zone, as functions of hydrocarbon tail length, head 
group size, and solution ionic strength. It has been found that torus-like micelles form and often 
coexist with branched micellar systems. A free energy model using macroscopic bending elas-
ticity constants has been developed by Bergström [117] to analyze the formation and stability of 
such micellar aggregates. The theory identifies the conditions for which the torus-like micelles are 
stable over bilayers. The theory also revealed that torus-like micelles, in general, are favored at the 
expense of long spherocylindrical micelles as a result of elimination of the unfavorable endcaps. 
Modeling of these systems using molecular thermodynamic free energy expressions and quantita-
tive comparison of predictions against experimental data are interesting future areas of study.

Theorists are also challenged by novel developments in amphiphiles, especially those that combine 
biological or inorganic elements into classic surfactant or lipid structures. On the one hand, these novel 
amphiphiles are developed utilizing our current knowledge of surfactant self-assembly, best repre-
sented by the intuitive molecular packing model. At the same time, they also display novel aggregation 
phenomena that require new free energy models that remain to be developed. One example is the DNA-
programmed lipid consisting of two alkyl hydrophobic tails, linked covalently to the 5′-termini of a
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single-stranded DNA (ssDNA) oligonucleotide that functions as hydrophilic head group synthesized 
in the Gianneschi laboratory [118]. Effectively, the DNA hybridization generates “new” surfactants 
and by manipulating the size, shape, and charge of the polar head group of the surfactant molecule via 
DNA hybridization and displacement cycles, one could achieve the desired aggregation patterns. The 
approach offers us a programmable, reversible trigger for nanostructure morphology with which infor-
mational, encoded nanostructures are made possible and the surfactant is selectively responsive, in a 
logical manner, to multiple input signals. Another example is the synthesis of anionic surfactants con-
taining a purely inorganic multinuclear head group of the polytungstate type R-[PW11O39]3 by Polarz 
and coworkers [119]. The self-assembly behavior of the polyoxometalate surfactants into micelles and 
lyotropic phases has been studied. A surfactant of this class can play the role of a surface-active agent, 
such as for emulsification as well as a catalyst for a chemical reaction, simultaneously.

A wide range of surfactants designed using peptides have been synthesized and their interest-
ing aggregation properties have been examined. In a recent study by Gianneschi and coworkers 
[120], micelles were prepared from amphiphiles with a hydrophobic small polymer tail and multiple 
hydrophilic peptides as the head group. The peptides were selected to be substrates for cancer-
associated proteins and were amenable to proteolysis. Because a specific peptide in the head group 
can be chemically modified by proteolysis using a specific enzyme, the head group properties of 
the amphiphile are altered and an enzyme-responsive switching of the morphology of the micelles 
is observed. Such multienzyme responsive surfactant systems can lead to novel materials capable 
of signaling specific patterns of multiple biochemical stimuli. The ability to program the nature of 
micelle responses to disease-associated enzymes, through peptide design, has implications for in 
vivo delivery and detection methods. Tirrell and coworkers [121] have investigated peptide amphi-
philes that remain soluble under physiological conditions for their ability to self-assembly into 
micellar aggregates. Various classes of peptide amphiphiles were considered. The monomer design, 
secondary structure of the peptide, and the resulting micelle size and shape are related qualita-
tively to the competing forces between the hydrophobic tail and the peptide head group. Tirrell and 
coworkers [122] have also investigated wormlike micelles formed from peptide amphiphiles. The 
wormlike micelles resembling nanofibers are viewed as potential synthetic extracellular matrix 
materials for tissue engineering and regenerative medicine. They interpreted the neutron scattering 
and atomic force microscopy data as demonstrating the existence of transient spherical micelles 
in the early stage and subsequent micelle chain elongation by attachment of spherical micelles 
to the end of growing cylindrical micelles to form wormlike micelles in a process analogous to 
chain growth polymerization. One may note that such a mechanism for the formation of cylindri-
cal micelles by attachment of spherical micelles was postulated at the early stages of micellization 
history [17] when cylindrical micelles were first observed. However, later studies of surfactant sys-
tems had shown that self-assembly into cylindrical aggregates can directly occur without requiring 
the preformation of spherical micelles. It will be of interest to compare and contrast the different 
mechanisms proposed for the peptide amphiphiles versus classic amphiphiles.

A general approach to dynamically constructing and destroying amphiphiles has recently been 
proposed by Montenegro et al. [123]. These dynamic amphiphiles have a charged head, a hydro-
phobic tail, and a dynamic connector or “bridge.” The dynamic covalent bonds of bridges, formed 
with, for example, hydrazones, disulfides, or oximes, are weaker than common covalent bonds but 
stronger than noncovalent interactions, such as hydrogen bonds. These bridges can be made and 
destroyed easily. Because of the dynamic nature of their bridges, dynamic amphiphiles can be 
formed, modified, and destroyed in situ, depending on environmental conditions. Current efforts 
in extending such dynamic amphiphiles are focused on incorporating more unusual tails such as 
fullerenes, mesogenes, or fluorophiles. This library of amphiphiles is being screened for gene and 
siRNA delivery applications.

Existing theoretical models of micellization need to be extended to account for specific inter-
actional terms connected with novel head groups such as peptides, oligonucleotides, polyoxymeta-
lates, etc., and also to account for novel hydrophobic tails such as hydrophobic peptides, fullerenes, 
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etc., to quantitatively describe the wide pattern of aggregation observed. A free energy model, 
similar to that for surfactants, has recently been developed by Semenov and Subbotin [124], for 
peptide amphiphiles made up entirely of amino acids–hydrophobic alanine (as tail) and hydrophilic 
aspartic acid (as head group). Such a theoretical approach to free energy calculations remains to be 
extended to the rich variety of peptide amphiphile structures as well as other classes of amphiphiles 
mentioned above.

The novel design of amphiphilic systems incorporating memory, responsiveness, and program-
mability and the ability to combine organic, inorganic, and biological moieties within a single 
amphiphile structure, makes this area a very interesting and fertile field of research for years to 
come. Most importantly, the novel amphiphiles have opened entirely new areas of applications in 
materials science and nanomedicine, far beyond the classic colloidal applications of conventional 
amphiphiles.
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