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Developing Basic Fact
Fluency

LEARNER OUTCOMES

After reading this chapter and engaging in the embedded activities and reflections, you should |
able to:

1 Describe the phases for developing fluency of the basic facts.

2 Contrast different approaches to teaching basic facts, including effective teaching anc
assessment practices. )

3 lllustrate strategies for helping students derive addition, subtraction, multiplication, ar
division facts. 3

4 Describe strategies for reinforcing and remediating basic fact mastery.

ﬁ_m asic facts for addition and multiplication are the number combinations where both adde
L or both factors are less than 10. Basic facts for subtraction and division are the correspo
ing combinations. Thus, 15 — 8 = 7 is a subtraction fact because the corresponding addit
parts are less than 10. The goal with basic facts is to develop fluency. The Common Core St
Standards (CCSSO, 2010) describe this as students being able to (1) flexibly, (2) accurat
(3) efficiently, and (4) appropriately solve problems. ‘Teachers plan their instruction for le
ing basic facts around “big ideas” related to developing fluency.

T K10
b
w - _. -
% BIG IDEAS
. 3
¢ Students move through three phases in developing fluency with basic facts: counting, “
reasoning strategies, and mastery (Baroody, 2008). Instruction and assessment must|
students through these phases without rushing them.

+ Number relationships provide the foundation for strategies that help students rememb
basic facts. For example, knowing how numbers are related to 5 and 10 helps student
master facts such as 3 + 5 (think of a ten-frame) and 8 + 6 (because 8 is 2 away ff0
10, take 2 from 6 to make 10 + 4 = 14).

+ When students are not fluent with the basic facts, they often need to drop back to earl
phases; more drill is not the answer.

Developing Basic Fact Fluency

Developmental Phases for Learning
the Basic Facts

seloping fluency of addition and subtraction concepts begins in kindergarten and continues

agh grade 2, when students must know their addition facts from memory (i.e., have mas-

d the facts). Similarly, fluency with multiplication begins in grade 2, with knowing the facts

- memory being a goal by the end of grade 3 (CCSSO, 2010).

! yeveloping fluency with basic facts is a developmental process. Flash cards and timed tests
fthe best way to develop fluency. Instead, focus on number sense (the four components

uency)- Research indicates that early number sense predicts school success more than other

sures of cognition, like verbal, spatial, or memory skills or reading ability (Jordan, Kaplan,

uniak, & Ramineni, 2007; Locuniak & Jordan, 2008; Mazzocco & Thompson, 2005).

Students progress from counting to eventually “just knowing” that 2 + 7is 9 or that § X 4
0. This developmental progression takes time and many experiences. Arthur Baroody, a
hematics educator who does research on basic facts, describes three phases of learning facts

16, p. 22):
Phase 1: Counting strategies: Using object counting (e.g., blocks or fingers) or verbal
sounting to determine the answer. (Example: 4 + 7 = ___. Student starts with 7 and
counts on verbally 8,9, 10, 11.)

Yhase 2: Reasoning strategies: Using known information to logically determine an unknown
combination. (Example: 4 + 7. Student knows that 3 + 7 is 10,s04 + 7 is one more, 11.)

m-e 3: Mastery: Producing answers efficiently (quickly and accurately). (Example: 4 + 7.
Student quickly responds, “It’s 11; T just know it.”)

ire 1 outlines the developmental methods for solving basic addition and subtraction

- Addition Subtraction
ing  Direct modeling (counting objects and fingers) Counting objects
. Counting all «» Separating from

« Counting on from first » Separating to
« Counting on from larger » Adding on
Counting abstractly Counting fingers
« Counting all » Counting down
« Counting on from first » Counting up

« Counting on from larger Counting abstractly

« Counting down
« Counting up

, ng Properties Properties
s at+0=q sa—0=ua
o a+ 1 = next whole number » a — 1 = previous whole number

« Commutative property Inverse/complement of known addition

Known-fact derivations (eg.,5+6=5+5+1;, facts(e.g., 12 — 5 is known because

Tt 5+ 7 =12)
Redistributed derived facts (g, 7+5=7+ Redistributed derived facts (e.g., 12 — 5 =
B+2)=(7+3)+2=10+2=12) (7+5) -65=7+(—-5)=7)

val Retrieval from long-term memory Retrieval from long-term memory

i 1 The developmental process for basic fact mastery for addition and subtraction.

- f:t?év 4-- & Brown, R. S. (2008). “First-Grade Basic Facts: An Investigation into Teaching and Learning of
iy -‘.w!th  High-Demand Memorization Standard.” Journal for Research in Mathematics Education, 39(2), p. 156.
= With permission. Copyright ® 2008 by the National Council of Teachers of Mathematics, Inc. All rights reserved.
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emorizing isolated facts doesn’t work). A heavy focus on memorizing strategies results in
ents with lower number sense (Henry & Brown, 2008). The key is to help students sce the
ible strategies and then choose one that helps them solve the problem without counting. For
nle, seeing that 6 X 8 can be partitioned into (5 X 8) + (1 X 8). This chapter focuses
“1o on strategies for learning the basic facts.

!V—E FORMATIVE ASSESSMENT Notes. When are students ready to work on reasoning g
4| egics? When they are able to (1) use counting-on strategies (start with the largest 4
count up) and (2) see that numbers can be decomposed (e.g., that 6 is § + 1). Intervigw i
dents by posing one-digit addition problems and ask how they solved it. For example, 3
(Do they count on from the larger?) and 5 + 6 (Do they see 5§ + 5 + 1?). For multiph:ca
3 % 8 (Do they know this is 3 eights? Do they see it as 2 cights and one more eight?), @ @R Standards for
I:GSS Mathematical

_ Practice

MP7. Look for and make
use of structure.

2 ’ ded Invention. Guided invention also focuses on strategies, but in a more open-ended
- er, It is focused on having students select a strategy based on their knowledge of number
nships (Gravemeijer & van Galen, 2003).
~ A teacher might post the fact 6 + 7. One student may think of 6 + 7 as “double 6 is 12
one more is 13.” Another student sees it as 7 + 3 (to make 10) and then 3 more. Another
(dent may take 5 from each addend to make 10 and then add the remaining 1 and 2. The key
at each student is using number combinations and relationships that make sense to them.
In guided invention the teacher may not explain a strategy, but carefully set up tasks where
ents notice number relationships. For example, in the 6 + 7 task, the teacher might ask
dents to place counters in two ten-frames and then think of different ways they can visually
e the counters to combine the frames.

@P! g Complete Self-Check 1: Developmental Phases for Learning the Basic Facts

.+’ Teaching and Assiessing thg Basic Facts

!

"T'his section describes the different ways basic fact instruction has been implemented in schog)
followed by a section describing effective strategies.

Different Approaches to Teaching the Basic Facts

Over the last century, three main approaches have been used to teach the basic facts. The pros
and cons of each approach are briefly discussed in this section.

leaching Basic Facts Effectively

an experiences that help students move through the three phases. In discussing student strat-
e ) focus student attention on the methods that move students from phase 1 to phase 2. For
Memorization. This approach moves from presenting concepts of addition and multipli== e, ask students how they solved 7 + 4. Some will have used counting on (phase 1), Others
cation straight to memorization of facts, not devoting time to developing strategies (Barood will use the Making 10 strategy (7 + 3 is 10 and 1 more equals 11). Help the students who are
Bajwa, & Eiland, 2009). This approach requires students to memorize 100 separate addition ur ng on to see the connections to Making 10. To move from phase 2 to recall, continue to
facts (just for the addition combinations 0-9) and 100 multiplication facts (0-9). Students may 'de'engaging and diverse experiences where students are using and talking about their

even have to memorize subtraction and division separately—bringing the total to over ies. Students will become quicker and eventually will “just know” more and more facts.
isolated facts! ‘There is strong evidence that this method simply does not work. You may.

tempted to respond that you learned your facts in this manner; however, as long ago as 193
studies concluded that students develop a variety of strategies for learning basic facts in spite
of the amount of isolated drill that they experience (Brownell & Chazal, 1935).

A memorization approach does not help students develop strategies that could help them
master their facts. Baroody (2006) points out three limitations:

J5e Story Problems. Research has found that when a strong emphasis is placed on solv-
oblems, students not only become better problem solvers but also master more basic
an students in a drill program (National Research Council, 2001). Story problems pro-

context that can help students understand the situation and apply flexible strategies for ~MP1. Make sense of
g computation, problems and persevere in

solving them.

R Standards for
0053 Mathematical
== Practice

teachers are hesitant to use story problems with English language learners (ELLs)
ents with disabilities because of the additional language or reading required, but because
ge supports understanding, story problems are important for all students. For addition,
ork on the Making 10 strategy, you might use this story:

* Inefficiency. There are too many facts to memorize.
A, I 1c 3 g .k
o Tnappropriate applications. Students misapply the facts and don’t check their work.
o Inflexibility. Students don’t learn flexible strategies for finding the sums (or products):
therefore continue to count by ones.

Notice that a memorization approach works against the development of fluency (which incl
being able to flexibly, accurately, efficiently, and appropriately solve problems). Accordin
CCSS-M, students should have fluency with addition and subtraction facts (0-9) by the
of second grade and fluency with multiplication and division facts by the end of third gr
(CCSSO0, 2010). Compare grade-level standards at www.corestandards.org/math.
When taught basic facts via memorization, many struggling learners and students _
disabilities continue to use counting strategies because they have not had explicit instruc
on reasoning strategies (Mazzocco et al., 2008). In addition, drill can cause unnecessary anxety
and undermine student interest and confidence in mathematics.

2| had 9 toy ponies in one barn and 6 ponies in another barn. How many ponies did she have altogether?

L8 Pause ' Reflect

How does this problem increase the likelihood that students will develop the Making 10
strategy?

- lumbers and situation in this story lend to thinking of 9 + 6 as equivalent to 10 + 5 (one
Explicit Strategy Instruction. For more than three decades, explicit strategy MSSE Ny could be moved to the other ba;{) 5 - (

tion has been used in many classrooms. Students learn a strategy (e.g., cnmbmaUOH§Ch . - Multiplication stories can focus on array situations. Arrays help students see how to
Students then explore and practice the strategies (e.g., using a ten-frame to see which

: ing “OMmpose a fact (splitting the rows) an nutative property (e.g.,3 X 7 = 7 X 3),
equal 10). Research supports the i o Iexplicit i instructior} a effcctive 3 " ' example, Coﬂsi(ii)er dlagt a class is)wog;fl;‘ tilrf Efen;'l facts. Thlt)a te]?lchtzr(Pfints to the Calenda)r
students learn (and remember) their basic facts (e.g., Baroody, 1985; Bley & Thornton, Tay) and poscs the following question:

Fuson, 1984, 1992; Rathmell, 1978; Thornton & Toohey, 1984). o :
Explicit strategy instruction is intended to support student thinking rather than
students something new to remember. It is not effective to just memorize (for the samet

.

£ OEKS we will be going to the zoo. How many days until we go to the zoo?
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B Standards for
Mathematical
Practice
VIP3. Construct viable
arguments and critique the

reasoning of others.

Standards for
Mathematical
Practice

MIP2. Reason abstractly
and quantitatively.
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Suppose that Aidan explains how she figured out 3 X 7 by starting with double 7 (14) and g
adding 7 more. Ask students to explain what Aidan did and why it works. 9
Explore if doubling could be used for other 7s facts. Ask, “How might doubling he| :
figure out how many days in 4 weeks (4 X 7)? Give students time to work in small groups- 0
this question. Students can discover how to think of a single fact as a combination of facts ]

SSES

SING BASIC FACT FLUENCY

(BLE 1 EFFEC'H’V\H\T STRATEGIES FOR A

R o e

.pects of Fluency. . Queevation. .= . . N 3oy ] pE Ve B

ropriate strategy As they play a game, are they picking Nicolas solved 6 + 8 by changing it ~ Review the multiplication table. Write
a strategy that makes sense for that  in his mind to 4 + 10. What did he which facts are your "toughies.” Next

Wilting (Journals or Tests)

jon

that4 X 7is 2 X (2 X 7) or 7 doubled and doubl(?d again), applying important properties fact? For example, for 9 + 2 they do? Is this a good strategy? Tell why  to each one, tell a strategy that you
multiplication. Posing strategy-focused questions followed by a brief discussion of the i might count on, but n.ot for9 + 6. or why not. want T;o remember.to use.

gies that students used can improve student accuracy and efﬁciency with basic facts (Raciis 7 ,:ﬂsa'ici); gstlrgtcfegry gselerétlfog, dt% they D»iCk Solve 6 X 7‘ usi.ng one strs_utegy- tExmaml;ow yl.)u think about these
Leutzinger, & Gabriele, 2000). . i e bl ;? ey notice Etor:t;gy,SOIVIng it using a different 1\4\!30 Erg :ms.

Explicitly Teach Reasoning Strategies. In addition to using story situations, explic- _ . 12-8= .

itly teach reasoning strategies. A lesson may examine a collecti(.)n of fact.s for which a particyly H(’S‘f[vr::gg g"::a Tht:ke L:;Ei"ec" Gorttr::am??%g ;:SSStzzk_gtcfr:'g: Z;g f’?g’\i;giszéf’iff(;?cﬂ problems
Errategy iy appropriate, For esmnp le, students must know their Combinations of 10 addit guubles?yboes eﬁizigncy va?'yu\i?th fise onyes you useya s:rategy I? you just knew the a‘mswer, circle it.

facts before they are ready to learn the facts that result in numbers greater than 10 (so that ghe
can use this strategy). You can give partners a ten-frame and a deck of cards numbered ()
One student draws a card and places that many counters on the ten-frame. Without coung

certain facts, like facts over 10 (add)

or the 7s facts (multiply)? If you used a strategy, write the strat-

egy’s name (e.g., Close Fact).

: " . 2 s e : Which facts are they consistently What is the answer to 7 X 8? How Review your [3s facts] with your
their partnet tells how many more to fill the frame (1:(.:, lequal 10). Discuss how to figure o getting correct? do you know It Is correct (how might  partner. Make a stack of the ones
combinations that equal 10. Use other games and activities to be sure all students know theij you check it)? when you were correct and not

correct. Record which facts you
have “down pat” and which you are
still learning.

Combinations of 10.
The “bigidea” behind teaching reasoning strategies is for students to make use of known fie

and relationships to derive unknown facts. Students might use one of their Combinations of
strategies, like 7 + 3, to solve an unknown fact, like 7 + S, noticing that 7 + 5§ = 7 + 3 +
Keep this “big idea” in mind as you review each of the reasoning strategies described in thi
section. Watch how Connor, Myrna, and Migue! use known facts tosolve 6 + = 13,
Don't expect to have a strategy introduced and understood with just one lesson or activi
Students need lots of opportunities to make a strategy their own. Start with the most ba
strategies and build from there. Plan many activities and make games and interactive acti
part of daily work at school and home.
Tt is a good idea to display reasoning strategies for students to reference. Give the strai
egies names that make sense so that students know when to apply them (e.g., “Strategy 1
% 3s: Double and add one moreset. Ex: 3 X 7 =2 X )+ 7 =14 + 7 = 217).

. ents will be able to find strategies that work for them, and that will lead to their own fact

ctivity 1 is good for assessing students’ {lexibility and ability to select an appropriate
gy for a fact.

Activity 1 e e wn. )

CCSS-M: 1L.0A.C.6: 2.0A.B.2:

I
iq"

I : ’ a
|l You Didn't Know '
1 : ENGLISH
e the following task: If you did not know the answer to 8 4+ 5 (or any fact tg:'gh’ggg
at you want students to think about), how could you figure it out without
nting? Encourage students to come up with more than one way (hopefully
ing the strategies suggested previously). ELLs and reluctant learners benefit from first
iring their ideas with a partner and then with the class.

Assessing Basic Facts Effectively

Why do we use assessment strategies? ‘To figure out what students know and what they do
know so that we can design instruction. Why, then, is assessment of basic facts often limited
timed tests? We must do better if we are going to ensure that all students learn their basic'

What Is Wrong with Timed Tests? First, timed tests do not assess the fout
ments of fluency. You gain no insights into which strategies students are using, nor if theya
flexible in using those strategies. You have a little insight into how efficient they are, but
don’t really know much here either, because they might have used very inefficient strateg e
for some facts while going quickly through others. So, at best, you get a sense of which
they are getting correct (accuracy). Second, timed tests negatively affect students’ 7
sense and recall of facts (Boaler, 2012, 20143 Henry & Brown, 2008; Ramirez, Gunders
Levine, & Beilock, 2013). Third, timed tests are not needed for students to master their
(Kling, 2011), so they take up time that could be used in meaningful and more pala
learning experiences.

b he more students are engaged in activities and games, the more chance you have to use
Ivations and interviews to monitor which strategies students know and don’t know and
| fﬂm they know and don’t know (games are discussed in the Reinforcing Basic Fact Mas-
ection). Then, you can adapt the games and instruction to address their needs.

4’ Complete Self-Check 2: Teaching and Assessing the Basic Facts

How Might | Assess Basic Fact Fluency? Think about each of the aspects of:,
ency and ask yourself, “How can I determine if each of my students is able to do that for
set of facts?” Table 1 offers a few ideas for each component of fluency (based on Kling &
Williams, 2014). 4
As you assess, remember there is no one “best” strategy for any fact. For example, 7
could be solved using Making 10 or Near-Doubles. The more you emphasize choice, the

Reasoning Strategies for Addition Facts

G‘.f?t:t mastery depends on progressing through three phases. The second phase, reasoning
“BICs, warrants significant attention; too often students are asked to go from counting
¢ 1) to memorization (phase 3). Therefore a significant part of this chapter is devoted to
Feasoning strategies are important to teach and how to teach them well. '
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Reasoning strategies for addition facts are directly related to one or more number e

I tionships. In kindergarten and first grade, significant time should be devoted to decomposipy ‘ Two Dice

| and composing numbers and exploring number combinations (e.g., combinations that eq{lal E §

and combinations that equal 10). In grade 2, students continue to develop reasoning strateg

until they know their addition facts from memory. It takes many experiences over many mo

for students to move from using strategies to just knowing their facts. Note: no Memorizatig,

‘ needed—just many activities like the one shared here! The first four strategies listed are fo
dational to the later strategies. Watch John A. Van de Walle discuss reasoning strategies
addition. |

4 - "Five and two
[ L !more is seven.’

Spinner and Die

One More Than and Two More Than

etal., 2009). “Eight plus one
is nine.”
PR 2 4 38 680

1] 2 |

M 1]2]3/4]5/6]7]8]9]

Al 2[3]4]s]6]7[80]10]

: EE FIGURE Z  One-more and two-more activities.

s OH : .

¢ KO Figure 2 illustrates the ideas in Activity 3. Notice that activities such as these can be mod-

7 BA fied for almost all of the strategies in the chapter.

I o 10 E
AC ~\
ACtﬁltY 3 CCSS-M: 1.0A.C.5; 1.0A.C.6; 2.0A.B.2

Story problems in which one of the addends is a 1 or a 2 are easy to make up. For example \ ne More Than and Two More Than with Dice and Spinners ’

Seven children were waiting for the slide. Then 2 more children got in line. How many children w
waiting for the slide? Ask different students to explain how they got the answer of 9. Some
count on from 7. Some may still need to count 7 and 2 and then count all. Others will say ¢
knew that 2 more than 7 is 9. Helping students sce the connection between counting on 2
adding two will help students move from counting strategies to reasoning strategies.

lake a die labeled +1, +2, +1, +2, “one more,” and “two more!” Use with another die labeled 3,4, 5,6, 7, and 8 i !
whatever values students need to practice). After each roll of the dice, students should say the complete fact:

and two more is six” Alternatively, roll one die and use a spinner with +2. on one half and +2 on the other STUDENTS
. For students with disabilities, you may want to start with a die that just has +1 on every side and then another 5;"5'3’:;.._
move on to a +2 die. This will help emphasize and practice one approach. Similarly, in Expanded Lesson Two NEZDE:

ore Than/Two Less Than, students use dot cards to connect the idea of more and less to adding and subtracting,

5S-M: 1.0A.A.1: 1 » B¢ '

2.0A.B.2 ¢

- . y teen addition facts have zero as one of the addends. Though adding 0 is generally casy,
How Manv Feet in the Bed? R ' | Students overgeneralize the idea that answers to addition ;g)roblems are b?ggcr th}arn th)«;
Read How Many Feet in the Bed? by Diane Johnston Hamm. On the second time jﬁgﬂ:&‘; en ds. They also may have a harder time when the 0 comes first (e.g., 0 + 8). Use story prob-
through the book, ask students how many more feet are in the bed when a new ~ LEARNERS nvolving zero and use drawings that show two parts with one part empty.
person gets in. Ask students to record the equation (e.g., 6 + 2) and tell how

many. Two less can be considered as family members get out of the bed. Find

opportunities to make the connection between counting on two and adding two il S0 1 121 181 4| LB 160 G2 18 a
using a number line or ten-frame. For ELLs, be sure that they know what the ] 0 EIIEEIIIEH 7 ﬂ
phrases “two more” and “two less” mean (and clarify the meaning of foot, which STUDENTS 1 E
is also used for measuring). Acting out with students in the classroom can be a S;VE’;';M E
kgreat illustration for both ELLs and students with disabilities. NEEDS n
5 |
6 ]
7]

. . . . . =
The different responses will provide you with a lot of information about students’ UEE
I y . 9
sense. As students are ready to use the two-more-than idea without “counting all, the
begin to practice with activities such as the following.
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ombinations of 10

ps the most important strategy for students to know is the combinations that equal 10. It
foundational fact from which students can derive many facts (Kling, 2011). Consider story
dons such as the following and ask students to tell possible answers.

Asking students to generalize from a set of problems i
a good way to reinforce reasoning and avoid Overgener; s
tion. You can write about 10 zero facts on the board, g
with the zero first and some with the zero second. 1313

6 how the equations are alike. Ask students to create theip
*6 stories and/or to illustrate the problems.

re are ten boys and girls on the bus. How many girls and how many boys might be on the bus?
Inet

Doubles

There are ten doubles‘ facts from 0 + 0 to 9 + 9, as shawn
here. Students often know doubles, perhaps because of
rhythmic nature. These facts can be anchors for other facts,

The ten-frame is a very useful tool for creating a visual image for students.

ACtIVItV 6 CCSS-M: 1.0A.B.4; 1.0A.C.6; 2.0A.B.2 A
How Much to Equal 107

Place counters on one Ten-Frame (see Figure 4) and ask, “How many more to equal 10?” This

| ";,tlvity can be repeated using different start numbers. Eventually, display a blank ten-frame
and say a number less than 10. Students start with that number and complete the “10 fact.” If
: ‘u say, “four,” they say, “four plus six equals ten.” This can be completed as whole class or with
i students working with a partner. Students who are still in phase 1 of learning the facts (using
| counting strategies) or students with disabilities may need additional expetience or one-on-one

time working on this process.

il 2 [ 45 (81 16T 17 181 |8

lineo
S
B-

O O NGO GhR WON 2SO +

laking 10

- \ll of the basic facts with sums greater between 11 and 20 can be solved by using the Making
Students with disabilities or difficulties with memoriz trategy. Students use their known facts that equal 10 and then add the rest of the number
ito 10, For example, to solve 6 + 8, a student might start with the larger number (8), see that
2 away from 10; therefore, they take 2 from the 6 to make 10 and then add on the remaining
‘get 14. Making 10 is also aptly called Break Apart to Make Ten (BAMT) (Sarama &
nents, 2009) and Up over 10 (the CCSS-M uses the phrase Making 10). Listen to student
wplanations as they use the Making 10 strategy.

ing can benefit from picture cards for each of the doub
shown in Figure 3. Story problems can focus on pairs
FIGURE 3 Situations for doubles facts. addends: “Alex and Zack cach found 7 seashells at the be
How many did they find together?”

ACt]'V]'ty 4 CCSS-M: 1.0A.C.5; 1.0A.C.6; 2.0A.B.2

Double Magic

A double machine is a fun concept for students and a good connection to algebraic thinking. Read Two of Everything (Hong,
1993), a Chinese folktale in which a couple (the Haktaks) find a magic pot that doubles everything that goes into it. Use a A
plastic cauldron (easily purchased around Halloween) or any container. Clicl here to access a recording page for students. ;
Make a set of cards with an “input number” on the front side and the double of the number on the reverse. The card is flipped
front to back as it comes out of the pot. You can do this as a whole class, having students write the double on a personal
kwhiteboard, or have students work in partners, with one student flipping the card and the other stating the fact.

ACtlvrty 5 CCSS-M: 1.0A.C.6; 2.0A.B.2

Calculator Doubles

Students work in pairs with a calculator. Students enter the “double maker” (2) into the calculator. One student

01 2/3 45 6/7 89

11
[11]12]
[11]12]13]

[11]12]13]14)
[11]12]13]14] 15|

Lo ~NOO R ON=O F

11]12[13]
112]131al15l16l17]1s

‘This reasoning strategy is extremely important and is heavily emphasized in high-
orming countries (Korea, China, Taiwan, and Japan) where students learn facts sooner and
€ accurately than U.S. students (Ilenry & Brown, 2008). Yet this strategy is not empha-
enough in the United States. A study of California first graders found that this strategy

NGI.ESH 5 tributed more to developing fluency than using doubles (even though using doubles had

says a double—for example, “Seven plus seven. The other student presses 7, says what the double is, and then LANGUAGE ﬁ-‘-mphasiZed by teadierearnd eeethools in this stk ) (Henry & Brown, 2008).

press = to see the correct double (14) on the display. The students then switch roles and reset the calculator LEARNESS 1 ‘The Making 10 strategy can also be applied to laryer numbers. For example, for 28 + 7
(2X). For ELLs who are just learning English, invite them to say the double in their native language or in both tudents can make 30 seeﬂg that 28 + 7pi 30+ 5 %‘hus this reasoning strat1egy deserve;
their native language and English. (Note that the calculator is also a good way to practice + 1 and + 2 facts.) 1 ' ) ’

Cant attention in teaching addition (and subtraction) facts.

176

6 and 4
is 10.

FIGURE 4 Combinations

of 10 on a ten-frame.
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" Activity 9 CCSS-M: 1.0A.B.3; 1.0A.C.5; 1.0A.C.6; 20AB2

Double Ten-Frame (see Blackline Master 15) can help students visualize the Makin
strategy. For example, cover two ten-frames with a problem, like 6 + 8. Ask studengs .
ize moving counters from one frame (e.g., the one with 6 in it) to fill the other ten-frameg (g,
the one with 8). Ask, “How many moved?” “How many remain in the unfilled framep? A
students have found a total, have students share and record the equations. Activities 7and§,
designed for this purpose.

0 vi

| Flash
i}: Project a Double Ten-Frame (Blackline Master 15) on the slelle
1 vd. Without letting students see, place counters on 3_4,_5__’_«_‘ elele|ele
| boah_._for example, six on one and seven on the other— o “—“"_‘J s
.::cmat the top row is full (five counters) and the extras

|
‘ f each ten-frame. Flash (uncover) for
e in the next row © e
]“ il.;::mut three to five seconds and recover. Ask students how many counters they s
Y

A DR, S-S “ f over and have students explain how they saw it. You can also have students use the
unc .
Move It, Move It 1 Little Ten-Frames to do this activity with partners.
1

This activity is designed to help students see how to go Making 10. Click here to access the Activity Page for Move It, Move It 5 =
and a mat with Double Ten-Frame (Blackline Master 15). Flash cards are placed next to the ten-frames, or a fact can be given

orally. The students cover each frame with counters to represent the problem (9 + 6 would mean covering nine places on one
frame and six on the other). Ask students to “move it"—to decide a way to move the counters so that they can find the total
without counting. Get students to explain what they did and connect to the new equation. For example, 9 + 6 may have
become 10 + 5 by moving one counter to the first ten-frame. Emphasize strategies that are working for that student (5 as an
Lamchor and/or Combinations of 10 and/or Making 10).

ACtIVIty 8 CCSS-M: 1.0A.B.3; 1.0A.C.6; 2.0A.B.2

Frames and Facts

Make Little Ten-Frame Cards and display them to the class on a projector. Show an 8 (or 9) card. Place other

cards beneath it one at a time as students respond with the total. Have students say aloud what they are doing, with
For 8 + 4, they might say, "Take 2 from the 4 and put it with 8 to make 10. Then 10 and 2 left over is 12" Move SNPEEE%'QL
to harder cards, like 7 + 6. The activity can be done independently with the little ten-frame cards. Ask students

to record each equation, as shown in Figure 5. Especially for students with disabilities, highlight how they should explicitly think
about filling in the little ten-frame starting with the higher number. Show and talk about how it is more challenging to start
LWith the lower number as a counterexample.

maller number and add 1 or to double the larger and then subtract 1. There-

s to double the s N
fio 0 know their doubles before they can work on this strategy.

fore, students must

nder it, as

 lb introduce near-doubles, write a doubles fact and a near-doubles fact right u

illuserated here.
Using 5 as an Anchor g

Frames and Facts

5+5
5+6

The use of an anchor (5 or 10) is a reasoning strategy
builds on students’ knowledge of number relationships and
therefore a great way to both reinforce number sense
learn the basic facts. Using 5 as an anchor means lookin
fives in the numbers in the problem. For example, in 7 +
student may see that 7 is § + 2 and that 6 is 5 + 1. The st
dent would add 5§ + 5 and then the extra 2 from the 7 and the
extra | from the 6, adding up to 13.

Ten-frames can help students see numbers as 5 and son
more. And because the ten-frame is a visual model, it may b
strategy that visual learners and students with disabilities find
particularly valuable.

Ask students how the first equation might help them solve the second equation. Acdvity 10

elaborates on this idea.

Activity 10
On the Double!

| Create a display (on the board or on paper) that illu
cards with near-doubles (e.g., 4 + 5). Ask students
hem solve the fact they have on the card and plac
her doubles that could help.

\

CCSS-M: 1.0A.B.3; 1.0A.C.6; 2.0A.B.2

Near-Doubles

Near-doubles are also called “doubles-plus-one” or “doubles-
minus-one” facts and include all combinations where
addend is one more or less than the other. This is a stra
FIGURE 5  Frames and facts activity. that uses a known fact to derive an unknown fact. The stra

strates the doubles (see Figure 6). Prepare
to find the doubles fact that could help
¢ it on that spot. Ask students if there are
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| Near-doubles can be more difficult for students to peg
i nize and therefore may not be a strategy that al] stu o

) pause -~ Reflect

dents Separate or Take Away

|
. g g 4 16 = 9 useful. In that case, do not force it. gefore reading further, look at the three subtraction facts
| — B4 +4 g s wd re . t shown here, and reflect on what thought process you use to —4 —4
: e Complete Self-Check 3a: Reasoning Strategl get the answers. Even if you “just know them,” think about <_I_r' Tt 1‘ >
8 1 9 3 ~ for Addition Facts N what a likely process might be. 0 10 &
| +8 +1 +9 +4 7 5 -
b= 3 O T .\-6
+8 =
5 14 12 15 Difference or Comparison
7 5 w ! . i = N
£2 +7 +5 Putt;hednea;;d?uhile 7 Reasonlng Strategles for -9 —6 -6 o _4
== — . on the double fac g 3
that helps. ¢ Subtraction Facts e
B What stories might you tell that will help students “think o) 10 20

Subtraction facts prove to be more difficult than addition
FIGURE 8 Near-doubles fact activity. is especially true when students have been taught subtracti
through a “count-count-count” approach; for 13 = 5. sou
13, count off 5, count what’s left. As discussed earlier in the chapter, counting is the first p}:as
reaching basic fact mastery.
Figure 1 at the beginning of the chapter lists the ways students might subtract, moy
from counting to mastery. Without opportunities to learn and use reasoning strategies s i
dents continue to rely on counting strategies to come up with subtraction facts, a slov:r'
often inaccurate approach. Therefore, spend sufficient time working on the reasoning str.
egies outlined here to help students move to phase 2 and eventually on to mastery (pha

addition?”

2 FIGURE & Down Under 10 illustrated on the number line for
pown Under 10 14 =
‘e are two ways to think about Down Under 10. The first
think about it as a “separate” situation. For 14 — 8, the
inking is to first take away 4 to get to 10, then take away 4 more to get the answer of 6.
other way to think about this is as a “comparison,” finding the difference” or distance between
the two numbers. How far apart are 14 and 87 Jump down 4 to the 10 and two more to the
they are 6 apart. These two interpretations are illustrated in Figure 8.
Down Under 10 is a derived fact strategy: Students use what they know (that 14 minus 4
o derive a related fact (14 — 5). Like the Combinations of 10 and Making 10 strategies
ed previously, this strategy is emphasized in high-performing countries but not empha-
ed enough in the United States (FFuson & Kwon, 1992).
~ To develop the Down Under 10 strategy, write pairs of facts in which the difference for
t fact is 10 and the second fact is either 8 or 9: 16 — 6 and 16 — 7; 14 — 4 and 14 — 6,
s0 on. Have students solve each problem and discuss their strategies. If students do not
rally see the relationship, ask them to think about how the first fact can help solve the
ond. Illustrate on a number line. Use story problems such as these:

Think-Addition

As the label implies, in this strategy students use known addition facts to produce the unkno
quantity or part of the subtraction (see Figure 7). If this important relationship between
and the whole—Dbetween addition and subtraction—can be made, subtraction facts will be much
easier for students to learn. As with addition facts, it is helpful to begin with facts that have to
of 10 or less (e.g., 8 — 3,9 — 7) before working on facts that have a total (minuend) hi
than 10 (e.g., 13 — 4).
The value of think-addition cannot be overstated; however, if think-addition is to he
effectively, it is essential that addition facts be mastered first. Evidence suggests that stude
learn very few, if any, subtraction facts without first mastering the corresponding addition
In other words, mastery of 3 + 5 can be thought of as prere
uisite knowledge for learning the facts 8 — 3and 8 — §.
Story problems that promote think-addition are th
that sound like addition but have a missing addend: join, i
1. Count out 13 2. Count and remove 5. part unknown; join, change unknown; and part-part-whole,
and cover. Keep these in view. unknown. Consider this problem:

walks 16 blocks to school. She has walked 7. How many more blocks does Becky have left?
arate)

y walks 16 blocks to school; Corwin walks 9 blocks. How many more blocks does Becky walk?

Think-Addition for 13 -5 = mparison)

CCSS-M: 1.0A.B.4; 1.0A.C.6; 2.0A.B.2

Activity 11 T

U Janice had 5 fish in her aguarium. Grandma gave her some more A 1 :
~ fish. Then she had 12 fish. How many fish did Grandma give e pp €5 In the TIGES
Janice? Project a Double Ten-Frame (Blackline Master 15) as a display with chips covering the first ten-frame and =
'Some of the second (e.g., for 16, cover 10 in the first frame and 6 on the second frame). Tell students some ,_E',:gﬂng

3.Think: 4. Uncover. . S ' 3 | @pples have fallen to the ground—you will tell them how many and they will tell you how many are still in the REARMERS
" e o No.tlce t}llﬂt the actllo.n is join, which sug:gestsh ﬂdd-}‘ . {rees. Repeat the activity, asking students to explain their thinking. For ELLs or culturally diverse students, you
( “Five and what \) - oo _ There is a high probability that students Wlll'thll?k, 1 \ ©an change to a context that is familiar or timely.
. makes thirteen?” .,:‘) _-." w and how many more equals 122” In the discussion in whit -
\\.-/-_-.«“\_,_,_,//f ® you use PrOblemS such as this, your task is to connect i
81 8 left. 13 minus 5 is 8. —_— thought process with the subtraction fact, 12 — 5. Students ke from 10
may use an Making 10 strategy to solve this, just as they ¢ '
. with addition facts (“It takes 5 to getto 10 and 2 more to 1= S excellent strategy is not as well known or commonly used in the United States but is
FIGURE 7 Using a think-addition for subtraction facts. is...7". sistently used in high-performing countries. It takes advantage of students’ knowledge of
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iences with skip counting and addition doubles (Heege, 19853 Kamii & A_I.Jde.['SOn, 2003;
o abe, 2006). This work can begin at the end of second grade or at the begmmng of t.]rurd
ey Next, 0s and 1s are foundational facts. Be sure these are understood, not just memorized,
ctions here share strategies for helping students learn the foundation facts: 2,5,0,and 1.
John A. Van de Walle discuss reasoning strategies for multiplication.

the combinations that make 10, taking the initial value apart into 10 and ones, This is hoy
works for 15 — §;

(1) Think: 10+ 5 (2) Take from the 10: 10 —8=2 (3) Add 5 back on; 2 + 5 = 7
-8

. Facts that have 2 asa factor are equivalent to the addition doubles and should already

wn by students. Help students realize that 2 X 7 is the same as 7 + 7. Ulse story prob-

_ i which 2 is the number of sets. Later, use problems in which 2 is the size of the sets,
g' students recognize the commutative property of multiplication.

Try it on these examples:

15—-8= 17—9= 14—-6=

- was making sock puppets. Each puppet needed 2 buttons for eyes. If George makes 7 puppets,

If you have students from other countries, they may know this strategy and can any buttons will he need for the eyes?

it with others. It can be used for all subtraction facts having minuends greater than 10
“toughies”) by just knowing how to subtract from 10 and knowing addition facts with
less than 10. :

* 000 E 2 13 14 15 6 5T e LD

0 0] '
2]

-

Activity 12

n

o
[~
B
|
|
B
|
=
5|

CCSS-M: 1.0A.B.3; 1.0A.B.4; 1.0A.C.6;

2.0A.B.2 3 6|

. 4 8|

Apples in Two Trees 5

Adapting Activity 11, explain that each ten-frame is a different tree. Tell students you will tell 6

them how many apples fall out of the “full” tree and they will tell you how many apples are left 1 m

L(cm both trees). Each time, ask students to explain their thinking. - 8 %
9

In the discussion of addition and subtraction strategies, you have seen a lot of activi
ties. Activities and games provide a low-stress approach to practicing strategies and work
ing toward fluency. More games and activities for all operations can be found later i
chapter.

. Practice skip counting by fives. Keep track of how many fives have been counted (If we
§s four times on the number line, where will we land?). Use arrays that have rows with
Point out that such an array with six rows is a model for 6 X 5, eight rows is 8 X 5, and so
me is also a good context for fives because of the way analog clocks are made.

| Complete Self-Check 3b: Reasoning Strategies for Subtraction Facts A S
Activity 13

CCSS-M: 3.0A.A.1; 3.0A.C.7 w
Clock Facts

on the minute hand of the clock. When it points to a number, how many minutes after

hour is it? See Figure 9(a). Connect this idea to multiplication facts with 5. Hold up a flash

s in Figure 9(b), and then point to the number on the clock corresponding to the other
In this way, the fives facts become the “clock facts”

,, Reasoning Strategies for Multiplication and
(" Division Facts

Using a problem-based approach and focusing on reasoning strategies are just as impo

not more so, for developing mastery of the multiplication and related division facts (Bar
2006; Wallace & Gurganus, 2005). As with addition and subtraction facts, start with §to
problems as you develop reasoning strategies.

Understanding the commutative property cuts the basic facts to be memorized in I
For example, a 2 X 8 array can be described as 2 rows of 8 or 8 rows of 2. In both ca
answer is 16.

0% 110 20 131 |4 151 (6l {7 1 k8

Foundational Facts: 2,5,0,1

For some reason, multiplication is often approached in numerical order (1s, 2s, 38 «
through 9s). (Note: in some settings, multiplications facts go through 10 or even 12, butin!
CCSS, basic facts are limited to single-digit factors, which is how they are addressed .
section), A more effective approach is to start with the facts that build on students’ S&el
and prior knowledge. A good place to start? 2s and Ss! These facts connect to stude

BES
=]

0] 5]10[15]20] mmmd

X
(1]
q
2
3
4
5
6
i/
8
)

Standards for
Mathematical
Practice

MPT. Look for and make
use of structure.
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\ (b) Flash Cards |’:(
| S =
i =
| w g P 4x10=40
| &5 - G
7 s z - glo e | A 4 x9is 4 less, 36
5 S —
X % 5 8
R g ? 5\ N ¥ - 4\ e
. i
6*2% 9
The minute hand tells x 5 = el RE 10 Using tens to think of the nines.

minutes after.

FIGURE 9 Using clocks to help learn fives facts. ' s

Standards for
Mathematical
Practice

MP2. Reason abstractly
and quantitatively.

184

N ines facts have interesting patterns that can help to find the products: (1) the tens digit of
roduct is one less than the non-nine factor and (2) the sum of the two digits in the prod-

quals 9. For 7 X 9 = 63, the tens digit is one less than 7 and 6 + 3 = 9. Ask students to
lore and discover nines patterns and write down patterns they notice.

Zeros and Ones. Thirty-six facts have at least one factor that is either 0 or 1. These fa =
though apparently easy on a procedural level, tend to get confused with “rules” that so
students learned for addition—for example, the fact 6 + 0 stays the same, but 6 X 0 is aly
zero, or that 1 + # is the next counting number, but 1 X 7 stays the same. The concey
behind these facts can be developed best through story problems, For example, invite stude

to tell stories to match a problem. Q\@K\‘i".:f
L. 6‘3
. . R (R
6 X 0=___ .There are six howls for raisins. Each bowl is empty. How many raisins? ; AdG 1O 9
0X6=___.Youworked O hours babysitting at $6 an hour. How much money did you make?

Avoid rules that aren’t conceptually based, such as “Any number multiplied by zero is zero.”

Ilustrate ones using arrays to show commutativity (8 X 1 = 1 X 8) and use stories likef
ones for zero. With 0 and 1, help students generalize what it means to have n X 0,0 X n, | X
and » X | without just memorizing these properties.

O 101 28 30 a0 ) 16 A (8

X
0
1

2
3
4
5
6
/i
8

N o | o [18]27]36]45]54]63|72

81

\fter discussing all the patterns, ask students how these patterns can be used to figure out
duct to a nines fact. Challenge students to think about why this pattern works. (Warning:
trategy, grounded in the base-ten system, can be useful, but it also can cause confusion
€ conceptual connection is not easy to see.)

A tactile way to help remember the nifty nines is to use fingers—but not for counting.
'thW: Hold up both hands. Starting with the pinky on your left hand, count over for
fact you are doing. For example, for 4 X 9, you move to the fourth finger (your pointer).
itdown. Look at your fingers: You have three to the left of the folded finger representing
and six to the right—36! (Barney, 1970). See Figure 11.

7 k4

Nifty Nines

Nines are in a category by themselves. They aren’t used for deriving the other facts, but
are several reasoning strategies and patterns specific to 9s. Nines can actually be derived
10s. For example, 7 X 9 can be found by finding 7 X 10 and removing one set of 7, or 70
Because students often can multiply by 10 and subtract from a decade value, this straté|
effective. You might introduce this idea by showing a set of bars such as those in Figure 10
only the end cube a different color. After explaining that every bar has 10 cubes, ask students!
they can think of a good way to figure out how many are yellow.

1owing chart shows the remaining 25 multiplication facts. Notice if students recognize
Mutative property, there are only 15 facts to learn. These remaining facts can be learned
foundational facts, (Note: students must first know their foundational facts!)

FIGURE 11 Nifty nines using fingers to show 4 X 9.
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This game (and others like it) helps students look for

Rt o e e e own facts in an unknown fact problem. The more they play, (a) Double and double again
| 3 petter students become at partitioning unknown facts into (facts with a 4)
‘ 2 .u n facts. Fact Also &
\ 3 nm mmm o ' ‘ . ' 4 6 ) 6 } Double 6
| 4 1216 [l 24 28[32| Soubling- Doubling is a very effective reasoning strategy in x6 || x4 oy D [-|_
5 ping students learn the difficult facts (Flowers & Ruben- 4+ Double 6
' 1). The Double and Double Agai ate =
6 1824 [ 36 42]48) g 2010/2011). 1 feabls vl Bae Again strategy Double 6 is 12.
7 2128 [l 42 49| 56| in Flgure.13(ﬂ) is applicable to all facts with 4 as one of Double again is 24.
8 2432 48 [56]64] ctors. Remind students that the idea works when 4 is the
9 factor as well as when it is the first. For 4 x 8, double
— ¢ is also a difficult addition. Help students with this by not- (B) Poubls and. onemere set
b 15 . } (facts with a 3)
s for example, that 15 + 15 is 30, and 16 + 16 is 2 more,
Standards for Arrays. Arrays are powerful thinking tools for deriving multiplication facts. Figure 12(a . 2. Adding 16 + 16 on paper defeats the development of 2L 1
m?,::;ﬁ'_gatwm illustrates a Multiplication Array with lines through a 10 by 10 array to show fives (known facts). oning. 3 7 P } o
MP5. Use ap|:’)ro _— Students can use this hint to derive multiplication facts. For example, to see 7 x 7 The Double and Onc.: M()}‘t? Set strategy shown in x7||x3 +7 <One
toois. Strategicalls (5 X 7) + (2 X 7),o0r 35 + 14 (Figure 12(b)). gure 13(b) is a way to think of facts with one factor of 3. mare 7
There are numerous games that use arrays that can help students derive facts. Activity lith an array or a set picture, the double part can be cir- Double 7 is 14.
is one example of a game using arrays. and it is clear that there is one more set. Two facts in One more 7 is 21.
this group involve more difficult mental addidons: 8 X 3 and
W, . Using doubling and one more, you can generate any (c) Half then double
ACt]-V]-tY 14 COSS M- 20AA1-20ARG:- 30AC T For the fact 6 X 7, think of 2 X 7 (14), then double it to (facts with an even factor)
S T _ 4 % 7(28), then add two more sets of 7 (28 + 14 = 42). 8"
: . . s L ~ Fact Also
Strive to Derive X - If either factor is even, a Half Then Double strategy as 8 }b 5 9= 24
You will need Multiplication Array Cards (.&., for 35, 4s, 65, and 9s), a straight thin stick (like uncooked spaghetti), and ' QR 13(c) can be nsed. Select the evendactor and Bl . S
D AL plolion MRy S i L s Bt ! E e ed spaghetti), an STUDENTS | ; in half. If the smaller fact is known, that product is dou- x8||x6 8
two dice, one labeled with 3, 3, 6, 6, 9, 9; one with 0, 1, 4, 6, 7, 8. To make Multiplication Array Cards, use 2-Centimete with | od to get the new fact 8 }8 x 3 =24
Grid Paper (Blackline Master 5) and cut out each possible size. In marker, write the product both ways (e.g., cut out a sNPEE‘I:,'él_- e t0 8 ) -

5-by-6 array and write 5 X 6 and 6 X 5 on the array). Spread the cards on the table so they can be seen. Player 1 rolls 8 1
the dice and selects the related array card. Player 1 then places the stick to partition the array into known facts. If Player 1 rolled a 3 3¢ Facts. Many students prefer to go to a fact that
and a 6, she would pick the 3-by-6 array. She can patition it as 2 6 and 1 X 6 or as 3X 5 and 3 X 1. If Player 1 can solve the fact | ‘cl, 5.5'” apd then add one more set to this known fact, as
using a derived fact, she scores 1 point. Return array card to the collection. Player 2 repeats the process. Continue to 10 points. | shown in Figure 14.

I b . . -
Initially, o to modify for students who struggle, focus on one foundation set of facts, for example, Strive to Derive from 5. or example, think of 6 X 7 as 6 sevens. Five sevens is  FIGURE 13  Using doubles (known facts) to derive
That’s 35. Add one more seven to get 42. Using set lan-  unknown facts.

¢ “5 sevens” is helpful in remembering that one more 7 is
led (not one more 5). This “close” fact reasoning strategy is critically important because it
orees number sense and it can be used to derive any unknown fact.

3 times 8 is 24.
Double 24 is 48.

O0000|00
O0000I00
0000000

0000000
O0O000I00
0000000

|
Division Facts

tery of multiplication facts and connections between Add one moreant

I | = . . ..
OCO0O0O0O : OO OO0 OO : OO lication and division are key elements of division fact (any fact -
mastery. For example, to solve 36 + 4, we tend to think Fact Also
| | i * ’ ’ 7
Q _Q,Q,QﬁQ_FQQ il O OOO0O0 | OO times what is thirty-six?” In fact, because of this, the 6 7 7 p7%x5=35
OO0OO0O0O0O : OX@) OO0OO0OO0OO : OO QI(l;glgfaclts for division are to (1) think multiplication and 71| x6 7
) apply a multiplication reasoning fact, as needed. | [ .
| i g ) -
OOO00O : O O OO0O0OO0O O | O O Ing factor stories can assist in making this connection. ¥4 *0re
5 sevens are 35. more?

s . One more 7 is 42.
: mini muffins for a bake sale. She puts
N 8 bag and fills up bags until she has all 36 mini muffins in
How many bags did she fill? FIGURE 14 Using a close (known) fact to derive an
- unknown fact.

L/ g AN R L B s N AA ~7 p—

NSRS R NS N S LA A e N I N

FIGURE 12 A multiplication array can illustrate how to partition a fact into two or more known facts.
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| Notice this story can be represented as4 X ___ = 36 (missing factor) oras 36 « 4,
‘ | (division). The doubie and double again reasoning strategy can be used to solve the missing f;
(What number doubled and doubled again equals 36?). Seeing a situation as both a multip[i

. and a division problem can help students to think multiplication when encountering division - e at's Under My Thumb?

AQiVltV 16 CCSS-M: 1.0A.B.4; 1.0A.C.6; 2.0A.B.2; A

3.0A.B.5; 3.0A.B.6; 3.0A.C.7

te a set of circle cards with fact families for each pair of students or have students create
ﬁ]r-own pased on the facts they need to be practicing (see Figure 15(a)). You can begin this
! yity as @ whole class and then move to partners. Hold up a card with your thumb over one
mber. Ask, “What is under my thumb?” Call on a student to share the answer and how they
; oned to get the answer. Place students in partners with their sets of cards and play. Groups
' switch decks with other groups for more experiences. Individuals can explore cards like the
as In Figure 15(h), with the answer on the back. Alternatively, you can use strips rather than

cles (see Figure 15(c)).

il | Pause  Reflect

Select what you consider a difficult fact to remember and see how many of the derived fact ;

strategies you can use to derive the fact. 1

v: Complete Self-Check 3c: Reasoning Strategies for Multiplication and
" Division Facts

9 Reinforcing Basic Fact Mastery

- ‘;t 4
When students “just know” a fact, or can apply a reasoning strategy so fast they almost d
realize they have done it (e.g., Making 10), they have reached phase 3: mastery. CCSS-M uses th
phrase “know from memory” (CCSS0, 2010, pp. 19, 23). Repeated experiences with reason
strategics are effective in committing facts to memory; memorizing is not. Therefore, game
activities that focus on reasoning strategies are more effective than drilling with flash cards (an
more palatable for students) . We mustuse these effective strategies to ensure all students become
fluent with facts and abandon long-existing strategies that do not work! If students do not become
fluent with their basic facts, they will certainly struggle with multidigit computation. In ad
students who do not know their facts often struggle to understand higher mathematics coneept
because their cognitive energy must focus too much on computation when it should be foc
on the more sophisticated concept being developed (Forbringer & Fahsl, 2010).

ng-Part Worksheel can be used as a follow-up to Activity 16. Fill in two of the three Standards for
ers for a set of facts, differentiated for students. An example for addition is shown in @ Mathematical
16. Have students write an equation for each missing-number card. This is important Practice

- . 3 MP4. Model with

e students need to connect the missing addend to subtraction. mathematics

le 2 offers some ideas for how classic games can be adapted to focus on basic fact '

tery (reflects ideas from Forbringer & Fahsl, 2010, and Kamii & Anderson, 2003). Also

ded are ideas for differentiating the games.

hen all facts are learned, continued reinforcement through occasional games and activ-

important. Consider the following activity that engages students in creatively applying

 operations.

Games to Support Basic Fact Fluency

Activity 17 N | - N

Games are fun to play over and over again and therefore are an excellent way to pros Bowl
: < wes 1 theis Facts . : Bowl a Fact

repeated experiences for students to learn their facts. Playing games that infuse reason 7 _
strategies helps students be able to flexibly select strategies, decide which strategy is | In this activity (suggested by Shoecraft, 1982), you draw circles placed in
appropriate for the given problem, and become more efficient and accurate in finding th igular fashion to look like bowling pins, with the front circle labeled 1 and
answer. This is what it takes to become fluent with the basic facts! In addition, games incri others labeled consecutively through 10. Clici 1o for an activity page that
student involvement, encourage student-to-student interaction, and improve communica udes lines for recording equations. For culturally diverse classrooms, be

ENGLISH

all of which are related to improved academic achievement (Bay-Williams & Kling, 2! fe that students are familiar with bowling. (If they are not, consider showing | tuaiaae
a YouTube clip or photographs.) LEARNERS

Forbringer & Fahsl, 2010; Kamii & Anderson, 2003; Lewis, 2005). )
As you use games, remember to focus on related clusters of facts and on what individual

students need to practice. Also, encourage students to self-monitor—they can create their

game board/game, including the facts they are working on (their personal “toughies”).

ACt]'VltV 15 CCSS-M: 1.0A.B.4; 1.0A.C.6; 2.0A.B.2;

3.0A.B.5; 3.0A.B.6; 3.0A.C.7

Salute! enoLsH 1
Place students in groups of three, and give each group a deck of cards (omitting face cards and using aces as ones). t‘;ﬂ&:g‘ns y b i

Two students draw a card without looking at it and place it on their forehead facing outward (so the others can see
it). The student with no card tells the sum (or product). The first of the other two to correctly say what number is on
theit forehead “wins” the card set. For ELLs, students with disabilities, and reluctant learners, speed can inhibit
participation and increase anxiety. Speed of response can be removed as a vatiable by having students write down an “knock down” the 5 pin with 4 X 2 — 3. If th ey can produce equations to knock down all
the card they think they have (within five seconds) and getting a point if they are correct. This can be differentiated STUDENTS Pins, they get a strike. If not. roll a gaith f.m d see whether they can knock the rest down for a
kby including only certain cards (e.g., addition facts using only the numbers 1 through 5). SPECIAL €. After doing this with the ,Whole class, students can work in small groups.

i i
Ta
ll.(e three dice and roll them. Students use the numbers on the three dice to come up with
ons that result in answers that are on the pins. For example, if you roll 4,2, and 3, they
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E2 (Continued)

0 Use It with Basic Fact Mastery oy T L L
Create (or find online) dominoes that have a fact on one side  As with other games, select the dominoes that focus
and an answer (not to that fact) on the other. Each student on a particular clusters of facts.

gets the same number of dominees (around eight). On his or

her turn, they can play one of the dominoes in their hand only

if they have an answer or a fact that can connect to a domino

on the board.

&
4 L

Rather than list all the values below the chart, just list
the related addends or factors. For example, use 1,
2,6, 7, 8,9 if you want to work on +1 and +2, or use
3, 4, 5, 6 if you are working on these multiplication
facts.

Create a 6 X 6 square game board with a sum (or product)
written on each square. Below, list the numbers O through 9.
Each of the two players has counters of a different color to
use as their game pieces. On the first turn, Player 1 places a
marker (paper clip) on two addends/factors and then gets to
place his or her colored counter on the related answer. (If you
have repeated the same answer on different squares of the
board, the player only gets to cover one of them.) Player 2 can
only move one paper clip and then gets to place his or her
colored counter on the related answer. The first player to get
four in a row wins.

aid (retitled as  Create cards for each fact and each answer. Add one card See Concentration (above).

®
©
e

Questions for Students:
Which number is missing?
How can you figure out what it is?

3
i

@

e

that has a picture of an old dog (or use your school mascot).
Shuffle and deal cards, On each player's turn, they draw from
the person on their right, see whether that card is a match
to a card in their hand (a fact and its answer), and, if so, lay
down the pair. Then the person to their left draws from them.

o)

(c)
6 () 8 6 (2
D, 7
Question for Students:

The_s_e missing-number cards are just like the number
families. Can you figure out the missing number?

(in brackets) are not included on student pages.

4

FIGURE 15  Introducing missing-number cards. Note:
These are shown for addition/subtraction but work well for
multiplication/division, too.

TABLE2 CLASSIC GAMES ADAPTED TO BASIC FACT MASTERY 7 -

Classic Game ___ How to Use It with Basic Fact Mastery ____ Suggestlons for Differentiatior
Bingo Each bingo card has a fact problem (e.g., 2 X 3) in each box.  Create bingo boards that focus on different clusters
The same fact will be on multiple bingo cards but in different  of facts (e.g., doubles or doubles +1 on some boa
locations on each card. You will call out an answer (e.g., 8), and Making 10 on other boards). Be sure that the
and the students will find a matching problem (or more than answers you call out are an even mix of the clusters
one problem) on their card. so that everyone has the same chance to win.
Concentration Create cards that have a fact problem (e.g., 3 X 5) on one Select cards that focus on a particular cluster

half and the answers (e.g., 15) on the other half. Shuffle the
cards and turn them face-down in a 6 X 4 grid. (If you like,
you can make the grid larger to use more cards.)

of facts (e.g., +1 and X 5 facts) for each round
of the game. Multiple groups can play the game
simultaneously—each group will use the parts of
the deck that contain the facts they are working

on. Also, consider making cards that show the ten-
frames below the numbers to help provide @ visual i

for students.

(Conti
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FIGURE 16 Example missing-number worksheets. Label

Play continues until all matches are found and someone is left
with the Old Dog. Winner can be the person with (or not with)
the Old Dog, or the person with the most pairs.

-

: Based on Ideas_from Forbringer & Fa?;sl, 2010, and Kamii & Anderson, 2003.

J* ) FORMATIVE ASSESSMENT Notes. As students are engaged in games and activities,

) interview students to find out whether they are using counting strategies, reasoning
tegies, or quick recall. Ask students to tell what strategy they just used. If you observe
ounting, ask the student to try a reasoning strategy. If many students are counting, more ex-
es (with ten-frames, for example) are needed. =

out Drill

—repetitive non-problem-based activity—in the absence of reasoning has repeatedly
demonstrated as ineffective, However, drill can strengthen memory and retrieval capa-
ilities (Ashcraft & Christy, 1995). Drill is only appropriate after students know strategies and
e moved from phase 2 to phase 3. Drill should also be low-stress and engaging. The many
s and activities in this chapter can continued to be played even after students know the
"f:"‘om memory. Students will smile when they see cards coming out for another game of
te!
~ Too often, drill includes too many facts too quickly, and students become frustrated and
whelmed. Also, students progress at different paces—gifted students tend to be good
e orizers, whereas students with intellectual disabilities have difficulty memorizing (Ior-
vringer & Fahsl, 2010). Rather than work on all facts, identify a group of facts (e.g, 3s) and look
atterns within that set. Students can create their own cards with each fact written both ways
: 3 X 7and 7 X 3), create a dot array, and record the answer on the back. They can work
ese at home, with a partner, and keep track of the ones they “just know” and the ones for
"-]1 they use a strategy.
Aplethora of websites and software programs provide opportunities to drill on the basic
(see Figure 17). Though currently none exist that work on strategy development, these
Brams can support students who are near mastery or maintaining mastery. One disadvan-
f)fmost of these sites is that they focus on all the facts at one time. "Tivo exceptions (sites
organize drill by fact family) are Fun 4 the Brain and Math Fact Cafe. -

Standards for
Mathematical

@ Practice

MP8. Look for and express
regularity in repeated
reasoning.
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~ grudents may not have the benefit of class discussion. Share with them strategies thi'lt you
have “seen other students use.” Be certain that they have a conceptual understanding of
" the strategy and are able to use it.

For example, if a student knows his addition facts within 10, but struggles with the
ones that sum to 11-19, then you know which facts to target. Determine if he‘ k.nows the
Combinations of 10 strategy. Practice it until he is fluent with it. Then, exp.llmtly teach
the Making 10 strategy. For multiplication, you might notice that a student is very good
at doubling. Help her write the way to solve her “toughies” using doubles. For example,
to multiply by 4, she can double and double again. For 8, she can double, double, double.
Doubling has been found to be very effective in helping middle school students master
multiplication facts, increasing their reasoning skills as well as their confidence (Flowers &

Online Resources for Mastery of Basic Math Facts

Name Description

Fun 4 the Brain: Math Games This site offers over a dozen games for addition facts and ten for multj-
plications facts. Pick a game (e.g., Snowy's Friend) and then pick the fact
families you would like to explore.

Math Fact Café Here you will find a lot of downloadable practice: pre-made fact sheets
flashcards, and practice pages, or create your own practice pages Sek;cﬂ -
the number of practice problems, the level of difficulties, and which s eSS
families.

NCTM Illluminations Geep Play this applet: The first person to choose a set of digit cards with a spee. Rubenstein 2010/2011).
Sea Duel ified sum wins. You can choose how many cards, what types of numbers ' ’ . ; ; ; » v
' e : e , time 3 can be affected.
anid-the: level of stratesy: rs, . Provide hope. As noted in the discussion of timed tests, students’ confidence ca

~ §rudents may feel they are doomed to use finger counting forever. Let these students know
that they will explore strategies that will help them with the facts. Turn off the timers.
~ Shorten (or eliminate) the quizzes.

3. Inventory the known and unknown facets. Find out which facts are known quickly and com-

NCTM Hlluminations Factorize In this applet, students visually explore the concept of factors by creati
rectangular arrays. Choose your own number or one randomly selected

ng

.

NCTM Illuminations Let's Six complete lessons for addition facts are provided, including links to -
Learn Those Facts resources and student recording sheets. £ fortably and which are not (see assessment ideas discussed previously). Invite students to

| - z do thi lves as well. Provide sheets of mixed multiplication facts and ask students
NCTM llluminations These four lessons, including links to resources and student recording = s for themse “v's ell lP] o ,fi dieiveles thie h ]J. hev | i ¢
Multiplication: it's in the sheets, use the properties of multiplication to help students master the to answer the ones thf':y Just know an‘ circle the faclts where t ey have t‘o pause to coun
Cards Lessons multiplication facts. See also “Six and Seven as Factors.” . or use a strategy. Review the results with them and discuss which strategies and facts you

) ) R = will work on.
NCTM llluminations The Four lessons provide guidance on using the engaging and effective games : 1. : - ; L P S
‘ . Bui uicees. -casoning strategies like Combinations

Product Game “Factor Game" and “Product Game” to help students see the relationship IR+ Begin with.cesier and more useful reasoning &

of 10 for addition. Success builds success! Iave students find all the facts that can be
solved with a newly learned strategy. Use fact charts to show the set of facts you are work-
ing on. It is surprising how the chart quickly fills up with mastered facts.

Provide engaging activities. Use the many games and activities in this chapter to work on
phase 2 and phase 3. As students play, ask which strategies they are using. Deemphasize
competition and emphasize collaboration. Prepare take-home versions of a game and
assign students to play the game at home at least once. Invite parents in for a Math Night
and teach them games that they can enjoy (e.g., Salute!) and teach families to focus on
reasoning strategies over memorization as they play the games.

between products and factors.

NCTM's Calculation Nation These multiplication games are among a number of interactive, fun games
Factor Dazzle and Times to play. Registered players can play against others from all over the world,
Square "

BBC Cross the Swamp This British applet asks students to supply a missing operation
(+/— or X/+) and a number to complete an equation (e.g., 4 =

There are five questions in a set, each with three levels of difficulty.

NLVM Diffy Diffy is a classic mathematics puzzle that involves finding the differences |

given numbers. Here it is presented as an applet.

at to Do When Teaching Basic Facts. We close this chapter with some import-

reminders in effectively teaching the basic facts. This is such an important life skill for

learners that it is important that we, as teachers, use what research suggests are the most

fective practices. The following list of recommendations can support the development of
nick recall.

IXL Learning IXL contains interactive practice tools to monitor student progress toward
basic fact mastery. Connections with the Common Core State Standards,
Department of Defense Education Activity standards, and existing state
standards are provided.

FIGURE 17 Websites and applets for support in teaching the basic facts.
L. Ask students to self-monitor. The importance of this recommendation cannot be overstated.
- '{Xcr'oss all learning, having a sense of what you don’t know and what you need to learn
Fact Remediation : - Is important, It certainly holds true with memorizing facts. Students should be able.to
identify their “toughies” and continue to work on reasoning strategies to help them derive
~ those facts.

Focus on self~improvement. Help students notice that they are getting quicker or learning
new facts or strategies. For example, students can keep track of how long it took them
to go through their “fact stack” and then, two days later, pull out the same stack and see

Students who have not mastered their addition facts by third grade or their multiplication fa¢
by fourth grade (or beyond) are in need of interventions that will help them master the fac
More drill is not an intervention! Students who do not know their facts may be stuck baek
phase 1 (counting strategies) and likely lack number sense and reasoning strategies (phase
Effective remediation first requires figuring out which facts a student knows and which whether they are quicker (or more accurate or use a new strategy) compared to the last
he or she does not. Second, effective remediation requires a focus on the three phas time,

determining where a student is and explicitly teaching reasoning strategies (phase 2) in 0 3. Limit practice to short time segments. You can project numerous examples of double ten-
to reach mastery (phase 3). Review the ideas offered in the Assessing Basic Facts sec i 9 frames in relatively little time. Or you can do a story problem a day—taking five minutes
figure out what students do and do not know. Then, use these ideas to help students m to share strategies, You can also have each student pull a set of flash cards, pair with
all of their facts. another student, and go through each other’s set in two minutes. Long periods (ten min-
ULEs or more) are not effective. Using the first five to ten minutes of the day, or extra time
Just before lunch, can provide continued support on fact development without taking up
Mathematics instructional time better devoted to other topics.

1. Explicitly teach yeasoning strategies. Students’ fact difficulties are due to a failure to dev
or connect concepts and relationships such as those that have been discussed in this ch
ter. They need instruction focused at phase 2, not phase 3. In a remediation prog

Standards for
Mathematical
Practice

MP1. Make sense of

problems and persevere in

solving them.
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What Not to Do When Teaching Basic Facts
egies that may have been designed with good intentions but work against student recall of th
basic facts. =

1.

2.

. Use technology. When students work with technology, they get immediate teedback and

- Emphasize the importance of knowing their facts. Without trying to create pressure or anyie

- Don’t proceed through facts in order from 0 to 9. Work on foundational facts first, then move

. Don’t work on all facts all at once. Select a strategy (starting with easicr ones) and then wo
- Don’t expect quick recall too soon. "This has been addressed throughout the chapter but is

- Don’t use fircts as a barvier to good mathematics. Mathematics is not solely about computation.

o Don’t use fact mastery as a prervequisite for caleulator use. Requiring that students master th

Developing Basic Fact Fluency

Developing Basic Fact Fluency

Work on facts over time. Rather than do a unit on fact memorization, work on fa
months and months, working on one reasoning strategy or set of facts undl j¢ is lC ] Ove?
then moving on. Be sure foundational facts come first and are down pat before team. d,
derived fact strategies. Eachmg
Involve families. Share the big plan of how you will work on learning facts over the vane
One idea is to let parents or guardians know that during the second semester of : Yea;;;
grade (or third grade), for example, you will have one or two “Take Home Facgs ei‘oﬁ' 3
Week.” Ask family members to help students by using reasoning strategies when th 3 tha
know a fact, ey don'e
Make fact practice enjoyable. 'There are many games (including those in this c
designed to reinforce facts that are not competitive or anxiety inducing.

R’TING TO LEARN

Kk here to assess your understanding and application of

apter content.

P l Describe advantages of a dEVEIOI)mental ﬂpproach to

hapig - helping students develop fluency with their basic facts.
apter) . I h i

p} 2. How might you decide which addition facts a student

. ' only solves by counting, for which ones they are using

reinforcement, helping them to self-monitor. T e

: . . . i " 3. What is meant by “Making 10”? What strategies might

emphasize to students that in real life and in the rest of mathematics, they will be recallingf' 3 use to help students learn this reasoning strategy?

these facts all the time—they really must learn them and learn them well, iy

: 4, For the fact 6 X 7, describe two derived fact strategies a
student might use (assume the student lenows their foun-
dation facts).
2 * 5, Why are games and interactive software important n
supporting basic fact fluency?
6, This chapter suggests an approach to teaching the
~ basic facts that may be quite different than your own

i .
I Can

« The following list describes strat- ;

Don’t use timed tests. As we have mentioned, little insight is gained from timed tests and
they can potentially negatively atfect students. Turn the timers off! .
Don’t use public comparisons of mastery. You may have experienced the bulletin board that
shows which students are on which step of a staircase to mastering their multiplication
facts. Imagine how the student who is on the step 3 feels when others are on step 6. I
great to celebrate student successes, but avoid comparisons between students,

& RESOUI

“ITERATURE CONNECTIONS

to the tougher facts.

on memorization of that set of facts (e.g., doubles). Be sure these are really learned befor
moving on. Differentiation is needed! - -

ne Less Fish Toft and Sheather (1998)

“This beautiful book with an important environmental message
with 12 fish and counts back to zero fish. On a page with
fish, ask, “How many fish are gone?” and “How did you figure
it out?” Encourage students to use the Down Over 10 strategy.

‘Any counting-up or counting-back book can be used in this way!

worth repeating. Quick recall or mastery can be obtained only after significant time
been spent on reasoning strategies.

Mathematics is about reasoning, using patterns, and making sense of things. Mathematics.
is problem solving. There is no reason that a student who has not yet mastered all b
facts should be excluded from real mathematical experiences (allow calculators so th
students don’t get bogged down on computation while working on more complex tasks). :
‘The Twelve Days of Summer Andrews and Jolliffe (2005)
You will quickly recognize the style of this book with five bum-
'Elﬁb.ees, four garter snakes, three ruffed grouse, and so on.
The engaging illustrations and motions make this a wonder-
ful book. Students can apply multiplication facts to figure out
MOW many of each item appear by the end of the book. (For
- @xample, three ruffed grouse appear on days 3,4, 5, and so on.)

basic facts before they can use a calculator has no foundation, Calculator use should be
based on the instructional goals of the day. If your lesson goal is for students to discover
the pattern (formula) for the perimeter of rectangles, then students might be recor '
the length, width, and perimeter for different rectangles and looking for patterns. Usin,
calculator can quicken the computation in this lesson and keep the focus on measurements
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| Complete Self-Check 4: Reinforcing Basic Fact Mastery

experience. Describe three things that are highlighted in
this chapter that were new to you and that you hope to
remember to use.

FOR DISCUSSION AND EXPLORATION

+ Lxplore a web-based program for drilling basic facts.
What features does the program have that are good?
Not so good? TTow would you use such programs in a
classroom with only one or two available computers?
How would you differentiate it to address those who
are working on different fact strategies?

+ Assume you are teaching a grade that expects mastery
of facts (grade 2 for addition and subtraction or grade 3
or 4 for multiplication and division). How will you de-
sign fact mastery across the semester or year? Include
timing, strategy development, involvement of families,
use of games, and so forth.

Boaler, J. (2014). Research suggests that timed tests cause math
anxiety. Teaching Children Mathematics 20(8), 469-474.

This is a wonderful article to challenge the Jongstanding prac-
tice of timed-tests. Just because we have akways done this, doesn’t
mean it's a good idea!

Buchholz, L. (2004). Learning strategies for addition and sub-

traction facts: The road to fluency and the license to think.
Teaching Children Mathematics, 10(7), 362-367.
A second-grade teacher explains how her students developed and
named their strategies and even extended them to work with
two-digit mumbers. She found her “lower ability” students were
very stccessful using reasoning strategies.

Crespo, S., Kyriakides, A. O., & McGee, S. (2005). Nothing
“basic” about basic facts: Exploring addition facts with
fourth graders. Teaching Children Mathematics, 12(2), 60-67.
This article provides evidence of the critical importance of
addressing remediation through a focus on reasoning strategies
and numiber sense.

Kling, G. (2011, September). Fluency with basic addition.
Teaching Children Mathematics, 18, 80-88.

Kling offers many research-based ideas for developing fluency.
She emphases the need to begin with doubles and combinations of
10 and build fiom there. Developing Basic Fact Fluency
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| = Basic Fa 9 R e E TR e i
| Mathematics Content cess-mo
| . s Use knov;ﬁi fa_c—t;t;_ él_e’;rn;ihe ;nknbwn facts 3.0AA.L;
| oiberive 3.0AB5;
ACTIVITIES AT A GLANCE 3.0AC.7
’ : - Identify the missing addend or factor 1.0A.B.4;
| This table lists .tll'le named apd numbered activities in the Core State Standards. Remember that this is 4 chapter. 1.0A.C.6;
chalp‘ter, In addition to-provlding an easy way to find an about teaching mathematics and not a chapter of aP'ti_er- 2.0A.B.2;
aCtlv:ity, the table lpmwdes the main mathematics content It is extremely important not to take any activity asc am ggigg
stated as succinct i - oest] i : ; 2 .OA.B.6;
= nctly as possible and the related Common suggestion for instruction without reading the fu]] chapter, 3.0AC.7
[Tt s e ':"i S = e R e = —— e R i A (i = g -
.‘.P}-- anm"_&'gaﬂ Fact h!‘mw Ly e £ i Under my Thumb? Connect addition and subtraction facts or 1.0A.B.4;
Activi R — . multiplication and division facts 1.0A.C.6;
ehivity Mathematics Content CcCSS-M 2.0A.B.2:
| Didn’ o T S e Y —_— 3.0AB.5;
1 If You Didn’ t H
ou Didn’t Know Use known facts to determine unknown facts 1.0A.C.6; 3.0A.B.6;
2.0A.B.2; 3.0AC.7
3.0A.B.5; :
3.0A.C ?' Practice creating equations in addition, subtraction, multiplication, and 2,0A.B.2;
i : ivisi 3.0AC.7;

2 How Many Feet in the Bed? Practice facts for +2 and —2 1.0A.A1; digkion 5.0AA.1
1.0AC.6; — -
2.0A.B.2

3 One More Than and Two More Than  Practice addition facts for +1 and +2 1.0A.C 5

with Dice and Spinners 1'0A-C‘é:
2,0AB.2

4 Double Magic Practice addition doubles facts 1.0A.C 5‘4:
1.0A.C.8; _
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