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ABSTRACT 
Combustion instability in gas turbines can be mitigated 

using active techniques or passive techniques, but passive 

techniques are almost exclusively used in industrial settings. 

While fuel staging, a common passive technique, is effective in 

reducing the amplitude of self-excited instabilities in gas turbine 

combustors at steady-state conditions, the effect of transients in 

fuel staging on self-excited instabilities is not well understood. 

This paper examines the effect of fuel staging transients on a 

laboratory-scale five-nozzle can combustor undergoing self-

excited instabilities. The five nozzles are arranged in a four-

around-one configuration and fuel staging is accomplished by 

increasing the center nozzle equivalence ratio. When the global 

equivalence ratio is φ = 0.70 and all nozzles are fueled equally, 

the combustor undergoes self-excited oscillations. These 

oscillations are suppressed when the center nozzle equivalence 

ratio is increased to φ = 0.80 or φ = 0.85. Two transient staging 

schedules are used, resulting in transitions from unstable to 

stable operation, and vice-versa. It is found that the characteristic 

instability decay times are dependent on the amount of fuel 

staging in the center nozzle. It is also found that the decay time 

constants differ from the growth time constants, indicating 

hysteresis in stability transition points. High speed CH* 

chemiluminescence images in combination with dynamic 

pressure measurements are used to determine the instantaneous 

phase difference between the heat release rate fluctuation and the 

combustor pressure fluctuation throughout the combustor. This 

analysis shows that the instability onset process is different from 

the instability decay process. 

NOMENCLATURE 
 

IQR Inner Quartile Range 

Q1 First quartile 

RMS Root mean square 

p' Combustor pressure fluctuation 

𝛥𝑝′ Difference between initial and final fluctuation 

amplitudes for a transient 
 

φ Equivalence Ratio 

𝜏 Characteristic decay or rise time 

 

INTRODUCTION 
Most modern power generation gas turbines utilize lean-

premixed combustion in order to meet emissions regulations. 

While lean-premixed combustors successfully lower NOx 

emissions, they are susceptible to combustion instabilities 

caused by the coupling between heat release rate oscillations, 

flow/mixture perturbations, and combustor acoustics. This self-

excited coupling is undesirable because it can result in large 

pressure fluctuation amplitudes, which reduce engine 

operability, decrease component life, and in extreme cases, 

damage or destroy engine hardware. 

Over the past few decades, a large number of studies have 

described the key mechanisms that drive combustion instability. 

Of particular interest to researchers are the mechanisms by which 

flow and/or mixture perturbations induce heat release rate 

fluctuations [1, 2]. In this study, we consider velocity-coupling 

mechanisms, where flame heat release rate oscillations are 

driven by velocity oscillations in the flow field. These velocity 

oscillations in the flow field can stem from either acoustic or 

vortical sources, and can create wrinkles that convect along the 

flame front, resulting in periodic heat release rate oscillations. 

A limited number of studies have investigated combustion 

instabilities in multi-nozzle systems, which more closely mimic 

the flame conditions inside gas turbine combustors. They include 

work in can combustors [3, 4], annular combustors [5, 6], and 

linear arrays that approximate “unwrapped” annular combustors 

[7-9]. These studies show that while the coupling mechanisms 

are similar between single and multi-nozzle systems, the means 

by which combustion instabilities affect a multi-nozzle flame are 
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different than that of a single-nozzle flame due to differences in 

flame structure between the two configurations.  

Most studies on combustion instability in gas turbines have 

been conducted at steady conditions. Here, the term “steady” 

refers to operating condition, e.g., equivalence ratio, air flow 

rate, air temperature, etc.; the flames in these studies are 

periodically unsteady as they are subject to combustion 

instabilities. Practical gas turbines undergo transients during 

operation as the load varies throughout the day [10], and these 

variations can result in additional  nonlinear phenomena related 

to the transient operation such as triggering [11], stability 

transitions [12-14], intermittency [14, 15], and hysteresis [14, 

16]. Previous studies of these phenomena can be further 

subdivided into studies that examine the time evolution of the 

transient [11, 12] and quasi-steady state studies [14-17]. 

Triggering studies examine how a nonlinearly unstable 

system can transition to instability when perturbed by a 

disturbance of sufficient amplitude. There are only a few 

examples of triggering studies in gas turbine combustors [11, 

18], though there are more numerous examples in the rocket 

literature [19, 20]. A study by Kim and Hochgreb [11] focused 

on triggering in a model combustor. The triggering was initiated 

using a spark plug to ignite premixed fuel and air inside of a 

combustor. They found that in some cases, ignition caused the 

combustor to settle into a high-amplitude limit cycle (successful 

triggering), and in other cases to settle into low amplitude 

pressure oscillations (unsuccessful triggering). Successful 

triggering was achieved only when the initial disturbance was 

appropriately positioned in phase space and of sufficient 

amplitude. One takeaway from this study is the importance of 

matching initial conditions during transient studies. The 

stochastic nature of the “successful” and “unsuccessful” 

triggering indicates the need for statistic descriptions of transient 

events and for many replications of transient events. 

A number of investigators have examined the stability 

transition in combustors. Early work by Poinsot et al. [12] used 

active instability control as a way to break the instability 

feedback loop in order to study instability growth rates in a 

diffusion flame. They noted hysteresis effects in the stability 

boundary, in that it took a higher gain to damp out the limit cycle 

oscillations than it took to maintain stability of low amplitude 

oscillations. Kabiraj and Sujith [14] used a confined, conical- 

flame burner to study changes in system stability by varying the 

flame location. They noticed a number of instability states 

(quasi-periodic oscillations, limit cycle oscillations, and 

intermittent amplitude oscillations) depending on both the 

operating point and direction of operating point change. The 

hysteresis behavior was attributed to the bifurcation at the onset 

of instability being a subcritical Hopf bifurcation. In more 

realistic configurations, studies have shown that the transition 

from stable to unstable behavior in swirling flames is 

accompanied by a variation in flame structure, specifically 

enhanced combustion in the outer recirculation zones [21, 22], 

and the flame structure can also display hysteresis. 

Combustion instabilities can be suppressed (or controlled) 

using active [23-25] or passive [25, 26] techniques. Active 

techniques involve temporal variations of the flow or acoustics 

within the combustor at timescales similar to that of the 

instability. Examples of active control are acoustic forcing of the 

combustor [24, 25] and pilot burner modulation [23]. Passive 

techniques involve changes in operating parameter or hardware 

and design modifications that do not vary on the timescale of the 

instability. Examples of passive techniques include Helmholtz 

resonators [25] and fuel staging [27]. While fuel staging by 

varying the distribution of fuel flowing into the combustor can 

be an active or passive technique, it is typically implemented as 

a passive technique in that the fuel staging splits are pre-

determined and varied slowly relative to the instability [23].  

Fuel staging has been shown to suppress combustion 

instability, although the published literature in this area is sparse. 

Bulat et al. [23] studied the effectiveness of fuel staging as an 

instability mitigation strategy for a Siemens SGT-200 gas turbine 

engine. An important finding of this study was that the self-

excited instability amplitude could be reduced by increasing the 

fraction of fuel set to the pilot flame as compared to the main 

flame. However, this study did not attempt to quantify the 

decrease in pressure fluctuation amplitude during the transient 

nor determine a physical mechanism for the reduction. 

From the literature discussed above, it is evident that studies 

of unsteady phenomena in gas turbine combustors have mainly 

focused on the beginning and end states of the transient, rather 

than the path between those states and the mechanism(s) by 

which an instability grows or decays during a transient. 

Additionally, detailed studies on the transient nature of fuel 

staging have yet to be conducted. The current work addresses 

these gaps in two ways.  First, we begin to systematically vary 

the “path” of the combustor from the initial to final state and 

characterize the transient path using time-resolved 

measurements. Second, we use high-speed flame imaging 

techniques to determine the mechanisms by which the instability 

grows or decays during the transient. Taken together with the 

measurements of the system path, these high-speed images can 

help us determine cause and effect relationships between system 

state and instability characteristics that reveal the mechanism 

that drives change in the combustor stability during transient 

operation. Given the large number of nonlinearities in combustor 

systems, we expect that the end-state of a transient may be “path 

dependent,” i.e., is dependent on the direction (stable-to-unstable 

vs. unstable-to-stable) and amplitude of the transient. This 

approach not only enables a number of different paths to be 

explored, but also uniquely characterizes the path itself in order 

to better quantify and eventually predict the behavior of the 

combustor during transient operation. 

The fact that this study is conducted in a multi-nozzle can 

combustor configuration lends itself to be applicable to practical 

gas turbine engines. Most of the studies discussed above were 

conducted in single nozzle combustors. While single nozzle 

combustors provide important insights to fundamental processes, 

recent work has indicated there are important nonlinearities that 

occur when flame interaction is present [3, 28, 29]. The multi-

nozzle combustor used in this study is more representative of 

fielded gas turbine combustors and the fuel staging strategy used 
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to suppress combustion instabilities is similar to the method used 

in industry [23, 30]. 

The remainder of this paper is organized as follows. First, 

details of the experimental setup, test procedure, and diagnostic 

techniques are provided. Next, comparisons of combustor 

pressure fluctuations both before and after the transient are 

analyzed and compared to the steady-state measurements 

reported by Samarasinghe et al. [31]. This is followed by the 

presentation and discussion of characteristic growth and decay 

times for the combustor pressure fluctuation at the different 

staging amplitudes. Finally, analysis of high-speed CH* 

chemiluminescence images is provided to explain the evolution 

of the unstable regions in the combustor during the transient 

event. 

EXPERIMENTAL SETUP AND METHODS 
Experiments are conducted in a four-around-one multi-

nozzle can combustor, described in detail by Samarasinghe et al. 

[28] and shown in Fig. 1a. This combustor burns a premixed, 

preheated mixture of air and natural gas. Air is supplied from a 

compressor at 300 PSI and is preheated using a 50kW process 

air heater. Air flow rate is measured using a Sierra Instruments 

780S mass flow meter and controlled using a needle valve. The 

main and staging natural gas flowrates are measured using 

Teledyne-Hastings HFM-301 and HFM-201 mass flow meters, 

respectively. Fuel staging is accomplished by injecting a small 

amount of fuel into the main premixed fuel path in the center 

nozzle. Each fuel nozzle consists of an annulus, a swirler, and a 

centerbody, as shown by the cutaway in Fig. 1b. Premixed fuel 

flows through the annulus of the nozzle (blue path), while 

staging fuel is injected below the swirler (red path). The staging 

fuel enters the premixed mixture through small holes in the 

swirler and the combined mixture (purple section) then flows to 

the flame. While the staging fuel is technically premixed, 

previous measurements [32] indicate the fuel is well mixed at the 

nozzle exit. Additionally, the amount of staging fuel represents a 

small fraction (less than 5%) of the overall fuel flow rate. This 

injection method also causes a time delay between when the 

staging fuel valve is actuated and when the fuel actually reaches 

the flame, which is accounted for in the characteristic time 

analysis described in the Results section.  

The amount of fuel staging is controlled by a Humphrey 

ProControl PC3 proportional control solenoid valve, which is 

located approximately 12 inches upstream of the staging fuel 

injection location indicated on Fig. 1b. The solenoid valve is 

controlled using an analog constant-current supply circuit, which 

is controlled by a National Instruments data acquisition system. 

This system allows the staging amplitude (how much extra fuel 

is added), staging direction (opening the valve to add fuel or 

closing the valve to shut off fuel), and the staging timescale (the 

rate at which the valve opened) of the fuel staging transient to be 

varied. The combustor liner is a quartz tube (enabling optical 

access), which is open ended and therefore combustion occurs at 

atmospheric pressure. K-type thermocouples are used to measure 

the dump plate and centerbody temperatures at the start and end 

of the data acquisition. A water-cooled, recess-mounted PCB 

dynamic pressure transducer mounted on the dump plate is used 

to record the pressure fluctuations within the combustor at an 

acquisition rate of 16,384 Hz. The dump plate transducer data 

are high pass filtered to retain all frequencies above 10 Hz. 
 

  
  (a) (b) 

 

FIGURE 1: (A) MULTINOZZLE COMBUSTOR SHOWING 
FLOW PATH FROM BOTTOM OF FIVE-WAY FLOW SPLIT 

AND (B) DETAIL OF STAGING FUEL INJECTION LOCATION 

Step transients are achieved by opening the solenoid valve 

as fast as the hardware will allow; this results in an opening time 

between 5 and 8 milliseconds. The global equivalence ratio is 

either φ = 0.71 or φ = 0.72 depending on the staging amplitude. 

These conditions, without fuel staging, display self-excited 

instabilities when the inlet velocity is 26 m/s and inlet 

temperature is 200°C. These inlet velocities and temperatures are 

the same for each transient. For this combustor, “unstable” has 

been defined as having an RMS combustor pressure fluctuation 

amplitude greater than 0.07 PSI (0.5 kPa, 0.5% of the mean 

combustor pressure). Additionally, a 20 Hz bin width about the 

peak instability frequency must have an average amplitude 

greater than 30 times the average amplitude of the noise floor to 

ensure that the instability is tonal. This definition of instability is 

similar to metrics used in industry. The instability is suppressed 

when the center nozzle equivalence ratio is increased to φ = 0.80 

or  φ = 0.85. Care is taken to ensure the combustor is at the same 

temperature at the beginning of each transient test; dump plate 

and centerbody temperatures vary by no more than 10°C 

between repetitions. Table 1 contains a summary of important 

experimental parameters for these tests. 

Two transient fuel-staging schedules are considered. The 

first schedule is a lean-to-rich (unstable-to-stable) transient as 

diagrammed in Fig. 2a. Note that the “lean” and “rich” 

designation refer to the global equivalence ratio at the beginning 

of the transient relative to the end of the transient, not the overall 

system, which is maintained at an overall lean equivalence ratio. 

The lean-to-rich schedule allows the characteristic decay time of 

the instability to be measured as the combustor begins at an 
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unstable operating point and is staged to become stable. The 

second schedule is a rich-to-lean transition (stable-to-unstable), 

which is diagrammed in Fig. 2b. In this schedule, the combustor 

is initially staged such that the system is stable, and then made 

unstable by closing the fuel-staging valve. This schedule allows 

the characteristic instability growth time to be measured. A 

summary of the equivalence ratios, transient direction, and 

percent staging is shown in Table 2 below. 

 
TABLE 1: EXPERIMENTAL PARAMETERS 

Parameter Value 

Inlet Temperature 200 C 

Inlet Velocity 26 m/s 

Inlet Reynolds Number (Red) 17,000 

Nozzle Swirl Number 0.7 

Air Flow Rate 250 SCFM 

 

 
 

 
(a) 

 

 
(b) 

 

FIGURE 2: TRANSIENT SCHEDULES FOR A) THE LEAN-TO-
RICH (UNSTABLE-TO-STABLE) OPERATION AND B) THE 
RICH-TO-LEAN (STABLE-TO-UNSTABLE) OPERATION. 

TABLE 2:  EQUIVALENCE RATIOS DURING STAGING 
 

Direction 𝛗𝐨𝐮𝐭𝐞𝐫 𝛗𝐦𝐢𝐝𝐝𝐥𝐞 𝛗𝐨𝐯𝐞𝐫𝐚𝐥𝐥 
Percent 

staging 

Lean-to-Rich 0.69 0.80 0.71 3.0% 

Lean-to-Rich 0.69 0.85 0.72 4.4% 

Rich-to-Lean 0.69 0.80 0.71 3.0% 

Rich-to-Lean 0.69 0.85 0.72 4.4% 

 

Diagnostics 
The heat release rate from the flame is obtained from CH* 

chemiluminescence measurements. This technique is widely 

used to estimate heat release rates from hydrocarbon-air 

premixed flames [33, 34]. High-speed CH* chemiluminescence 

images are obtained using a Photron SA4 high speed camera 

fitted with an Invisible Vision UVi 1850-10 intensifier, a Nikon 

AF Micro-Nikkor 60mm f/2.8 lens, and a 432±5nm bandpass 

filter. Images are captured at 4000 frames per seconds for four 

seconds, resulting in a frequency resolution of 0.25 Hz. Dump 

plate pressure and global photomultiplier tube measurements of 

CH* chemiluminescence are taken for 8 seconds at a sampling 

rate of 16,384 Hz. This results in a frequency resolution of 0.125 

Hz. All pressure data is high pass filtered (discarding frequencies 

below 10 Hz) before further processing is conducted. 

DATA PROCESSING 
 The characteristic instability decay and growth times are 

obtained using nonlinear regression to fit a logistic model to the 

envelope of the pressure signal. The model equation is described 

in detail in the transient fuel staging section. Nonlinear 

regression (implemented using the built-in MATLAB function 

nlinfit) minimizes the sum of squared errors using an iterative 

technique; this function is used for fitting. 

 The envelope of the pressure signal is obtained by taking the 

magnitude of the analytic signal. The analytic signal, z(t), is 

shown in Eq. (1), where s(t) is the real signal, j the imaginary 

number, and H[s(t)] the Hilbert transform of the signal. It can be 

shown that Eq. (1) is equivalent to Eq. (2) in the time domain 

[35], where a(t) is the signal amplitude envelope and 𝜙(𝑡) is the 

instantaneous signal phase. These two functions have physical 

significance as long as the amplitude fluctuation timescale is 

much longer than the phase fluctuation timescale [35]. In this 

case, the envelope of the pressure signal can be obtained by 

taking the magnitude of Eq. (2), and the instantaneous phase 

obtained by taking the inverse tangent between the real and 

imaginary parts of the analytic signal. The analytic signal in Eq. 

(1) is computed in MATLAB using the hilbert() command. 
 

 𝑧(𝑡) = 𝑠(𝑡) + 𝑗𝐻[𝑠(𝑡)] (1) 

 𝑧(𝑡) = 𝑎(𝑡)𝑒𝑗 𝜙(𝑡) (2) 

 The Hilbert transform approach has been used by others [36, 

37] to obtain the envelope of a sinusoidal pressure time series. 

The Hilbert envelope superimposed on the pressure time series 

is shown in Fig. 3 below. The dotted black line shows the logistic 

model fitted to the Hilbert envelope, which will be discussed in 

more detail in the next section. The red line shows the Hilbert 

envelope of the pressure time series, while the blue line shows 

the original time series. This figure shows the Hilbert transform 

accurately obtains the signal envelope at both stable and unstable 

conditions. 

 The CH* chemiluminescence images are processed in the 

frequency domain to create instantaneous fluctuation and 

instantaneous phase images. Frequency domain processing is 

accomplished by considering each pixel in the CH* image as an 

independent time series. The fluctuation images are obtained by 

taking the discrete Fourier transform of each pixel, removing all 

frequencies except a band that is ±25 Hz around the peak 

instability frequency, and then converting back to the time 
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domain. The same filtering is also applied to the combustor 

pressure signal to facilitate comparison between the two signals. 

Instantaneous phase images are obtained by using the Hilbert 

transform on each pixel of the fluctuation image. First, the 

fluctuation image is down-sampled to half of its original 

resolution using the built-in imresize() command in order to 

increase the signal-to-noise ratio and decrease subsequent 

processing time.  Next, the Hilbert transform is used to obtain 

the analytic signal for the image. The inverse tangent of the real 

and imaginary components is then taken to calculate an 

instantaneous phase for each “super pixel.” The instantaneous 

phase of each pixel in the image is finally subtracted from the 

instantaneous phase of the bandpass filtered pressure time series 

to create instantaneous phase difference images.  The bandpass 

filter ensures that the instantaneous phase difference is only 

between oscillations at the instability frequency. This method of 

analyzing chemiluminescence images is similar to the method 

recently reported by Kheirkhah et al.  [38]. As mentioned earlier, 

a small percentage of the fuel is technically premixed. The 

advantage of examining the instantaneous phase relationships 

between chemiluminescence and pressure is that the phase is not 

sensitive to the chemiluminescence amplitude variations caused 

by differing levels of premixedness [38]. 
 

 
FIGURE 3: ILLUSTRATION OF HILBERT ENVELOPE (RED) 

OF COMBUSTOR PRESSURE FLUCTUATIONS (BLUE) WITH 
LOGISTIC REGRESSION (BLACK) 

TRANSIENT FUEL STAGING: GLOBAL RESULTS 
The staging fuel system behavior is characterized using the 

time series of combustor pressure and global 

chemiluminescence, as shown Fig. 4. The case pictured in Fig. 

4a is a representative lean-to-rich transient. Fig. 4a shows the 

valve control signal in black, the valve electrical response in 

purple, and the normalized, scaled pressure upstream of the valve 

in green. The x-axis has been truncated to show the time series 

near the transient.  The valve control current and valve feedback 

current are normalized, while the valve line pressure shows the 

normalized difference between the pressure before and after the 

transient. The maximum difference in upstream pressure before 

and after the transient is only 3%.  It is evident that the current 

flowing through the valve, as indicated by the purple line, 

slightly lags the commanded current, shown by the black line. 

This lag is due to the inertia of the solenoid valve plunger. The 

oscillations in the pressure trace show two dominant frequencies; 

one at 119 Hz and one at 131 Hz. The dominant combustor 

instability frequency is near 530 Hz; therefore, the oscillations in 

valve pressure are not due to coupling between the fuel delivery 

system and the instability frequency. The first dip in upstream 

pressure (green line), which indicates the time when the valve 

begins to crack open, happens approximately 4 ms after the valve 

is commanded to open. The first minimum in pressure occurs 

around 6 ms (as indicated by the vertical red line), indicating that 

the valve is fully opens in that time. The remaining pressure 

oscillations are due to combined oscillations of the valve plunger 

and the diaphragm in the pressure regulator. Fig. 4b shows the 

same traces as Fig. 4a with the addition of global CH* 

chemiluminescence in blue and dump plate pressure in red. The 

opening time of the valve is two orders of magnitude faster than 

the measured instability decay time, indicating that for the 

purposes of these tests, this solenoid valve provides a step 

transient. Additionally, Fig. 4b shows that dump plate pressure 

and chemiluminescence track each other in time during the 

transient as we would expect. 

 
(a) 

 
(b) 

 

FIGURE 4: ILLUSTRATION OF (A) VALVE CONTROL AND 
RESPONSE, AND (B) VALVE CONTROL, VALVE RESPONSE, 

AND COMBUSTOR REPONSE 
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The lean-to-rich and rich-to-lean transients were repeated 

ten times at each staging amplitude on three separate test days; 

there was at least one week between each test day. Boxplots are 

used to quantify the distributions of combustor pressure 

fluctuation amplitudes both before and after the transient. 

Boxplots are useful data visualization tools that show both the 

median value and the spread of a dataset. Fig. 5 shows lean-to-

rich transients, while the rich-to-lean transients are in Fig. 6. 

Boxplots divide the data into 4 quartiles (Q1, Q2, Q3, and Q4). 

The upper bound of Q2 is the median of the entire dataset, the 

upper bound of Q1 is the median between the minimum value 

and the median, while the upper bound of Q3 is the median 

between the maximum value and the median. The black lines, 

called “whiskers,” denote the minimum or maximum values of 

the data, or to up to 1.5*(Q3-Q1). Q3-Q1 is also known as the 

“inner quartile range” (IQR).  Points that are more than 1.5*IQR 

are conventionally considered outliers and are plotted as red 

crosses. Finally, the notches in the box represent the 95% 

confidence interval on the median [39]. Medians are statistically 

significantly different at the 95% confidence level if their 

notches do not overlap. Boxplots therefore serve as a useful way 

to look at both the central tendency and the spread of a dataset. 

For brevity, “significantly different” will be used in place of 

“statistically significantly different” in the subsequent 

discussion. 

 
 

FIGURE 5: COMBUSTOR PRESSURE (I) BEFORE 
TRANSIENT AND (F) AFTER TRANSIENT FOR LEAN-TO-

RICH TRANSIENTS 

Fig. 5 shows boxplots of initial (I) and final (F) combustor 

pressure fluctuation amplitudes for the lean-to-rich (unstable-to-

stable) transients. Fig. 5 indicates that the combustor is unstable 

before the transient for both staging amplitudes as the combustor 

pressure fluctuation amplitude is greater than 0.07 PSI. More 

importantly, the median combustor pressure fluctuations before 

the transient are not significantly different for each staging 

amplitude (within the notches), indicating that each lean-to-rich 

transient has the same initial state. The inner quartile range is 

similar for the two lean-to-rich staging amplitudes, indicating 

that the general spread in the starting position is also the same 

for both amplitudes. Fig. 5 additionally shows that the difference 

in pressure fluctuation amplitude between the initial and final 

states, 𝛥𝑝′, is significantly different between the staging 

amplitudes, with the higher staging amplitude having a higher 

𝛥𝑝′. This difference in pressure fluctuation amplitudes with 

different staging levels mirrors the steady-state results described 

by Samarasinghe et al. [31]. Additionally, the IQR for the higher 

staging is less than the IQR for the lower staging. This indicates 

that the higher staging results in both a lower final combustor 

pressure fluctuation amplitude as well as less variability between 

realizations. 

Fig. 6 shows the initial combustor pressure fluctuation (I) 

and the final (F) combustor pressure fluctuation for the rich-to-

lean (stable-to-unstable) transient. This result mirrors the result 

in Fig. 5, which shows a significant difference in 𝛥𝑝′ between 

the staging amplitudes when the combustor is staged stable. The 

higher staging amplitude has less variability in initial pressure 

fluctuation amplitude than the lower staging amplitude, 

mirroring the results from the lean-to-rich transients. While the 

median combustor pressure fluctuation after the transient in Fig. 

6 are not significantly different, the IQRs are different. In 

particular, Q1 is lower for the higher staging than it is for the 

lower staging, suggesting that the final combustor pressure 

fluctuation for the higher staging “remembers” its initial lower 

amplitude state in some of the cases. However, Q3 is nearly the 

same after the transient for both staging amplitudes, suggesting 

the maximum fluctuation amplitude is not dependent on initial 

conditions for this operating condition. The amount of time it 

takes for the combustor to transition between unstable and stable 

states and vice-versa is examined in the next section. 

 
 

FIGURE 6: COMBUSTOR PRESSURE (I) BEFORE 
TRANSIENT AND (F) AFTER TRANSIENT FOR RICH-TO-

LEAN TRANSIENT 

TRANSIENT FUEL STAGING: TIME-DEPENDENT 
RESULTS 
 To calculate the characteristic transient timescale, a general 

logistic equation is used to model the Hilbert envelope of the 

combustor pressure. It is important to note that this model does 

not calculate the linear growth or decay rates of the instability; 
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that would require fitting a purely exponential growth curve and 

assuming that the system behaves as a damped linear oscillator. 

Rather, the logistic fit calculates a system time-constant-like 

parameter. The general logistic equation is shown in Eq. (3). In 

this equation, A is the upper asymptote, B is the lower asymptote, 

k is the exponential term (negative for growth, positive for 

decay), and t0 the curve center shift value. Logistic equations are 

often used to model growth in biological systems [40]. For t 

much less than t0, the growth is approximately exponential. As t 

approaches t0, the growth rate decreases until it reaches an 

inflection point at t0. Finally, the growth rate changes sign for t 

greater than t0 until the upper asymptote A is reached.  
 

 𝑃′(𝑡) =
𝐴 − 𝐵

(1 + 𝑒𝑘(𝑡−𝑡0))
+ 𝐵 (3) 

 

 The logistic model was chosen for this problem because it 

captures the two-asymptote behavior of a stable system 

transitioning to an instability, or vice-versa. The logistic model 

also has a region of approximate exponential growth, which is 

useful for defining a timescale associated with growth and decay 

of the instability. Furthermore, we found that the logistic model 

is not sensitive to the start and end points of the data fit, whereas 

purely exponential models are. Representative fits obtained 

using this logistic model on both lean-to-rich and rich-to-lean 

transients are shown in Fig. 3. The fit is applied to the Hilbert 

envelope of the pressure between 1 second before the transient 

and 1.5 seconds after the transient (40,960 points). We found that 

the fit parameters did not change significantly with changes in 

the amount of points for the fit. 

 The time constant for pure exponential decay is defined as 

the time it takes for the initial amplitude to decay to 1/e of its 

initial value. This definition of time constant is essentially a 

fractional amplitude criterion and is used as a characteristic time 

for the decay process. A similar characteristic time, 𝜏, can be 

obtained from the logistic model in Eq. (3) by specifying a 

fractional amplitude criterion, R, and solving for (t-t0): 
 

 𝜏~|(𝑡 − 𝑡0)| = |ln (
𝑅(𝐴 − 𝐵)

𝐴 − 𝐵 − 𝑅𝐵
− 1) ∗

1

𝑘
| (4) 

 

 The characteristic time in Eq. (4) is a measure of the half-

width of the decay or rise curve. R is chosen as the natural 

number e, as using this ratio is similar to how the time constant 

for exponential decay is defined. The characteristic times for the 

lean-to-rich (LR) and rich-to-lean (RL) are in Fig. 7. 

 As mentioned previously, the notches on the boxplots 

represent the 95% confidence intervals on the characteristic 

decay and rise times. In the lean-to-rich transient, there is a 

significant difference between the medians of the φ = 0.80 and 

the φ = 0.85 staging amplitudes, where the higher staging 

amplitude has approximately a factor of two shorter 

characteristic decay time. This indicates that the combustor 

becomes stable on a shorter timescale with higher staging. 

Additionally, there is a lower variation in time constants at the 

higher staging, suggesting that the higher staging amplitude 

results in a more consistent decay rate between tests. Fig. 5 

indicates that the change in pressure fluctuation amplitude 

between unstable and stable operating conditions, 𝛥𝑝′, is also 

higher for the higher staging amplitude. This means the effective 

damping rate of the combustor is higher (or the effective driving 

rate lower) for the higher staging amplitude because both the 

characteristic decay time is shorter and 𝛥𝑝′ is greater for the 

higher staging amplitude.  

Unlike the lean-to-rich transients, there is not a significant 

difference between the median characteristic rise times for the 

rich-to-lean transients. Note that when the combustor is made 

stable through fuel staging, there is a small but statistically 

significant difference in initial pressure fluctuation amplitude. 

The similar characteristic rise times for the staging amplitudes 

suggests that the change in initial conditions caused by fuel 

staging does not have a significant effect on the growth timescale 

of instabilities in this combustor.  Additionally, the rise times for 

the rich-to-lean transients are significantly longer than the 

characteristic decay times for the lean-to-rich transients, which 

is indicative of hysteresis in the instability transition. In the next 

section, we use the high-speed CH* images to construct 

instantaneous phase fields that show the phase difference 

between heat release rate fluctuation and combustor pressure 

fluctuation in order to determine which regions of the combustor 

contribute to the growth or decay of the instability. 

 
 

FIGURE 7: CHARACTERISTIC TIMES FOR LEAN-TO-RICH 
(LR) AND RICH-TO-LEAN (RL) IMPULSE TRANSIENTS 

TRANSIENT FUEL STAGING: HIGH SPEED IMAGE 
ANALYSIS 
 The CH* line-of-sight chemiluminescence images are used 

to construct instantaneous phase difference images as described 

in the data processing section. These images show the phase 

difference between heat release rate fluctuations, measured using 

line-of-sight integrated chemiluminescence, and combustor 

pressure fluctuations. Fig. 8 shows a time-averaged CH* line-of-

sight image on the left and an instantaneous phase difference 

image on the right. The top of the gray boxes indicate the dump 

plate, while the white regions between boxes indicate the flow 

path of the fuel nozzles. The center nozzle is labeled “C,” while 

the outer left and right nozzles are labeled “L” and “R,” 
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respectively. In this view, the left and right nozzles are single 

flames, while the image above center nozzle is a superposition 

of three flames. 

 
FIGURE 8: TIME-AVERAGED, LINE-OF-SIGHT CH* IMAGE 

(A) AND INSTANTANEOUS PHASE DIFFERENCE IMAGE (B) 

Fig. 9 shows this instantaneous phase difference at various times 

for a representative lean-to-rich transient in Fig. 8a,c,e,g, and a 

representative rich-to-lean transient Fig. 8b,d,f,h. Each image 

shows the magnitude of the instantaneous phase difference 

between the heat release rate fluctuation and the combustor 

pressure fluctuation (�̇�′ relative to 𝑝′). When the magnitude of 

the phase difference is less than π/2, the heat release rate and 

combustor pressure fluctuations are more in phase than out. 

Conversely, when the magnitude of the phase difference is 

greater than π/2, the heat release rate and pressure fluctuations 

are more out of phase than in. The π/2 isocontour is plotted in 

red to make the distinction between in-phase and out-of-phase 

regions more clear, and allows these images to be used as an 

instantaneous Rayleigh criterion. The combustor pressure 

fluctuation time series is shown below each phase difference 

image. The vertical red line shows the instant in time for the 

phase difference image. The first row (Fig. 9a-b) shows the phase 

relationships at 𝑡0 − 5𝜏, which is the combustor state before the 

transient. The second row (Fig. 9c-d) shows the phase 

relationships at 𝑡0 − 3𝜏, showing the combustor phase 

relationships at the beginning of the transient. The third row 

shows the combustor phase relationships at t0, while the fourth 

row shows phase relationships at 𝑡0 + 5𝜏. This allows transients 

of different timescales to be compared at similar transient-

relative times. 

First, we examine the times before and after the transient. 

When the combustor is unstable as in Fig. 9a, the out-of-phase 

(white) region is relatively small. Conversely, when the 

combustor is staged-stable, as in Fig. 9b or Fig 9g, the area of in-

phase (black) pressure fluctuation is reduced and the phase 

appears to be less structured than in Fig. 9a. The lack of phase 

structure in Fig. 9b and Fig. 9g may be due insufficient pressure 

amplitudes for accurate phase calculation, but the evolution 

suggests that a phase cancellation between the center region of 

the combustor and the outer region may be responsible for the 

reduction in pressure fluctuation amplitude; this mechanism is 

discussed in further detail in Samarasinghe et al.[31]. It should 

also be noted that because these images are line-of-sight 

integrated, we cannot say for certain if these changes in phase 

between heat release rate and pressure are due to changes in the 

center flame behavior, changes in interacting region behavior, or 

a mixture of both. It should also be noted that the instantaneous 

phase difference between heat release rate and pressure must be 

weighted with regard to the local CH* fluctuation amplitude to 

be meaningful. We focus on analysis of the center region because 

both the heat release rates and fluctuation amplitudes are high in 

this region compared to the rest of the combustor. 

 
 

 
 

FIGURE 9: INSTANTANEOUS P' AND CH* PHASE 
RELATIONSHIPS FOR LEAN-TO RICH (A,C,E) AND RICH-

TO-LEAN (B,D,F) TRANSIENT (1 PSI = 6.895 KPA) 

 First, we examine the time evolution of the lean-to-rich 

transient. Even at the beginning of the transient, as shown in Fig. 

9c, we see a change in the structure of the center region as 
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compared to Fig. 9a. The purely in-phase regions decreases in 

size, as evidenced by the dark black region becoming a lighter 

gray. This change happens both at the base and in the interaction 

region of the center region. As the transient progresses, the out-

of-phase region grows to incorporate more of the center region 

and flame interaction regions, until the end of the transient when 

the phase relationships become much less structured. The out-of-

phase region corresponds to the flame interaction region and it is 

likely that the center flame is driving the changes in this phase 

difference behavior. Unfortunately, it is not possible to 

conclusively determine the mechanism responsible for the 

change in phase differences with these line-of-sight images. A 

possible mechanism is an increase or decrease in the flame length 

of the center flame, which causes a variation in the convective 

timescale of the flame and the heat release rate oscillations to 

decouple from the acoustics. The minimal variation in the outer 

flames provides evidence that the changes in the center flame is 

responsible for changes in the combustor behavior.  Future work 

will use OH planar laser induced fluorescence (OH-LIF) to probe 

the center flame region and investigate this further.  

 The rich-to-lean transient evolves more slowly than the 

lean-to-rich transient, even though the rich-to-lean end state is 

similar to the lean-to-rich start state and vice-versa. In the rich-

to-lean transient, the phase relationships are mostly unstructured 

as shown in Fig. 9b and Fig. 9d.  Consistently structured phase 

relationships do not appear until t0 as shown in Fig. 9f, where the 

in-phase region is large in the center of the combustor. This in-

phase region grows more at the end of the transient shown Fig. 

9h as indicated by the increase in the size of the black area.  

 Fig. 7 shows that the rich-to-lean transients have a longer, 

more variable timescale than the lean-to-rich transients, as 

quantified by the higher median and larger IQR. This increase in 

timescale for the rich-to-lean transients is likely a result of this 

increase in intermittency in the structure of the phase difference. 

Conversely, phase difference plots for the lean-to-rich transients 

show a clear and consistent structure that persists until the very 

end of the transient. Furthermore, the size of the in-phase regions 

continuously decrease in size for the lean-to-rich transient unlike 

some of the more intermittent changes visible for the rich-to-lean 

transient. This more consistent phase difference structure is 

likely why the lean-to-rich transients are shorter and have less 

variability than the rich-to-lean transients. 

CONCLUSIONS 
 This work has examined the self-excited instability behavior 

of a four-around-one multi-nozzle can combustor undergoing 

fuel staging transients. The decay rate of the pressure 

fluctuations for self-excited instabilities for a step transient 

depends on the fuel staging amplitude, where larger fuel staging 

amplitudes result in shorter decay times. The rise rate of pressure 

fluctuation amplitude does not appear to depend strongly on 

staging amplitude even though the initial pressure fluctuation 

amplitude does depend on staging amplitude. Additionally, it is 

found that the characteristic rise time tends to be longer than the 

characteristic decay time for a given staging amplitude. The 

variation in characteristic decay times tends to be less than the 

variation in characteristic rise times. This suggests that the 

instability growth process is more variable than the instability 

decay process. The instantaneous phase images suggest a phase 

cancellation between the center region and the outer region is 

responsible for the reduction in pressure fluctuation amplitude 

for fuel staging. While the beginning and end states of the 

impulse transients are similar, the evolution of the transients 

differ in that there are structured instantaneous phase difference 

between the heat release rate and the pressure that persist in the 

decay case until the combustor is staged stable but do not exist 

in the rise case until the pressure amplitude becomes high. The 

differences in the persistence of the phase difference structures 

is likely why the lean-to-rich transients are shorter and less 

variable in duration than the rich-to-lean transients. 

Future work will examine the effect of varying the timescale 

of the transient. The characteristic times found from the step 

transients in this analysis will be used as the basis for the first 

variable timescale transients. OH-LIF will be used to probe the 

flame interaction region to better investigate our hypothesis of 

phase cancellation driving the changes in instability amplitude. 
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