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1 Introduction

My main interest is in dynamical systems and ergodic theory. The bulk of the work I did during graduate school
involved extending aspects of the AbC method (also known as the Approzimation by Conjugation method or the
Anosov-Katok method) to the realm of real-analytic diffeomorphisms on the torus. Very recently, following the
landmark works of Belezney, Foreman, Hjorth, Rudolph and Weiss, I developed an interest in working on the
interface of ergodic theory and foundations of mathematics.

For the rest of the introduction I will give a brief description of real-analytic diffeomorphisms on the torus and
the AbC method which forms the foundations for my work.

1.1 Real-analytic diffeomorphisms on the torus

A function defined on a subset of the real line is called real-analytic at a point if the Taylor series can be defined
at that point and it converges to the value of the function at the point. Equivalently, if we think of the natural
inclusion z — (z + 40) of the real line R in the complex plane C, a function defined on a subset of the real line is
real-analytic at a point if there exists an open neighborhood of this point in C where this function can be extended as
a holomorphic function. We can extended this concept of real-analytic maps on R to maps on R™ and subsequently
we can define further concepts like real-analytic manifolds, real-analytic maps and real-analytic diffeomorphisms on
real-analytic manifolds in a canonical way.

Measure preserving real-analytic diffeomorphisms on the torus T¢ which are homotopic to the identity has
a certain description which makes it easier to work with them. Any real-analytic diffeomorphism on T¢ ho-
motopic to the identity admits a lift to a map F : R? — R? and this map has the form F(z1,...,24) =
(21 + fi(z1, ..., 24), ... 2za + fa(x1,...,24)), where f; : R — R are Z%-periodic real-analytic functions.

Any real-analytic Z%periodic function on R? can be extended as a holomorphic function using the natural
inclusion (21,...,2q4) = (21 +10,...,24 + i0) of R? in C%. For a fixed p > 0, let Q, := {(21,...,24) € C? :
IIm(z;)| < p} and for a function f defined on this set, define ||f||, := supg [f((21,...,2q))]. We define C%(T4)
to be the space of all Z?-periodic real-analytic functions on R¢ that extends to a holomorphic function on €, and
Il fll, < co. Now we define, Diff l‘:('ﬂ‘d, 1) to be the set of all measure preserving real-analytic diffeomorphisms of
T homotopic to the identity, whose lift F' to R? satisfies f; € cy (T4). The metric in Diff f;(Td, ) is defined by
dp(F,G) = maxi—1,...a{infrez || fi — g + nll,}.

This completes the description of the topology necessary for our construction. From now on the word “diffeo-
morphism” will refer to a real-analytic diffeomorphism and the word “analytic topology” will refer to the topology
of Diff &'(T?, 1) described above. See [4] for a more extensive treatment of these spaces.

1.2 The AbC method in ergodic theory

The AbC method, short for the approximation by conjugation method, also known as the Anosov-Katok method
was introduced by D.V.Anosov and A.Katok in their landmark work titled ‘New examples in smooth ergodic theory.
Ergodic diffeomorphisms’ (see [I]) nearly fifty years ago. For a relatively upto date description of this method and
its usefulness, one might refer to [5].

We now give a very high level description of this method customized for the d dimensional torus. Let ¢, be a
measure preserving action of the circle T' = R/Z on the torus T¢ := R?/Z< defined as follows:

¢t((x1,$27...,$d)) = (z1 4+ t,z2,...,24)

We construct a sequence of periodic measure preserving diffeomorphisms {7}, },en defined by the conjugacy T, :=
H, ' o ¢ o Hy, where oy, € QN [0,1) and H,, € Diff & (T?).

The diffeomorphisms H,, and the rationals «, s are constructed inductively. Given H,, and «,, we construct
at the n + 1 th stage, a measure preserving diffeomorphism h,,1 which commutes with @'/ and define H, =
hp+1 0 H,. The rational au,41 is defined at the end of the n + 1 th stage and we would require it to be very close
to a,, in order to ensure the convergence of our construction in the real-analytic topology.

This construction is done in a way so that the limiting diffeomorphism satisfies certain dynamical properties.
In order to achieve this, one often defines a finite version of the property and requires h, 41 to satisfy the same.
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2 Present research

My present work involves applying the AbC method to category of real-analytic diffeomorphisms on the torus. In
the smooth category, on can apply this method to arbitrary manifolds that admit an effective circle action. But in
the real-analytic category this technology is much more difficult to apply and I developed some technology which
helps to deal with the problems on the torus.

2.1 Block-slide type maps and their approximations

Here we talk a little about the main technicality behind all the constructions. If a reader is primarily interested in
the final results obtained by these techniques, then its is safe to skip this subsection and move to subsection 2.2.

The main reason we are able to do real-analytic AbC construction on the torus is the fact that step functions
can be ‘well approximated’ by real-analytic functions outside a set of small measure. This allows us to construct
a large class of measure preserving diffeomorphisms on the torus. A step function on the unit interval is a finite
linear combination of indicator function on subintervals. Define for 1 < i,j < d and i # j, the following piecewise
continuous map on the d dimensional torus,

h:T¢ — T¢ defined by h(zi,...,2zq) == (21,...,2; +s(z;) modl,...,xq)

where s is a step function on the unit interval. We refer to any finite composition of maps of the above kind as

a block-slide type of map on the torus. The nomenclature is motivated from the fact that a finite composition of

maps of the above kind has the effect of moving solid blocks on the torus (like a rubiks cube or a game of nine).
Next we note that step function can be well approximated by periodic function with enough analyticity.

Lemma. Let k and N be two positive integer and o = (g, ...,ap_1) € [0,1)*. Consider a step function of the
form
EN—1
Sa,N 1 [0,1) > R defined by 5o.n(x) = Z &ix[kgwﬁ})(x)
i=0
Here &; = o where j := i mod k. Then, given any ¢ > 0 and § > 0, there exists a %-periodz’c function

Sa,N ¢ R — R which can be extended to the whole complex plane as a holomorphic function and additionally it
satisfies:

sup  [Sq,n(2) — San(z)| < e, sup s, v(z)| <e, Sa.n(z+n)=san(2) VzeCandneZ
z€[0,1)\F ze0,\F
Where F = Ufﬁflfi C [0,1) is a union of intervals centred around ﬁ7 i=1,....,kN —1 and I = [0, ﬁ] U[l-—
g 1) and ML) = 5% Vi.

This allows us to conclude that any block-slide type of map can be well approximated by measure preserving
diffeomorphisms with enough analyticity. We note that these ideas are motivated from similar ones arising in [2] in
the symplectic category.

Proposition. Let b : T — T% be a block-slide type of map which commutes with $*/9 for some positive integer q.
Then for any € > 0 and § > 0 there exists a measure preserving real-analytic diffeomorphim h : T¢ — T¢ homotopic
to the identity such that the following conditions are satisfied:

1. Analyticity: The lift H : R? — RY of h: T — T? can be evended to an analytic function H : C* — C?.
2. Commuting property: ho ¢*/4 = $'/90h

3. Prozimity: There exists a set E C T such that u(E) < 6 and supgera\ g |h(2) — b(z)|| <e.

2.2 Non-standard real-analytic realization of some circle rotations

The first result I obtained using the kind of approximation talked about in the previous subsection was a real-
analytic non-standard realization theorem. Non standard realization results demonstrates that certain dynamical
systems can live on a ‘non native’ manifold with enough regularity. Anosov and Katok in [I] showed that certain
circle rotations live on manifolds admitting an effective circle action as smooth ergodic dynamical systems. I was
able to prove a real-analytic counterpart of this result for the torus.
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Theorem 1 (S.B. [9]). For any p > 0 and any integer d > 1, there exists measure preserving real-analytic diffeo-
morphisms T € Dzﬂ‘;’('ﬂ‘d w) which are measure theoretically isomorphic to some irrational rotations of the circle.

This theorem can be improved further if we restrict our attention to the two dimensional torus. In some modern
versions of the AbC method (see [5], [7]), at each stage of the conjugacy one can be careful with the combinatorics
and ensure that control is maintained over every orbit of the ¢ action most of the time. This way one can obtain
results like unique ergodicity. In the the analytic set-up this means the following theorem.

Theorem 2 (S.B. [9]). For any p > 0 , there exists measure preserving uniquely ergodic real-analytic diffeomor-
phisms T € Diﬁ:j('ﬂﬂ,,u) which are measure theoretically isomorphic to some irrational rotations of the circle.

In a joint work with P.Kunde (see [II]) we also obtain an estimated version of the real-analytic AbC method
on the torus. In the smooth category one can show that all Liouvillian circle rotations can be realized ([7]), but, in
the analytic category our results are much weaker.

2.3 Twisted version of real-analytic AbC method

As a natural next step we examine if one can obtain more complicated version of the AbC method. In particular
one can ask if the ‘untwisted’ version of the AbC method can be done on the torus using these block-slide type
maps. The answer is yes, we can do some untwisted constructions real-analytically on the torus. As a consequence
we obtain (jointly with P.Kunde) the following result:

Theorem 3 (S.B., P.Kunde [I1]). For any p > 0 and any two integers, h > 1 and d > 2, there exists measure
preserving ergodic real-analytic diffeomorphisms T € Diﬁ;’('ﬂ‘d) which is measure theoretically isomorphic to some
ergodic translation of T".

And the obvious corollary follows,

Corollary 1. For any p > 0 and any two integers h > 0 and d > 2, there exists an ergodic real-analytic dif-
feomorphism T € Diﬁz('ﬂ'd) such that T has a discrete spectrum generated (over Z) by h linearly independent
eitgenvalues.

I would mention at this point that weak mixing measure preserving real-analytic AbC diffeomorphisms were
first obtained by B.Fayad and M.Saprykina using Fubini type lemmas ([6]). Existence of such diffeomorphisms also
follows from the general twisted construction we do here. In fact our techniques can be used to obtain more and
P.Kunde was able to prove the existence of measure preserving weak mixing real-analytic AbC diffeomorphisms
that preserves a measurable Riemannian metric (see [10]).

2.4 Coding untwisted AbC diffeomorphisms and the anti-classification problem

This work is motivated from a series of pioneering work done by Belezney, Foreman, Hjorth, Rudolph and Weiss on
the interface of ergodic theory and foundations of mathematics. They were able to show that the conjugacy problem
in abstract ergodic theory is non Borel. Later Foreman and Weiss found a method to code a ‘large’ class smooth
diffeomorphisms constructed on T? or the annulus or the disk by an untwisted version of the AbC method into
some symbolic systems known as uniform circular systems. This in particular shows that the measure isomorphism
relation among pairs (S,7T) of measure preserving diffeomorphisms of M is not a Borel set with respect to the C*°
topology.

We were able to show that the constructions we do in the real-analytic category on T? are robust enough to
construct a large family of untwisted AbC diffeomorphisms measure theoretically isomorphic to uniform circular
systems. Loosely this can be summarized into the following theorem:

Theorem 4 (S.B. [12]). Let T be an ergodic transformation on a standard measure space. Then the following are
equivalent:

1. T is measure theoretically isomorphic to a real-analytic (untwisted) AbC diffeomorphism (satisfying some
requirements).

2. T is isomorphic to a uniform circular system (with ‘fast’ growing parameters).

This along with some additional works of Foreman and Weiss would imply an anti-classification result for measure
preserving real-analytic diffeomorphisms. More precisely,

Theorem 5. The measure-isomorphism relation among pairs (S, T) € Diff 3 (T?, u) x Diff 5 (T?, p) is not a Borel
set with respect to the Dz’ﬁ?(']I‘Q, ) topology.
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3 Future work

There is a whole array of directions in which my present theme of work may be continued. I give a list of some
problems with varying levels of difficulties that I am planning to think about in the future.

3.1 Real-analytic AbC diffeomorphisms on odd dimensional spheres

The success with real-analytic constructions on the torus made me highly interested in exploring how one can
generalize such results obtained to other manifolds. As of date, odd dimensional spheres forms the only other class
of manifolds where a real-analytic AbC method has been carried out with some success. Recently B.Fayad and
A.Katok (see [5]) showed that there exists measure preserving real-analytic uniquely ergodic AbC diffeomorphisms
on odd dimensional spheres.

For odd spheres like S? we note that it sits naturally inside C? and hence after borrowing coordinates from C2
we define S? := {(21,22) : |21|? + |22]*> = 1} and the underlying circle action is the Hopf fibration which is free and
effective:

ot S = S8, defined by W' (21, 20) = 2™ (21, 22)

S? naturally comes with a large collection of well behaved real-analytic flows. For example one can easily check
that the collection of the following three flows:
& ¢ (21, 22) = (€721, 20), & ¢ (21,22) = (21,67 20),

7t (21, 22) = (1/2)((€2™ 4+ 1)21 4 (2™ — 1)20, (2™ — 1)21 + (2™ + 1)20))

has properties like transitivity (any point on the sphere can be moved to any other point by riding orbits of these
flows for finite time) and adequate analyticity. Fayad and Katok constructed the conjugating diffeomorphisms for
the AbC method using a finite composition of diffeomorphisms of the following type:

A (z A z AYs(z
a(2) =M g(z) =6, ga(z) = gV

where 11(z) = Re(z{"), 12(2) := Re(2d") and 93(2) := Re((z1 — 22)?"). They were able to show that one
can produce a finite version of unique ergodicity using the above diffeomorphisms and hence the resulting AbC
diffeomorphisms they constructed were uniquely ergodic.

In an on-going project (with P.Kunde) we are able to show that we can construct an even larger collection of
diffeomorphisms from the above flows if we consider a larger class of real-analytic functions 1;. For example we
may consider the case of ¢g; defined above and replace ¥; with any piecewise continuous function 4 (2z2). This
function can be chosen with care so that the piecewise continuous map §;(z) := & I(Z)~spreads any ‘small’ segment
of the ¢ orbit of ‘most’ points uniformly along the £; flow. Then we can approximate ¥, by a periodic real-analytic
function 11 (22) which extends holomorphically to C? as an entire function. This way the function g (z) := &; 1(2)
is extendible as an entire analytic function from C* to C* and when restricted to S?, it has almost the same
combinatorial properties as that of g;. More precisely one can show the following lemma

Lemma. Given any e > 0, 6 > 0, integers q and q (we require q|q), there exists a real-analytic diffeomorphism
g1 € Diff (S%, 1) and a rational number a such that with ® = gy 0 ¢* o g7’ ', the following distribution condition is
satisfied:

po({iq) N6~ (€7 L)) € (L= e)V(B), (1+¢€)V(B))

For any x € S* \ {(21,22) : |22] < 6}, I(i,q) = Liq) () = {9 (@) : t € [i1/q, (i + 1)q)} and any interval B € [0, 1).
Here p, is the conditional measure on the Hopf fibres.

We hope that the above conjugacy when used in combination with an appropriate shear g,(f) from & and 7 may
be able to achieve the following type of combinatorics at the n th stage of the AbC method:

pre(Tin NV 1 (B)) € ((1 = &)pa(Lin)u(B), (14 &)py(Lin)u(B))

here z € S3\ {(21,22) : |22| < 8}, Lin = Lin(z) = {¢'z : t € [i/qn, (i + 1)/gn))}, B an open ball in S* and
Yp, 1= gr(Ls) 0®,.
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If such a distribution condition is satisfied, we are able to show that the conjugacy converges to a diffeomorphism
which is weak mixing. The proof is obtained after some modification of the same proof done by M. Saprykina and
B. Fayad for the torus in [6].

Difficulties and work that needs to be done: It seems that all technical tool that are necessary to make a weak-mixing
version of the real-analytic AbC method to work is present. One needs to be very careful with the combinatorics
to make everything add up and produce a result.

3.2 Real-analytic AbC method on real-analytic principal circle bundles

A natural next step and a more difficult problem would be to demonstrate that the AbC method can be generalized
to some larger class of real-analytic manifolds.

Motivated from the Hopf fibration for the odd dimensional spheres, one may consider the class of real-analytic
principle circle bundles where the action of T! is free and effective. Now I outline what may be possible to do on
such manifolds. Note that for each point on the quotient (orbit) space N, there exists dim(N) linearly independent
divergence free smooth vector fields on N. Indeed, for one can work with local charts and construct rotational
vector fields and extend them to the whole manifold.

In the next step, one may obtain divergence free perturbations of such vector fields which are real-analytic (see
[3] for a method to do this). In fact the complexification of such vector field can be made to extend to the whole
complex domain. Then one can lift this vector field to the original manifold M using the real-analytic Riemannian
metric. The resulting vector field commutes with the T! action and the flows of such vector fields are real-analytic.
So when used along with the compactness of M, we obtain:

Proposition. There ezists a finite collection of real-analytic divergence free vector fields {X1,..., X} on M which
can be integrated to real-analytic flows {&1,...,&0} commuting with the T' action such that given any x,y € M,
there exists (t1,...,tr) € [=1,1]F such that y = €' o... 0 &JF (z).

Difficulties and work that needs to be done: The flows constructed above are real-analytic but they do not extend
to the whole complex domain. As a next step one needs to ensure that the complexification extends to the whole
complex domain. If this turns out to be possible then one can produce examples or real-analytic volume preserving
minimal or uniquely ergodic diffeomorphisms on real-analytic principal circle bundles.

3.3 Real-analytic AbC method on real-analytic manifolds with non-free circle action

A basic questions in real-analytic ergodic theory would be to figure if there exist a zero entropy measure preserving
real-analytic ergodic diffeomorphims on the two dimensional disk or the two dimensional sphere.

The AbC method in the smooth category has been used very successfully to produce similar examples. It may be
possible to be able to modify this method adequately to produce examples of real-analytic ergodic diffeomorphisms
on the disk.

One notes that there exists extremely well behaved real-analytic Hamiltonian vector fields on the disk. For
example, one may consider the Hamiltonian function

H(z,y) == ay(l—2® —y°)

on R? and note that the corresponding flow takes a point arbitrarily close to the origin to a point arbitrarily close
to the boundary of the disk. This can be considered a form of transitivity and analysis of similar Hamiltonians
could potentially serve as a pathfinder for the problem.

Difficulties and work that needs to be done: This is a very hard problem and we note that as one tries to take
points closer and closer to the origin to points closer and closer to the boundary, one needs to try to ride the flow
for longer and longer times resulting in loss of analyticity. Thus one needs to come up with alternate flows or use
multiple flows to circumnavigate this issue.

3.4 AbC diffeomorphisms and foundations of mathematics

Recent series of works due to Belezney, Foreman, Hjorth, Rudolph and Weiss (see [13], [14], [15]) on the interface
of logic and dynamical systems brings out another aspect of this theory and has been of much interest to me. This
line of thinking is very new and even basic questions remain unanswered.

It has been shown that the ‘untwisted” AbC method (both in the smooth (see [I4]) and real-analytic category
can be successfully coded as uniform circular systems. The next natural problem would be to come up with a
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symbolic system coding some ‘twisted’” AbC systems. For achieving such a feat, on the AbC method side of the
story, one needs to ensure that there is explicit description of the combinatorics at each stage. This should be easy
to do. On the other hand on the symbolic systems side, one needs to find a successful replacement of the circular
operator constructed for uniform circular systems which mimics the twisted AbC combinatorics and find the correct
construction sequence. This may serve as a pathway in coding weakly mixing AbC transformations.

I believe a lot of these questions arising from this series of work are very interesting, need to be answered, and
can be answered using existing technology.
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